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These are notes taken to help myself learn algebraic geometry. My main
sources are Harsthorne, FAC, and EGA. The organization is very much like
EGA, since that’s where I started. The notes start informally but become
more and more formal as they go on. Prerequisites are familiarity with
elementary topology, commutative algebra (e.g. Nakayama’s lemma), and
(very) basic category theory.
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Sheaves

1. Definition

So, the first thing we do is to define a sheaf. Hartshorne does this for
sheaves of abelian groups, etc., but Grothendieck does it for sheaves in an
arbitrary category.

Say we have a topological space X. Recall that:

Definition 1.1. A sheaf of sets F over X pairs each open set U ⊂ X
with a set F(U) (whose elements are called sections over U). In addition,
it is required that there are restriction maps F(U)→ F(V ) whenever V ⊂ U
which are “functorial” in that restriction from U to V to W is the same as
restriction to W for a tower W ⊂ V ⊂ U . For instance, taking F(U) as
functions from U into a set A with the usual restriction operation satisfies
this.

For convenience, we write s|U for the restriction of a section s to U .
A sheaf is required to satisfy two further conditions.
(1) If {Uα} is a cover of U , then two sections of U that restrict to the

same thing on all the Uα are the same section in F(U).
(2) If {Uα} is a cover of U and we have sections sα ∈ F(Uα) that

satisfy the gluing axiom sα|Uα∩Uβ = sβ|Uα∩Uβ , then there is a
section s ∈ F(U) that restricts to each sα on Uα. This is unique
by the first axiom.

An association U → F(U) with restriction maps that satisfies the first con-
dition above (but not necessarily the second) is called a presheaf.

All this is familiar from Hartshorne in some sense. Now we need the
categorical version of this. The point is that we can recast this in categorical
language. The first axiom states that

F(U)→
∏
F(Uα)

is a monomorphism; the second states that

F(U)→
∏
F(Uα)⇒

∏
α,β

F(Uα ∩ Uβ)

is an exact sequence of sets, where the two arrows correspond to the two
ways you can do the restriction. (I.e., F(U) is the equalizer of the second
map.)
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All this makes perfect sense in the language of category theory. So
in particular, we can define what it means for a sheaf on a topological
space to take values in a category C that admits products. (If it doesn’t
admit products, we say that F(U) solves the universal problem for the maps
F(Uα)→ F(Uα ∩ Uβ)...this is just a fancier limit condition then.)

Recall that all this is basically taking the notion of a sheaf of sets and
using the Yoneda process to generalize it to a category. Note also that a
sheaf is still a kind of contravariant functor from the category of open sets
that just takes values in a category different from the category of abelian
groups. However, unless we’re working with a concrete category, there’s
no such thing as a section. Fortunately, we usually will be working with
concrete categories.

As usual, with X, C there is a category Sh(X, C) of sheaves on X with
values in C. Indeed, a morphism from F to G corresponds to morphisms
F(U)→ G(U) commuting with all the restriction maps.

2. Stalks and germs

Fix a topological space X, a category C, and a sheaf F with values in C.
Suppose C is cocomplete.

Let x ∈ X. Consider the opposite category of open sets containing x
and the restriction of F (considered as a functor to C). We can consider the
limit: this is the stalk Fx. In particular, in most concrete categories we (or
at least I) care about for the moment, Fx is just the familiar set-theoretic
direct limit of the U ’s containing x as they shrink to x.

Let C now be a concrete category of structured sets. If s ∈ F(U), its
image in the direct limit Fx will be called the germ at x. So any section is
a function from U to the space of germs at different points. Note that if two
sections have the same germs at each point, they are equal, because then to
each x we’d have an open neighborhood Ux on which they agree, and this
means that they agree as sections.1

When the category C admits a cocontinuous functor to the category of
abelian groups, then the support of a sheaf is where the stalks aren’t the
zero group. Similarly for a section.

Remark. Grothendieck apparently does not believe in considering the
espace étale of a sheaf (of, say, abelian groups). Also, I wonder how to
define the sheafification functor in general. Though, granted, we never said
anything about presheaves.

3. Sheaves on a basis

Skipped for now. I’d like to actually get to the other sections before I
go to bed.

1I’m pretty sure I just used the fact that the functor was cocontinuous. Or maybe
not. Not that it matters for our immediate purposes. Moving on...
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4. Gluing

Just as we can glue vector bundles, topological spaces, maps, and lots
of other things, we can glue sheaves. However, we need certain conditions:
suppose the category C is complete.

So, usual gluing conditions. We have a space X, a covering Uα, and
sheaves Fα on Uα. Now, it is possible to restrict a sheaf to an open subset,
in an evident manner. Suppose that there are isomorphisms

ψαβ : Fα|Uα∩Uβ ' Fβ|Uα∩Uβ .
which satisfy the conditions

ψαα = 1, ψαβ ◦ ψβγ = ψαγ .

The point is that you always need some kind of cocyclish condition. Then
there is a sheaf F on X such that its restriction to Uα is isomorphic to Fα,
i.e. obtained by gluing them together.

This requires more category theory and apparently the section I skipped.
In the case of “structured sets,” which is what we care about, we can define
a section of F over U as simply a collection of sections of Fα over U ∩ Uα
that patch appropriately. In detail, there are sα ∈ Fα(U ∩ Uα) such that
ψαβ(sα|U∩Uα∩Uβ ) = sβ|U∩Uα∩Uβ : this is the patching condition.

So in particular, F(U) is the projective limit lim←−Fα(U ∩ Uα). This
categorical version is what one has to use when the category C does not
consist of structured sets. I don’t think it’s worth going into the details at
this point.

5. Direct images

Let X,Y be topological spaces, f : X → Y continuous. Let F be a sheaf
on X taking values in the category C, which implies that the section space
F(U) is an object of C (of course).

We can define the direct image sheaf on Y via

f∗(F)(V ) = F(f−1(V )) ∈ C
and defining the restriction maps in the same way. It is immediate that this
is a sheaf since V → f−1(V ) is a morphism of the categories of open sets on
X,Y . This is also a functor f∗ from the category of sheaves (with values in
C) in X to those sheaves on Y .

Also, evidently the map f → f∗ is functorial, and consequently there
is a functor X → Sh(X, C) from the category of topological spaces to the
category of categories.

5.1. Stalks. Go back to the case of C nice and concrete (i.e. structured
sets). Now, we remark on the stalks. If F , f∗F are the sheaves on X,Y , and
x, y corresponding points of X,Y (i.e. f(x) = y), it is not necessarily true
that Fx ' (f∗F)y. However, I claim that there is a map

(f∗F)y → Fx.
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This occurs because an element of (f∗F)y is a section s of f∗F on an open
set of Y containing y. Two of these sections s, t are considered equal if when
restricted to a smaller open set containing x then they become equal.2

Each of these sections of f∗F on open sets V containing y, however, is
really a section of F on an open set f−1(V ) containing x. Now it is clear
that we have such a map, but in general it is neither injective nor surjective.
The problem is that taking f−1 of open sets close to y need not give open
sets close to x. (But when f is a homeomorphism, this is an isomorphism.)

5.2. Supports. The support behaves well with respect to pushing for-
ward. Indeed, I claim that

supp(f∗F) ⊂ f(suppF).

Indeed, suppose y /∈ f(suppF). Then we can take an open set V con-
taining y that doesn’t hit the closed set f(suppF) (like its complement).
Then the inverse image f−1(V ) is disjoint from suppF so F(f−1(V )) = 0.
In particular f∗F(V ) = 0. Passing to the direct limit and taking the stalk,
we get the claim.

6. Inverse images of sheaves

6.1. Definition. Fix a category C. Let f : X → Y be a continuous
map as before. Then we have defined a functor

f∗ : Sh(X, C)→ Sh(Y, C)..
We question whether this functor has a right adjoint. That is, does there
exist a functor f−1 : Sh(Y, C) → Sh(X,C) pulling sheaves on Y back to X
such that there is a functorial isomorphism for F ∈ Sh(Y, C),G ∈ Sh(X, C),

HomSh(Y,C)(F , f∗G) ' HomSh(X,C)(f
−1F ,G).

In fact, there is one if C is nice. It’s called the inverse image. Now,
what is a morphism from f∗F → G?

Proposition 6.1. To give a morphism F → f∗G is the same as giving,
for open sets U ⊂ X,V ⊂ Y satisfying f(U) ⊂ V , a homomorphism

F(V )→ G(U)

which is appropriately functorial with respect to the restriction maps.3 The
same is true if presheaves are used to replace sheaves.

Proof. Indeed, suppose we have a map F → f∗G and suppose we
have open sets U, V as above. Then there is a map F(V ) → (f∗G)(V ),
in particular a map F(V ) → G(f−1(V )). But U ⊂ f−1(V ), so we can
use the restriction map to get a map F(V ) → G(f−1(V )); this is clearly
commutative with respect to the restriction maps.

2Familiar set-theoretic direct limit.
3In an evident manner.
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Now suppose the converse, i.e. a system of maps for sets U, V as above.
Then we define the map F → f∗G as follows. For V open, we need to define
F(V ) → (f∗G)(V ) = G(f−1(V )) in a way commuting with the restriction
maps. But we can use f−1(V ), V as the two sets U, V and use the given
map F(V )→ G(f−1(V )) to build the morphism of sheaves. N

There exists an adjoint map f−1.

Proposition 6.2. Let C be the category of abelian groups or rings. Let
F ∈ Sh(Y, C). Then the functor G → HomSh(X,C)(G, f∗F) is corepresentable.
In particular f∗ admits an adjoint, and f−1F exists.

Proof. The proof basically uses the above result.
One way to think of this is that a section of f−1F over an open set

U ⊂ X is an assignment x → g(x) for g(x) ∈ Ff(x) such that for each
x ∈ X, there is a neighborhood V containing f(x) such that there is a
section s ∈ F(V ) where g(y) = sf(y) for all y in a neighborhood of x. It’s a
sheaf. It is easily verified that this sheaf f−1F has the appropriate adjoint
property and probably would be too unpleasant to actually write out. Oh
well.

For instance, suppose given a map f−1F → G. We need to produce a
map F(V )→ G(U) whenever f(U) ⊂ V . Now any section of F(V ) induces
a section of f−1F over f−1(V ) in the obvious manner, leading to a map
F(V ) → G(f−1(V )), which we compose with restriction to get the map
f−1F → G.

For the other direction, suppose given a system of maps F(V ) → G(U)
whenever f(U) ⊂ V . Suppose given a section s ∈ (f−1F)(U) for U ⊂ X.
This corresponds to a function g mapping each x ∈ U to an element of
Ff(x). In fact, note that there are stalk maps Ff(x) → Gx for x ∈ X. Thus
the section s gives maps t : x → Gx for x ∈ U . I claim that this is the
section of G(U) that s will be mapped to. We just have to check that there
is a neighborhood of each point such that t is given by a section on that
neighborhood (which will imply that t comes from a section on U by the
sheaf axiom).

But there is an open cover {Wα} of U and an open cover {Vα} of f(U)
with f(Uα) ⊂ Wα and sections fα ∈ F(Vα) such that for x ∈ Uα, we have
g(x) = (fα)f(x). In particular, we have t(x) on this neighborhood as the germ
of the image of fα in G(Uα). This means that they glue appropriately. N

Apologies for the details in this proof—I’m just writing it up this way
to try to grok it.

Note by this proof that the inverse image of sheaves does commute with
stalks. In particular, (f−1F)x = Ff(x).

Remark. The inverse image can be defined from the category of presheaves
to sheaves. An important case is when f is the identity; this is sheafifi-
cation. This can be described explicitly when one is working with the
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category of abelian groups (or rings, say). Let G be a presheaf on X in such
a category. Then an section of the associated sheaf i−1G over an open set
U is given by the pair associated to an open cover {Uα} of U , and sections
si ∈ Uα which agree on the overlaps. In an evident manner we can define
what it means for two sections to be equivalent. It is straightforward to
check that the associated sheaf satisfies the following universal property (a
version of the above adjoing property): To hom out of G into a sheaf is
the same as homming out of the sheafification i−1G. This is the adjiont (or
universal) property.

We also say that the sheafification of a presheaf is the sheaf associated
to it.

I think the preceding proof would have likely been simpler if we first
defined f∗, f

−1 in the category of presheaves, and then applied the sheafifi-
cation functor.

Using this, we can define the notion of a constant sheaf. Let A be a set
and FA the presheaf F(U) = A with the identity as restriction maps, called
a constant presheaf. The associated sheaf is called the constant sheaf
over A. A section of the constant sheaf is just a locally constant map into
A.

Grothendieck proves a result about constant sheaves on irreducible spaces.

Proposition 6.3. A constant presheaf on an irreducible space is a sheaf.
Moreover, a locally constant sheaf (i.e., there is a cover on which the sheaf
is constant) on an irreducible space is a sheaf.

Proof. Let X be an irreducible space.
(1) Suppose X is an irreducible space and F a constant presheaf. Then

every open subset of X is connected. A section of the sheaf associ-
ated to F over U is a locally constant map of U into the constant
set A. This must be a constant map since U is connected, and F
is isomorphic to its sheafification.

(2) Fix some covering {Uα}. Let Aα be such that F|Uα is the constant
sheaf on U associated to the set Aα. Then F|Uα is also the constant
presheaf associated to Aα in view of the previous item and the
fact that Uα is irreducible. Consequently Aα ' F(Uα ∩ Uβ) '
Aβ via maps ψαβ that satisfy the cocycle condition, in particular
F is obtained by gluing constant sheaves (which was admittedly
immediate). Call one of these sets A.

I claim that F is the constant sheaf associated to A. Any section
of A yields by these maps ψ a section of F over the Uα’s that glue,
hence over X. Conversely, any section of X yields a family of aα ∈
Aα which must glue (ψαβaα = aβ) since the intersections Uα ∩ Uβ
are nonempty. In particular, any global section of F corresponds
to a constant element of A. This applies equally to sections over
an open subset.
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N

Summary. Given sheaves on X,Y and f : X → Y , we can
(1) Push sheaves from X to Y
(2) Pull sheaves from Y back to X
(3) These are functorial and the two functors are adjoints

I don’t know why Grothendieck spends so much time on “if f−1F exists
for all F , then it’s functorial.” Because I’m pretty sure this follows from
basic facts about adjoint functors.

Example. This is a very natural idea. Suppose X,Y are topological
spaces and F ,G are sheaves of continuous functions into R on respectively
Y,X. Then we get a map F → f∗G by the above proposition. Indeed, if
f(U) ⊂ V , then there is a map from continuous functions on V to continuous
functions on U (pull-back).

7. A few other constructions

For some reason, Grothendieck doesn’t put these in EGA 0, but they are
exercises in Hartshorne. But they give nice examples. Throughout, we work
with sheaves of abelian groups or “structured abelian grous,” e.g. rings. Let
X be a topological space.

7.1. Skyscraper sheaves. Suppose P ∈ X and A is an abelian group.
Let i : {P} → X be the inclusion map and G the constant sheaf A on {P},
and F = i∗(G). This is called the skyscraper sheaf at P .

It is easy to see that the skyscraper sheaf has stalk zero for x /∈ {P}. If
x ∈ {P}, by contrast, every neighborhood of x contains P and the stalk at
x is A.

So the sheaf is kind of like a skyscraper which “jumps” to A on the
closed, irreducible set {P} and is zero everywhere else.

7.2. Extending by zero. Now, we consider how to extend a sheaf
on a subspace to the whole space. This is a generalization of the previous
example (skyscraper sheaves). First, suppose F ⊂ X is closed. Let G be
a sheaf on F , and i : F → X the inclusion. The sheaf i∗(G) is called the
extension by zero to X. Note that its stalks at points of F are the same
as that of G, but the stalks at points of X − F are zero.

Next, suppose V ⊂ X is open with inclusion map j, and let G be a sheaf
on V . There is a sheaf j∗(G), but its stalk outside V may be nonzero (e.g.
at V − V ). So we define the extension by zero in a different way. We
consider the presheaf sending U to G(U) if U ⊂ V and U → 0 otherwise.
The associated presheaf is denoted j!(G); its stalks are the same of G on
V and zero outside (since the stalks are the same as that of the presheaf).
Note that this may mean that while G is rich in global sections, j!(G) has
none if the sections do not disappear near the boundary ∂V .
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We shall formulate a relationship beteween these two ideas below, once
we have hte notion of an exact sequence of sheaves.

8. Sheaves of topological spaces

To be added.
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Ringed spaces and sheaves of modules

1. Definition and examples

Definition 1.1. A ringed space is a space X together with a sheaf
OX of commutative rings.1 The sheaf OX is called the structure sheaf ;
its stalk at x ∈ X is denoted Ox by abuse of notation.

We now adopt the notation Γ(U,F) = F(U) for F a sheaf. We shall use
this interchangeably with the familiar F(U).

Important point. There is always a nonzero global section of OX ,
namely the unit element e ∈ Γ(X,OX).

Example. Any topological space with the sheaf of continuous maps into
R is a ringed space.

We now make the class of ringed spaces into a category.

Definition 1.2. Let (X,OX), (Y,OY ) be ringed spaces. Then a mor-
phism between them is given by a continuous map f : X → Y and a
morphism of sheaves of rings OY → f∗OX . By abuse of notation, we will
write f for the morphism. Given morphisms f : X → Y, g : Y → Z for
ringed spaces, the composition is given by the map g ◦ f and the sheaf map

OZ → g∗OY → g∗f∗OX
where the second map is the image of the map OY → f∗OX from (X,OX)→
(Y,OY ) under g∗. Thus we get a category RngSp of ringed spaces and
morphisms.

In other words, given a section of the structure sheaf over V ⊂ Y and
U ⊂ X with f(U) ⊂ V , we are given a section over U . This association is
to be a homomorphism.

Let’s make this concrete.

Example. (1) From this it is clear that there is a functor from
Top (category of topological spaces) to RngSp where each space
X is endowed with its sheaf of continuous maps to R.

(2) Similarly, there is a functor from the category of smooth manifolds
to RngSp where each manifold is endowed with its sheaf of smooth
functions.

1If we want to drop commutativity, we say that the space is a noncommutative (i.e.
not necessarily commutative) ringed space..

13



14 2. RINGED SPACES AND SHEAVES OF MODULES

(3) Suppose X is an affine algebraic set in affine space An
k for k an

algebraically closed field, in the sense of Hartshorne I, endowed with
the Zariski topology. Then there is a sheaf or regular functions.
The definitions in Hartshorne show that there is a functor from the
category of algebraic sets to RngSp.

Remark. Given a ringed space X with structure sheaf OX and g : Y →
X, we can make Y into a ringed space with structure sheaf g−1(OX). In
particular, any subspace of a ringed space is a ringed space.

2. Modules on a ringed space

Grothendieck doesn’t define it, preferring to let the reader look it up in
Godement.

Definition 2.1. LetX,OX be a ringed space. A sheaf of OX-modules
is a sheafM of abelian groups together with a map of sheaves2 OX ×M→
M satisfying all the usual module axioms. There is an evident notion of a
morphism of OX modules, so we get a category Mod(OX).

In particular, this means that given a section3 r ∈ OX(U), s ∈ M(U),
we can multiply them, and this multiplication commutes with the restriction
maps.

Remark. (1) Let OX be the constant sheaf associated to Z. Then
an OX -module is just a sheaf of abelian groups. So everything
below is a generalization of the case of sheaves of abelian groups.

(2) For any OX ,M, the stalk Mx is an Ox-module. (Note that stalks
make sense here.)

In a similar way, we can define a sheaf of OX-algebras.

Definition 2.2. The following are easily defined:
(1) Sheaves of graded rings and sheaves of graded modules
(2) Reduced sheaves of rings (i.e., all the stalks are reduced, or equiv-

alently all the OX(U) rings are reduced).
(3) Sheaves of ideals (i.e., submodules of OX itself)!

Example. Let M be a smooth manifold, regarded as a ringed space
with the sheaf of smooth functions, and E a vector bundle. Then the sheaf
of sections of M into E is a sheaf of modules.

3. The category Mod(OX)

Clearly, the category of sheaves of OX -modules on a ringed topological
space X is an additive category. It is straightforward to define:

(1) The zero sheaf
(2) Direct sums of sheaves

2We can define a product sheaf.
3Since this is a sheaf of abelian groups, stalks do make sense.
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3.1. Kernels and cokernels.

Proposition 3.1. Kernels and cokernels exist in Mod(OX).

Proof. Let F → G be a morphism in Mod(OX). Define the sheaf K
via K(U) = ker(F(U)→ G(U)). It is easy to check that this is a sheaf (e.g.
the gluing axiom follows immediately since F ,G are sheaves). Moreover,
it is a sheaf of OX modules with an evident map K → F such that the
composition K → F → G is zero. Conversely, if Q ∈ Mod(OX) and there
is a diagram

Q

��
K // F // G

.

such that the composition Q → F → G is zero, it is easy to see that the
image of each section of Q must lie in K. And Q factors through K uniquely.
So K is a kernel in Mod(OX).

For the cokernel, consider the sheaf K′ associated to the presheaf H
sending U → coker(F(U) → G(U)) (Which has evident restriction maps
and so is a presheaf). There is a map G → H, which by functoriality of
sheafification yields G → K′ (the sheafification of a sheaf is the sheaf itself!).
It is clear that given a diagram

F // G //

��

H

Q
such that the pullback to F → Q is zero, there is a factorization from H
into Q; by the universal (adjoint) property of sheafification, this yields a
map K′ → Q making commutative the appropriate diagram. N

In particular, there is a notion of exactness in this category. Before
proving abelianness, we give an important criterion for exactness.

Proposition 3.2. The sequence

0→ F → G → H → 0

of sheaves of OX-modules is exact (in the category Mod(OX)) if and only
if the sequence of Ox-modules

0→ Fx → Gx → Hx → 0

is exact for all x ∈ X.

Proof. From the above proof, it was clear that the stalk of the kernel
of a map of sheaves F → G at x is the kernel of the stalk map Fx → Gx. The
same is true for the cokernel (since sheafification preserves stalks). Conse-
quently, if exactness of the sequence of OX -modules holds, then exactness
of the stalks holds everywhere.
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Conversely, suppose that the sequence of stalks is exact for every x.
Then the maps F(U) → G(U) are injective for every U since if a section
s ∈ F(U) is mapped to zero in G(U), all its stalks over the points of U
must be zero, hence it itself is zero. It is now easy to check that F(U) is a
monomorphism in Mod(OX). Let K be the cokernel of F → G. We have
an exact sequence 0 → F → G → K → 0. By the universal property of the
cokernel, we get a morphism K → H that will fit into a diagram

0 // F //

��

G //

��

K //

��

0

0 // F // G // H // 0

where the top row is exact and the bottom row is exact at each stalk x. So
at each stalk, we have a diagram

0 // Fx //

��

Gx //

��

Kx //

��

0

0 // Fx // Gx // Hx // 0

where both rows are exact, hence the stalk mapsKx → Hx are isomorphisms
for all x. The next lemma implies that K ' H, in particularH is the cokernel
of the map F → G. In the same way we prove that F → G is the kernel of
G → H. Together, these imply exactness.4 N

Lemma 3.3. Let φ : F → G be a morphism of sheaves of abelian groups
such that Fx → Gx is an isomorphism at all x. Then F → G is an isomor-
phism.

Proof. It is easy to check that the map on sections F(U) → G(U) is
injective for all U since the map on stalks is injective; this argument occurred
in the proof of the earlier proposition. We need to check that F(U)→ G(U)
is surjective for all U , which will imply the lemma.

So pick a section t ∈ G(U). For each x ∈ U , there is a section s(x) of F
over some neighborhood Ux ⊂ U containing x such that φ(s(x)) and t have
the same germ at x. Shrinking Ux we may assume that φ(s(x)) = t|Ux . Then
the s(x) actually glue. Indeed, (s(x)− s(y))|Ux∩Uy is killed by φ, so is zero by
the injectivity proved earlier. N

The following two corollaries are now immediate.

Corollary 3.4. The stalk functor Mod(OX) →Mod(Ox), F → Fx,
is exact.

Corollary 3.5. If F → G is a morphism of OX-modules, then it is
a monomorphism (resp. epimorphism, isomorphism) if and only if all the
stalk maps are monomorphisms (resp. epimorphisms, isomorphisms).

4In an abelian category, we would only need to prove one of these for exactness, but
we do not know that our category is abelian yet.
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3.2. Mod(OX) is an abelian category.

Proposition 3.6. Mod(OX) is an abelian category.

Proof. We have seen that kernels and cokernels exist. It remains to be
seen that any monic is a kernel and any epic a cokernel. So let F → G be
monic and K the cokernel. The sequence 0→ F → G → K → 0 satisfies the
condition that 0 → Fx → Gx → Kx → 0 is exact for all x ∈ X, hence the
original sheaf sequence is exact and F is a kernel. Similarly any epic is a
cokernel. N

The category-theoretic image of a sheaf map F → G is easily to checked
to be the sheaf associated to the presheaf U → Im(F(U)→ G(U)).

Corollary 3.7. A sequence F → G → H of sheaves is exact if and
only if Fx → Gx → Hx is exact for all x ∈ X.

Proof. Now follows from the preceding results. N

For convenience, we summarive a few constructions:
(1) The kernel of F → G is the sheaf U → ker(F(U)→ G(U))
(2) The cokernel of F → G is the sheaf associated to the presheaf

U → coker(F(U) → G(U)). This also describes how to take a
quotient sheaf.

(3) The image of F → G is the sheaf associated to the presheaf U →
Im(F(U) → G(U)). This is the category-theoretic image, i.e. the
largest subobject through which the morphism factors.

We now return to the extension by zero business and formulate a rela-
tionship between the two ways of doing it (from oepn and closed sets). This
is a little random, but we return to the case of sheaves of abelian groups
(i.e. OX is the constant sheaf associated to Z), and prove:

Proposition 3.8. Let F be a sheaf on X. Suppose j : U → X is the
iinclusion of an open subset, and i the inclusion of its complement F . Then
there is an exact sequence

0→ j!(F|U )→ F → i∗(F|F )→ 0

connecting F and the two ways of extending by zero (??).

Proof. There is evidently a map j!(FU ) → F because there is a map
definable directly from the presheaf used to define j!(F|U ). Indeed, j!(F|U )
is constructed as follows. One first starts with the presheaf sending V →
F(V ∩U) if V ⊂ U and zero otherwise. Then one sheafifies. To construct a
map of this to the sheaf F , we just have to do this for the first presheaf F ,
and it’s clear how to do this since F(V ∩ U) = F(V ) if V ⊂ U !

There is also a map F → i∗(FF ). Recall that FF = i∗F is the restriction
(inverse image) of the sheaf F to F , and i∗ denotes the push-forward. So a
section of F over some set V induces a section of F|F over V ∩F . Thus we
get a sequence

0→ j!(F|U )→ F → i∗(F|F )→ 0
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and since we know that the sequence of stalks is exact (in the two cases
x ∈ F, x ∈ U—either way, it’s just an isomorphism with one of the terms
vanishing). Hence the map of sheaves is exact. N

This rather unusual result will be useful when we talk about sheaf co-
homology.

3.3. The global section functor.

�

Caution. For U ⊂ X open, the functor F → F(U) is not exact
in general! For instance, consider the sheaves F (resp. G) of continuous
functions on C (resp. nonzero continuous functions). The map

F → G
given by f → ef is surjective on the stalks. However, the map on the sections
is not surjective—one cannot define a continuous logarithm on C−{0}. This
failure of exactness is what leads to sheaf cohomology.

Nevertheless, we do have:

Proposition 3.9. The functor F → F(U) is left-exact.

Proof. Let 0→ F ′ → F → F ′′ be exact in Mod(OX).
We first show that 0 → F ′(U) → F(U) is exact. Indeed, if a section

s ∈ F ′(U) were killed, its germs sx would be killed in the map F ′x → Fx for
x ∈ U . This implies that all the germs are zero (since the map on the stalks
is injective). Consequently, s = 0.

Next, we show that if t ∈ F(U) is a section whose image in F ′′(U) is zero,
it comes from something in F ′(U). Now at each x there is a neighborhood
Ux and s(x) ∈ F ′(Ux) with s(x) mapping to the restriction of t because of
the exactness of the stalks. This is unique since F ′ → F is injective, so
the various s(x) have no choice but to glue. And they form the section that
maps to t. N

4. Sheaf hom and tensor product

Let (X,OX) be a ringed space, which we assume commutative.

4.1. Tensor product. The category Mod(OX) is a tensor category.
Indeed, given sheaves of modulesM,M′, we can consider the presheaf (with
evident restriction maps) G defined by G(U) =M(U) ⊗OX(U)M′(U). The
sheafification is the tensor product and is denotedM⊗M′. This is functorial
since the presheaf G is obviously functorial and sheafification is a functor.
So it is clear that we have a tensor category.

Note that there is the identity

(F ⊗OX G)x = Fx ⊗Ox Gx.
Note also that if F × G → H is a map of sheaves of sets which is

bilinear in OX , then we get a map in Mod(OX) of F ⊗OX G → H. In other
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words, there is the same universal property as in the usual tensor product
of ordinary modules. For example, if A is a sheaf of OX algebras on X,
F an OX -module, G an A-module (i.e., sheaf of modules), and F → G an
OX -linear map, then the natural OX -bilinear map F × A → G leads to a
map F ⊗OX A→ G which is even A-linear.

4.2. Sheaf hom. Let F ,G be sheaves of OX -modules. Consider the
presheaf HomOX (F ,G) defined as follows. A section over U is defined as a
morphism of sheaves of OX |U -modules (this denotes restriction of a sheaf,
which can be easily defined) FU → GU . There is a clear way to define
restriction. It is also easy to see that this guy is actually a sheaf, because
if we have a cover {Uα} and homomorphisms F|Uα → G|Uα that glue, then
we get a morphism F → G since F ,G are sheaves; we can restrict and glue.
The details are best left to the reader. It is also clear that HomOX (F ,G) is
a sheaf of OX -modules (since we are working with commutative rings).

In particular, we have a bifunctor Mod(OX)×Mod(OX)→Mod(OX),
covariant in the second variable and contravariant in the first.

Sheaf-hom is different from the functor from Mod(OX) ×Mod(OX)
sending F ,G to HomOX (F ,G). That one takes values in the category of
abelian groups. The distinction is between internal and external hom in a
tensor category, as we will see.

Sheaf hom does not behave as well with respect to localization. It is
easy to see that there is a map

Hom(F ,G)x → HomOx(Fx,Gx),

but in general it is neither injective nor surjective.

4.3. Adjoint property. I claim that these two functors are adjoint.
In particular:

Proposition 4.1. There is a functorial isomorphism (where to preserve
my fingers I have dropped the OX)

Hom(F ,Hom(G,H)) ' Hom(F ⊗ G,H).

Proof. Indeed, suppose given an element of the right side. This asso-
ciates to each open set U a morphism

F(U)⊗OX(U) G(U)→ H(U)

commuting with the restriction maps. (Recall that homming out of a
presheaf is the same as homming out of its sheafification.) By the adjoint-
ness of hom and the tensor product for commutative rings, this induces a
map of OX(U)-modules

F(U)→ HomOX(U)(G(U),H(U))

for all U , i.e. a morphism F → Hom(G,H). And vice versa. N

The remarks in subsection ?? about exactness go through as usual.
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Corollary 4.2. The tensor product is right exact, and the sheaf hom
is left exact.

Proof. Immediate from the adjoint property. N

5. Direct and inverse images of OX-modules

Let f : (X,OX)→ (Y,OY ) be a morphism of ringed spaces.

5.1. Direct images. We will define a functor

f∗ : Mod(OX)→Mod(OY ).

Indeed, let F ∈ Mod(OX). Then f∗F is a sheaf on Y , and it is even a
f∗(OX)-module. However, we have a morphism of sheaves of rings OY →
f∗(OX). Consequently an f∗(OX)-module is actually an OY -module. Thus
the push-forward can be viewed as mapping OX -mdoules to OY -modules.
It is clearly a functor. This is called the direct image.

The direct image is not a tensor functor in general. However, there is a
natural map f∗(M) ⊗ f∗(N ) → f∗(M⊗N ). Indeed, if s, t are sections of
f∗(M), f∗(N ) over V ⊂ Y , this means that s, t are sections of M,N over
f−1(V ). Then s⊗ t is a section of M⊗N over f−1(V ), ehnce a section of
f∗(M⊗N ) over V . This is how we get the sheaf map, but it is generally
neither injective nor surjective. The problem is that f∗ does not behave well
with respect to taking the stalk.

Nor does the direct image commute with Hom. However, givenM,N ∈
Mod(OX), there is a natural morphism f∗Hom(M,N )→ Hom(f∗M, f∗N ).
This is because a section of f∗Hom(M,N ) is a local morphism fromM into
N , which induces a local morphism of f∗M into f∗N by functoriality of f∗.

5.2. Inverse images. Suppose G is a OY -module. We will define the
inverse image f∗(G) as an OX -module. This is not the same as the inverse
image that was already defined in 6; recall that was denoted by f−1.

Now, we start with the sheaf f−1(G) on X; this is a f−1OY -module. But
the map OY → f∗OX means by adjointness that there is a map f−1OY →
OX ; in particular, OX is a sheaf of f−1OY -algebras onX. So we can consider
the tensor product

f∗(G) = f−1G ⊗f−1OY OX
as an OX -module. Clearly, this is functorial; we call f∗(G) (also denoted
f∗G) the inverse image. In fact, it is even a tensor functor from the tensor
categories Mod(OY )→Mod(OX). Indeed:

f∗(G ⊗H) = f−1(G ⊗OY H)⊗f−1OY OX
= (f−1G ⊗f−1OY f

−1H)⊗f−1OY OX
= (f−1G ⊗f−1OY OX)⊗OX ⊗(f−1H)⊗f−1OY OX)

= f∗G ⊗OX f
∗H.
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We shall discuss below the relationship between f∗ and Hom (Prop.
??).

Note also that f∗ is a kind of pull-back. If we have a section s of
G ∈ Mod(OY ), there is a section f∗s ∈ f∗G. The section f∗s simply
associates to each x ∈ X the germ sf(y) ⊗ 1 ∈ Gy ⊗Oy Ox for y = f(x).
Another way to see this is to construct f∗s using functoriality, since a global
section of an OY -module is the same thing as a morphism OY → G; this
pulls back by f∗ to a morphism OX → f∗(G), or equivalently a global section
of f∗(G).

5.3. Adjoint property. Yep, you guessed it.

Proposition 5.1. The functors f∗, f
∗ between Mod(OX),Mod(OY )

are adjoint. In particular, if F ∈ Mod(OY ),G ∈ Mod(OX), there is a
functorial isomorphism

HomOX (f∗F ,G) ' HomOY (F , f∗G).

Proof. Suppose φ : F → f∗G is OY -linear. Then by the adjoint prop-
erty of Proposition 6.2, we get a map f−1F → G, which is f−1OY -linear.
Now G is anOX -module. Hence we get aOX -linear map f−1F⊗f−1OY OX →
G by the universal property of the tensor product.

Conversely, let φ : f∗F → G be OX -linear. There is a map f−1F → f∗F
which is f−1OY -linear. Consequently there is a f−1OY -linear map f−1F →
G. This induces a OY -linear map F → f∗G by the earlier adjointness prop-
erty (Prop. 6.2). N

The adjoint property can also be expressed using adjunctions (cf. [12]).
In particular, if G is a sheaf on Y , then there is a natural map G → f∗(f∗G));
if F is a sheaf on X, there is a natural map f∗(f∗(F)) → F . These can
be defined explicitly and easily, and once one checks that they form an
adjunction, the adjointness property.

Finally, by general nonsense about adjoint functors:

Corollary 5.2. f∗ is right exact and f∗ is left-exact.

Let A→ B be a morphism of rings. Then the analogy here is that f∗ is
the functor of restricting a B-module to be an A-module. By contrast, f∗ is
the functor of taking an A-module and base-changing to B. This is actually
what the functors become when one works with quasi-coherent sheaves over
an affine scheme.

6. Locally ringed spaces

The schemes of algebraic geometry are all locally ringed spaces.

Definition 6.1. A locally ringed space is a ringed space (X,OX)
such that the stalks Ox are local rings. We always denote the maximal ideal
in Ox by mx and the residue field κ(x) = Ox/mx.
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We can make the class of locally ringed spaces into a category LRngSp:
a morphism of locally ringed spaces f : (X,OX)→ (Y,OY ) is a morphism of
ringed spaces that satisfies the further condition that if x ∈ X and y = f(x),
then the induced homomorphism Oy → Ox is a local homomorphism.5

If y = f(x), note that there is a morphism of fields κ(y) → κ(x) as a
result.

Let (X,OX) be a locally ringed space and F ∈ Mod(OX). For each
x ∈ X, the stalk Fx is an Ox-module, so Fx ⊗Ox κ(x) = Fx/mxFx is a
vector space over the residue field κ(x).

In algebraic geometry, the maximal ideal mx can be thought of the ideal
of “functions vanishing at x” (by analogy, note that any smooth manifold
is a locally ringed space with maximal ideal the set of germs that vanish at
the point).

Definition 6.2. Thus, if f ∈ OX(U) is a section, we define the value
f(x) ∈ κ(x) for x ∈ U as the image of f in κ(x). Of course, the value
of f at different points will generally take values in different fields! More
generally, for f ∈ F(U) for F a sheaf as above, we denote by f(x) the value
in Fx/mxFx.

We now prove a few facts specific to locally ringed spaces. Although
we will officially define it later (Definition ??), for now say that a sheaf
F is of finite typeif to each x ∈ X, there is a neighborhood U of x and
a surjective map of sheaves OpX |U → F . In particular, the stalks Fx are
finitely generated modules over the ring Ox. This is essentially the only
consequence of the finite type property that we shall use.

Proposition 6.3. Let F be a sheaf of finite type. Then the stalk Fx is
zero if and only if Fx/mxFx = 0, i.e. if every section f has value zero at x.

Proof. This is immediate from Nakayama’s lemma: note that Fx is
finitely generated over the local ring Ox. N

Proposition 6.4. For F ,G sheaves of finite type over a locally ringed
space, we have supp(F ⊗ G) = suppF ∩ suppG.

Proof. Indeed, this follows at once from the following fact about local
rings (in turn a version of Nakayama’s lemma): two finitely generated mod-
ules over a local ring are both nonzero if and only if their tensor product is
nonzero. N

Proposition 6.5. Let f : (X,OX)→ (Y,OY ) be a morphism of locally
ringed spaces. Then if G is a sheaf of finite type on Y , we have supp(f∗G) =
f−1(suppG).

5Recall that a homomorphism A → B of local rings is called local if the inverse
image of the maximal ideal in B is the maximal ideal of A. In other words, the map sends
non-units of A to non-units in B.
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Proof. Note that if y = f(x) and Gy = 0, clearly (f∗G)x = Gy⊗OyOx =
0. So it is sufficient to prove that if Gy 6= 0, we have (f∗G)x 6= 0. We will
show that (f∗G)x ⊗ κ(x) 6= 0, which will imply this.

To do this, observe that Gy/myGy 6= 0 by Nakayama (or the above propo-
sition). So

(f∗G)x ⊗ κ(x) = (Gy ⊗Oy Ox)⊗Ox κ(x) = (Gy ⊗Oy κ(y))⊗κ(y) κ(x) 6= 0

since κ(y) is a field. N

Let F ∈ Mod(OX). When x is a locally ringed space, we can define
the rank rk(x,F) at x as the dimension of the κ(x)-vector space Fx/mxFx.
If F is of finite type, then Nakayama’s lemma implies that rk(x,F) is the
minimal number of generators needed to generate Fx over Ox.

Proposition 6.6. rk(F , x) is upper semicontinous if F is of finite type.

Proof. We show that the set of points where rk(F , x) ≤ k is open.
Suppose rk(F , x) ≤ k. Then Fx can be generated over Ox by generators
s1, . . . , sk. These extend to sections locally and generate near x by Propo-
sition ??. Thus rk(F , y) ≤ k for y in a neighborhood of x. N

We shall need this notion in the sequel.

Definition 6.7. Let (X,OX) be a locally ringed space. Then if U ⊂ X
is open, (U,OX |U ) is a locally ringed space. The inclusion U → X of locally
ringed spaces is called an open immersion, as is anything isomorphic to
it. So if a map Z → X is an open immersion, this means that there is an
open subset U ⊂ X such that the following diagram commutes (for U → X
the inclusion)

Z

  @@@@@@@@

��

X

U

>>~~~~~~~~

makes a commutative diagram.
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Coherence and finiteness conditions

Throughout, we let (X,OX) be a ringed space and F ∈Mod(OX).

1. The sheaf OX
First, note that HomOX (OX ,F) ' Γ(X,F). Indeed, the global section

e ∈ Γ(X,OX) must map to a global section t of F . It is easy to see that
this determines the homomorphism. Indeed, if s ∈ OX(U), then s must be
mapped to s(t|U ). The opposite is equally clear. This is the sheafish version
of a basic fact about modules.

More generally, if S is a set, then a map OSX → F corresponds to picking
a S-indexed family of global sections of F .

We can use this to define the notion of being generated by a family of
sections. Suppose si, i ∈ S is a family of global sections of F . Then we say
that the global sections si generate F if the map OSX → F from these si
is surjective (as a map of sheaves, that means surjective on all the stalks).
This is equivalent to saying that the smallest OX -submodule of F generated
by the si is F itself.

Proof. Suppose the si generate F and G ⊂ F contains all the si. Then
the inclusion map G → F is injective and surjective on each stalk since all
the (si)x belong to Gx, so it is an isomorphism and G = F .

Conversely, suppose G is the smallest sheaf generated by the si. It is the
sheaf-theoretic image of OSX → F . In particular, if it is all of F , then the
stalk maps OSx → Fx are surjective. N

2. Sheaves of finite type

We can use this to say that a OX -module is of finite type if for every
x ∈ X, there is a neighborhood U containing x such that the sheaf F|U
is generated by a finite number of sections. In particular, there exists a
neighborhood U of any fixed x such that there is a surjective map of sheaves
OX |pU → F|U . It is clearly a local property: if F is of finite type in a
neighborhood of each point, then it is so everywhere.

The following result is clear:

Proposition 2.1. (1) A finite direct sum of finite type OX-modules
is of finite type

(2) The tensor product of a finite number of finite type OX-modules is
of finite type

25
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(3) The quotient of a sheaf of finite type is of finite type
(4) The inverse image of an OX-module of finite type is of finite type

Proof. The second part follows from the fact that if F → F ′,G → G′
are surjective, then so is F ⊗OX G → F ′ ⊗OX G′. The fourth follows from
right-exactness of the inverse image functor. Note that if g : (Y,OY ) →
(X,OX), we have g∗OX = OY . The rest is immediate. N

Having finite type conditions on sheaves is a kind of compactness like
condition. In particular, what happens at a point x doesn’t stay in x. It
often has to happen in a neighborhood of x too.

Proposition 2.2. Suppose si are a finite number of sections of F in a
neighborhood U of a point x. Suppose the si (1 ≤ i ≤ n) generate Fx. Then
there is a neighborhood V of x such that the si generate Fy at every y ∈ V .

Proof. There is a neighborhood W1 of x and sections t1, . . . , tm over
W1 which generate at any point of W1. Since the si generate Fx, we can
write for each i

(1) ti =
∑

qijsj , for some qij ∈ Ox.

The qij extend to sections of some neighborhood since they are germs, and
this finite set of equations (1) holds in some smaller neighborhood W2. Let-
ting W = W1 ∩W2 gives that the si generate Fx at each point of W . N

Corollary 2.3. The support of a OX-module of finite type is closed.
In particular, if F is of finite type and Fx = 0, then F|U = 0 for some
neighborhood U of x.

This is not true in general. Consider an infinite sum of skyscraper
sheaves, for instance.1

Proof. Indeed, suppose Fx = 0. There is a neighborhood V of x
and sections s1, . . . , sp over V which generate at each point of V . Now by
assumption (si)x = 0 for each i. Since there are only finitely many of them,
there is a small neighborhood U ⊂ V of x in which all the si are the zero
section. This implies that F|U = 0. That implies the first statement. N

Corollary 2.4. Let u : F → G be a morphism of OX-modules of finite
type. If ux = 0, then u is the zero morphism on some neighborhood.

Proof. Exercise. N

Next, we show that there is a kind of noetherian condition on sheaves
of finite type over quasi-compact spaces. Recall that a topological space
is quasi-compact if every open cover has a finite subcover; we call this
compact if the space is also Hausdorff, but most often we will not be
working with Hausdorff spaces.

1I should define what this is.
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Let T be a totally ordered set. IfM is a module and {Mt}t∈T submodules
forming an increasing filtration whose union

⋃
Mt = M , then if M is finitely

generated we must have some t0 ∈ T with Mt0 = M . This is because each
of the finitely many generators of M must be contained in some Mt.

The following result is a sheafish version of that:

Proposition 2.5. Let (X,OX) be a quasi-compact ringed space and
F ∈ Mod(OX) a sheaf of finite type. Suppose for T a totally ordered set,
there are subsheaves {Ft}t∈T such that the union

⋃
Ft = F .2 Then there is

t ∈ T such that Ft = F .

Proof. We will show that for each x ∈ X, there is a neighborhood U of
x such that there exists t with Ft|U = F|U . The result as stated will follow
since these U ’s form an open cover of X, and X is quasi-compact.

Now, the module Fx is finitely generated and has submodules (Ft)x ⊂ Fx
whose union fills up Fx. Thus there is t such that (Ft)x = Fx. Now let
s1, . . . , sk be generators of F in some neighborhood of x. Their germs lie in
Ft, so there is a smaller neighborhood U of x such that si|U ∈ Ft(U). Then
we necessarily have—the si being generators—that Ft|U = F|U . N

3. Quasi-coherence and finite presentation

We make:

Definition 3.1. TheOX -module F is quasi-coherent if to each x ∈ X,
there is a neighborhood U of x and index sets I, J such that there is an exact
sequence

OJX |U → OIX |U → F|U → 0.
In particular, F|U is generated by sections over U . If I, J can always be
taken finite, we say that F is finitely presented.

A finitely presented OX -module is evidently of finite type. Similarly, it
is easy to check that:

Proposition 3.2. The properties of finite presentation and quasi-coherence
are preserved under direct sums (finite in the former case) and inverse im-
ages.

Finite presentation allows to deduce much stronger results than before.

Proposition 3.3. Suppose F ,G are OX-modules and F is of finite pre-
sentation. Then the map Hom(F ,G)x → HomOx(Fx,Gx) of ?? is an iso-
morphism for any x ∈ X.

In English, what does this mean? Given a map between the stalks, we
can locally extend it to a map of the sheaves. See below for an application.

2This can be thought of as the sheaf associated to the presheaf U →
S
t Ft(U);

alternatively, it is the direct limit in the category Mod(OX).
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Proof. This uses a standard trick in homological algebra. Fix a neigh-
borhood of x, call it U , with a resolution OJX |U → OIX |U → F|U → 0. By
??, we have an exact sequence of sheaves

0→ Hom(F|U ,G|U )→ Hom(OIX |U ,G|U )→ Hom(OJX |U ,GU )

which induces an exact sequence of Ox-modules

0→ Hom(F|U ,G|U )x → Hom(OIX |U ,G|U )x → Hom(OJX |U ,GU )x

by Proposition ??. This is the same as the following sequence, which is thus
exact:

0→ Hom(F ,G)x → Hom(OIX ,G)x → Hom(OJX ,G)x.

Moreover, the sequence OJx → OIx → Fx → 0 obtained by localization is
exact, whence so is the dual

0→ HomOx(Fx,Gx)→ HomOx(OIx,Gx)→ HomOx(OJx ,Gx).

These fit into a commutative diagram

0 // Hom(F ,G)x //

��

Hom(OIX ,G)x //

��

Hom(OJX ,G)x

��
0 // HomOx(Fx,Gx) // HomOx(OIx,Gx) // HomOx(OJx ,Gx).

I claim that the last two downward arrows on the right are isomorphisms.
Indeed, they are just the canonical maps from GIx → GIx and GJx → GJx . Con-
sequently, by the “five-lemma,” the first downward arrow is an isomorphism.
This is precisely what was claimed in the proposition. N

Finally, we prove another consequence of finite presentation:

Corollary 3.4. Let F → G be finitely presented OX-modules. Suppose
Fx ' Gx as Ox-modules.. Then there is a neighborhood U of x such that
F|U ' G|U .

Proof. Indeed, suppose we have isomorphisms φ : Fx → Gx, ψ : Gx →
Fx which are mutually inverse. Then both extend to maps F|V → G|V ,G|V →
FV by the above proposition. The germs of their compositions at x are the
identity sections ofHom(F ,F),Hom(G,G), so this is true in a smaller neigh-
borhood of x. Call this smaller neighborhood U . N

We close with yet another instance of the fact that finite presentation
implies that properties at a point can be extended to a neighborhood.

Proposition 3.5. Let x ∈ X and M a finitely presented module over
OX . Then there exists a finitely presented sheaf F on a neighborhood of x
such that Fx = M .
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Proof. We can choose p, q such that there is an exact sequence

Opx → Oqx →M → 0

so that M is represented as a cokernel. Now OpX ,O
q
X are finitely presented,

so by Proposition ?? applies and in some neighborhood U of x we can define
a morphism OpX |U → O

q
X |U extending the first morphism; the cokernel sheaf

of this satisfies the conditions of the proposition. N

4. Coherent sheaves

4.1. Basic definitions.

Definition 4.1 (Serre). Let F be an OX -module. We call F coherent
if

(1) F is of finite type
(2) If OnX |U → F|U is a morphism of sheaves (on any open set U), the

kernel is of finite type

It is clear, for instance, that a coherent sheaf is finitely presented (and
hence quasi-coherent).

Proposition 4.2. A subsheaf of finite type of a coherent sheaf is coher-
ent.

Proof. Indeed, if F is coherent, and G ⊂ F is of finite type, we only
need to check that the second condition holds. But if OnX |U → G|U is a
morphism, the kernel is the same as the kernel of the composed morphism
OnX |U → F|U , hence is of finite type.

N

4.2. Coherence and exact sequences. Much less trivial is:

Theorem 4.3. Let 0 → F → G → H → 0 be an exact sequence of
OX-modules. Suppose two of F ,G,H are coherent. Then the third is, too.

Proof. First, suppose G,H coherent. There is a neighborhood U of x
and a surjective homomorphism OX |nU → G|U . By locality of this result,
we can just pretend that U is all of x when writing the proof. We have a
diagram

OnX

��
0 // F // G // H // 0

.

We show that the submodule of OnX that maps onto F is of finite type. But
this is just the kernel K of OnX → G → H, and consequently is of finite type
by coherence of H. The map K → F is surjective. Thus F is of finite type.
By Proposition ?? above, F is coherent. This handles the present case.

Now suppose F ,G coherent. It is clear that H is of finite type (as the
quotient of something of finite type). Consider a map OnX → H. Since the
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question is local, we can assume it lifts to a map OnX → G.3 Let OmX → F be
a surjective map (accomplished by replacing X with a smaller neighborhood)
from the finite type of F . There is a commutative diagram

K1

��

// // K

��
OmX

����

// OmX ⊕OnX //

��

OnX

��

// 0

0 // F // G // H // 0

where K1,K are the kernels of the maps below them. I claim that, in the
diagram, K1 → K is surjective. Indeed, this follows immediately from the
snake lemma. But K1 is of finite type since G is coherent; thus K, as the
image of a finite type sheaf, is of finite type itself.

Finally, we handle the case of F ,H coherent. We first show that G is
of finite type. This is a local question, and we may assume that there exist
surjective maps OnX → F ,OmX → H, and that the latter lifts to OmX → G. In
particular

OnX

��

OmX

��~~}}}}}}}}

0 // F // G // H // 0

which leads to a commutative and exact diagram

0 // OnX

����

// On+m
X

//

��

OmX

����

// 0

0 // F // G // H // 0

in which the outward arrows are surjective, so the middle downward arrow
is surjective by the snake lemma. In particular, G is of finite type. We still
need to show that G satisfies the second condition. So suppose we have
OnX → G. The kernel K′ of OnX → G → H is of finite type because H is
coherent. The kernel K of OnX → G, which is what we need to show of finite

3One is successively replacing X by smaller and smaller neighborhoods of x; this
abuse of notation is necessary to keep the proof from becoming unbearable.
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type. Draw a diagram

K

��}}{{{{{{{{

K′ //

��

OnX

  BBBBBBBB

��
0 // F // G // H // 0

;

the map K′ → F exists because K′ → OnX → H is zero. It follows from the
diagram that K = ker(K′ → F) because K ⊂ K′ and F → G is injective.

So, the proof will be concluded when we have shown that K = ker(K′ →
F) is of finite type. But we have already observed that K′ is of finite type,
so this follows from the next proposition. N

Proposition 4.4. Suppose F is a OX-module such that whenever OpX |U →
F|U is a map (for any U), the kernel is of finite type. Then whenever G is
a sheaf of finite type on U , then ker(G → F|U ) is of finite type.

Proof. The assertion and the hypotheses are both local on the base, so
assume U = X and that we can find a surjective map OpX → G. This leads
to a commutative triangle, where Q = ker(OpX → F),

Q

��

// // ker(G → F)

��
OpX

  AAAAAAAA
// // G

yyssssssssssss

F
Now the sheaf Q is of finite type by the assumption on F , so ker(G → F) is
of finite type as a homomorphic image. result. N

4.3. Operations on coherent sheaves. We now state a few corollar-
ies of Theorem 4.3. It turns out that coherent sheaves are closed under most
of the basic operations of interest.

Corollary 4.5. The direct sum of a finite number of coherent sheaves
is coherent.

Proof. Immediate by induction. N

Corollary 4.6. Let F → G be a morphism of coherent sheaves. Then
ker(F → G), coker(F → G), Im(F → G) are all coherent.

Proof. The kernel is finitely generated by Proposition ??. Since it is a
subsheaf of a coherent sheaf (namely F), it is coherent in view of Proposi-
tion ??. Then, the exact sequences

0→ ker(F → G)→ F → Im(F → G)→ 0
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and
0→ Im(F → G)→ G → coker(F → G)→ 0

show first that the image, and second that the cokernel, is coherent. N

Corollary 4.7. Let F ,G be coherent subsheaves of a coherent sheaf H.
Then the sum4 F + G and the intersection F ∩ G are both coherent.

Proof. Indeed, F + G is the image of the coherent sheaf F ⊕ G in H,
so is coherent by the previous corollary. Similarly, F ∩G is the kernel of the
map H → H/F ⊕H/G, and this is also coherent. (Note that H/F ,H/G, as
cokernels, are coherent.) N

Corollary 4.8. The tensor product of two coherent sheaves F ,G is
coherent.

Proof. The question is local, so we can assume F can be written as
the cokernel OmX → OnX → F → 0 of some exact sequence. Tensoring with
G (which is a right-exact functor!) leads to an exact sequence

Gm → Gn → F ⊗OX G → 0.

The sheaves Gm,Gn are coherent, so their cokernel must be coherent, which
implies the result. N

In particular, we have a category Coh(OX) of coherent sheaves of OX -
modules, and we have shown that it is a tensor category!

We prove another result of this type:

Corollary 4.9. Coh(OX) is closed under internal (sheaf) hom. In
other words, F ,G coherent imply that Hom(F ,G) is coherent.

Proof. Again, we can assume (by localness) that there is an exact
sequence OmX → OnX → F → 0, which upon application of Hom becomes an
exact sequence

0→ Hom(F ,G)→ Hom(OnX ,G)→ Hom(OmX , G)

or equivalently
0→ Hom(F ,G)→ Gn → Gm

so thatHom(F ,G) is the kernel of a map of coherent sheaves, hence coherent.
N

4.4. Coherent sheaves of rings.

Definition 4.10. A sheaf of rings is coherent if it is coherent as a
module over itself.

As a result, we have immediately:

4I.e., the presheaf associated to U → F(U) + G(U) ⊂ H(U), or the internal sum in
the category.
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Proposition 4.11. Suppose OX is coherent. Then an OX-module F
is coherent if it is locally isomorphic to a cokernel of finitely generated free
OX-modules, i.e. to each x there is a neighborhood U of x such that F|U '
coker(OpX → O

p
X). In other words, finite presentation implies coherence.

Proof. The condition is clearly sufficient since coherence is a local
condition, free sheaves OpX ,O

q
X are coherent, and the cokernel of coherent

sheaves is coherent. It is also necessary by definition of finite presenta-
tion! N

Corollary 4.12. Suppose f : (X,OX) → (Y,OY ) is a morphism of
ringed spaces and OX is coherent. Then f∗ sends coherent sheaves on Y to
coherent sheaves on X.

Proof. Indeed, if G is coherent on Y , then locally it is a cokernel OpY →
OqY → G → 0; pulling back by f∗, we find (f∗ is a right-exact functor!) that
f∗G is locally a cokernel OpX → O

q
X → f∗(G) → 0, hence coherent by the

preceding proposition. N

5. Change of rings

5.1. Quotient sheaves of rings. Suppose (X,OX) is a ringed space
with a coherent sheaf of rings and I a coherent sheaf of ideals. This situation
will occur in algebraic geometry, for instance, when we consider the sheaf of
regular functions that vanish on a subvariety, which is usually coherent in
nice cases at least.

Then we can also endow X with the sheaf of rings OX/I.

Proposition 5.1. If F is a sheaf of OX/I-modules, then F is coherent
as a sheaf of OX/I-modules if and only if it is coherent as a sheaf of OX-
modules.

Proof. If F is of finite type over OX , it is of finite type, then it is of
finite type over OX/I, and vice versa. Suppose F ∈ Coh(OX). Consider
an exact sequence for some U

OX/Ip|U → F|U → 0;

we show that the kernel K is of finite type. But this sequence is obtained
by tensoring the sequence of OX -modules OpX |U → F|U → 0 with OX/I.
Let the kernel here be K′. Then K′ is of finite type. Moreover, we have an
exact sequence

0→ K′ → OpX |U → F|U → 0.
Tensoring yields an exact sequence

K′/IK′ → OX/Ip|U → FU → 0

so that K is a surjective image of K′, hence of finite type.
Conversely, suppose F ∈ Coh(OX/I). Then in a neighborhood of each

point, we can write an exact sequence

OX/I|pU → OX/I
q|U → F → 0
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which implies that (since OX/I is coherent) that F is a coherent OX -
module). N

5.2. Pushing forward. Suppose Z ⊂ X is a closed subspace and OZ
a sheaf of rings on Z. Let i : Z → X be the inclusion. Then i∗(OZ) is a
sheaf of rings OX on X, though it is the zero ring outside Z. Similarly, any
OZ-module F gets pushed forward to become a OX -module FX .

Proposition 5.2. F is coherent if and only if FX is coherent on X.
Similarly, OZ is coherent if OX = i∗(OZ) is coherent.

5.3. Flat base extension. We start by defining the important notion
of flatness:

Definition 5.3. Let f : (X,OX) → (Y,OY ) be a morphism of ringed
spaces. Then f is called flat if the morphism Oy → Ox for each x ∈ X and
y = f(x) makes OX into a flat Ox-module.

We have to start by making a couple of essentially trivial observations:

Proposition 5.4. (1) The inclusion of an open subset of a ringed
space is flat

(2) The composite of flat morphisms is flat

Proof. Only the second requires a proof; this is because if A→ B → C
are morphisms of algebras, and B is flat over A and C flat over B, then C
is flat over A. N

Flatness of a module means that tensoring with it is an exact functor,
not simply right exact. Similarly, we have:

Proposition 5.5. If f be a flat morphism, then f∗ is an exact functor
from Mod(OY ) → Mod(OX). Also, if f : X → Y is a morphism of
ringed spaces where OY is coherent and such that for each U ⊂ Y and
associated map fU : f−1(U) → U the induced functor f∗U : Mod(OY |U ) →
Mod(OX |f−1(U) is exact, then f is flat.

Proof. Indeed, let 0→ G → G′ be an exact sequence of sheaves. It will
be enough to show that 0→ f∗(G)→ f∗(G′) is exact. This can be checked
at the stalks. But for any H ∈ Mod(OY ), we have f∗(H)x = Hy ⊗Oy Ox
from the way the inverse image of sheaves was defined.

So fix any x ∈ X and y = f(x). The sequence 0→ Gy → G′y is exact, so
by flatness the sequence 0→ Gy⊗Oy Ox → G′y⊗Oy Ox is exact. This implies
that the stalks of 0→ f∗(G)→ f∗(G′) are all exact, so completes the proof
of the first statement. We omit the proof of the converse (EGA 0.5.7.3). N

It is a well-known fact in commutative algebra that for finitely pre-
sented modules M,N over a ring A and S a multiplicative subset, one has
S−1HomA(M,N) = HomS−1A(S−1M,S−1M). A sheafish version of this is
the following:
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Proposition 5.6. Let f : (X,OX)→ (Y,OY ) be a flat morphism. Sup-
pose F ,G are OY -modules with F finitely presented. Then there is an iso-
morphism

f∗Hom(F ,G)→ Hom(f∗F , f∗G).

Proof. First, note that there is always a map f∗Hom(F ,G)→ Hom(f∗F , f∗G).
Indeed, this is the same as giving a f−1OY -linear mapHom(F ,G)→ f∗Hom(f∗F , f∗G),
and it is clear how to do this (in terms of the functoriality of f∗). This map
is natural, clearly—it has no other choice!

It is also an isomorphism when F is a free sheaf OmY . Locally, we can
find a resolution OpY → O

q
Y → F → 0. Then, there is an exact sequence

OpX → O
q
Y → f∗(F)→ 0. Consequently, we have an exact sequence

0→ Hom(f∗F , f∗G)→ Hom(OqX , f
∗G)→ Hom(OpX , f

∗G).

Similarly, there is an exact sequence

0→ Hom(F ,G)→ Hom(OqY ,G)→ Hom(OpY ,G)

which can be pulled back by the exact functor f∗. There is thus a commu-
tative and exact diagram

0 // f∗(Hom(F ,G)) //

��

f∗(Hom(OqY ,G)) //

��

f∗(Hom(OpY ,G))

��
0 // Hom(f∗F , f∗G) // Hom(OqX , f∗G) // Hom(OpX , f∗G)

.

Since the leftmost two downward arrows are isomorphisms, the map f∗Hom(F ,G)→
Hom(f∗F , f∗G) must be an isomorphism too. N

6. Locally free sheaves

6.1. Definition and basic properties.

Definition 6.1. A sheaf F of OX -modules is called free if it is isomor-
phic to OIX for some index set I. It is called locally free if this is true in a
neighborhood of each point. If I is finite, its size is called the rank.

We make a few simple observations:

Remark. (1) The rank is the same as the rank of the Ox-module
Fx. By local freeness, it is locally constant, so constant if X is
connected.

(2) The functor of Ox-modules of tensoring by Fx is exact, since Fx
is free. Consequently, the functor G → G ⊗OX F is exact if F is
locally free.

(3) The locally free sheaves form a monoidal category; the tensor prod-
uct of two locally free sheaves is locally free.

(4) Let f be a morphism of locally ringed spaces. Then the inverse
image f∗ of a locally free sheaf is locally free. Indeed, this is just
the local version of f∗(OY ) = OX for f : (X,OX)→ (Y,OY ).
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(5) A locally free sheaf of rank one is called invertible, since they are
(as we will see below) the invertible elements in this monoid.

(6) On a smooth manifold, the locally free sheaves over the sheaf of
smooth functions are isomorphic to the category of smooth vector
bundles.

First, we show that local freeness can be checked on the stalks for co-
herent sheaves.

Proposition 6.2. Suppose OX is coherent. If F is a coherent sheaf and
Fx is a free Ox-module, for each x ∈ X, then F is locally free.

Proof. Immediate from Proposition 3.4. The sheaves F and OpX (for
some p) have the same stalks locally. N

6.2. Invertible sheaves. We shall now explain the terminology “in-
vertible sheaf” with a couple of propositions.

Proposition 6.3. Let L be an invertible sheaf and let L∨ = Hom(L,OX).
Then L ⊗ L∨ ' OX .

Proof. Indeed, we have an evident evaluation map L ⊗ L∨ → OX
sending s ⊗ t for s ∈ L(U), t ∈ Γ(U,Hom(L,OX)) to the evaluation t(s).
This map is locally an isomorphism because L is locally just OX , hence it
is an isomorphism globally. N

So, in particular, the invertible sheaves on X (up to isomorphism) form
a group with identity OX , multiplication the tensor product, and the inverse
operation dualization. Since the inverse image f∗ functor is a tensor functor,
it follows that it is a homomorphism of groups. In particular, the map
X → Group of invertible sheaves is a contravariant functor from RngSp to
the category of groups.

On schemes, this turns out to be some analog of the ideal class group in
algebraic number theory.

There is a converse:

Proposition 6.4. Suppose L is a sheaf of finite type such that there
exists an N such that L ⊗OX N = OX . Then L is an invertible sheaf.

We first prove:

Lemma 6.5. Let M be a finitely generated module over a local ring A
with maximal ideal m and residue field k. Suppose there exists N such that
M ⊗A N ' A. Then M is free of rank 1, i.e. M ' A.

Proof. It is clear that we must have

M/mM ⊗k N/mN = κ.

This means that M/mM has no choice but to be a vector space of dimension
1 over k. In particular, there is a generator z ∈M that generates M over A
(by Nakayama). Now if anything in A annihilates z, it annihilates M , hence
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annihilates M ⊗A N ; but this is A itself. So the annihilator of z is trivial.
In particular, M ' A. N

Lemma 6.6. Let M,N be finitely generated free modules over the local
ring A with maximal ideal m. Suppose M,N are of the same rank and
M → N is a homomorphism such that M/mM → N/mN is surjective.
Then M → N is an isomorphism.

Proof. Indeed, M → N is surjective by Nakayama. But M and N are
isomorphic. It is a theorem in commutative algebra (cf. [3]) that a map of
a finitely generated module into itself which is surjective is an isomorphism.

N

We now prove the proposition.

Proof. We have Lx ⊗Ox Nx = Ox at each x. So Lx is free of rank one
for each x ∈ X by the first lemma. Fix now x ∈ X and a generator r ∈ Lx.
This means that r extends to a generator of L in a neighborhood of x. N

6.3. A few formulas. More generally, if we define G∨ = Hom(G,OX),
we have an isomorphism

Hom(F ,G ⊗H) ' Hom(F ⊗ G∨,H)

for G locally free. There is always a map in the right direction, and it is
checked to be an isomorphism on the stalks when G is free. By locality, it
is an isomorphism when G is locally free.

We next prove:

Proposition 6.7 (Projection formula).

6.4. The sets Xf .
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Cohomology of sheaves

The cohomology of sheaves measures the failure of the exactness of the
global section functor.

1. Derived functor cohomology

1.1. Cohomology of abelian sheaves. Let X be a topological space.
Then the category Sh(X) of sheaves of abelian groups on X is an abelian
category.

Proposition 1.1. Sh(X) has enough injectives. In other words, if F ∈
Sh(X), there is G ∈ Sh(X) which is injective and a monomorphism F → G.

It will be convenient to prove this more generally for ringed spaces.
Recall that Sh(X) consists of the sheaves of modules over the constant sheaf
of rings Z on X.

Proposition 1.2. Let (X,OX) be a ringed space. Then the abelian
category Mod(OX) has enough injectives.

Proof. It is a well-known fact of algebra that the category of A-modules
for any ring A has enough injectives. Let F ∈ Mod(OX). Then we can
imbed each Fx into an injective Ox-module Mx.

We now use

Lemma 1.3. Let Mx be an injective Ox-module and G(x) the skyscraper
sheaf of Mx at x (equivalently, the push-forward). Then G(x) is an injective
object in Mod(OX).

Proof. It is necessary to check that H → HomOX (H,G(x)) is an exact
functor. But it is easy to see that to give a map H → G(x) is equivalent to
giving an Ox-homomorphism Hx →Mx. Now the functor H → Hx is exact.
So is the functor Hx → HomOx(Hx,Mx). Thus, their composition is exact.
This proves the result. N

In view of this, choose Mx as above for each x, and consider the direct
product

∏
Mx; as a product of injective objects, it is injective. The map

F →
∏
Mx is a monomorphism since it is a monomorphism on all the stalks.

Consequently we have found an imbedding of F in an injective object. N

This result we put into “the refrigerator,” to quote Tate in a completely
different place (his article on class field theory in Cassels-Frohlich). For now,
we just need it for sheaves of abelian groups.

39
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Recall that the functor F → F(X) = Γ(X,F) is a covariant additive
functor from Sh(X) to Ab, the category of abelian groups. It is also left-
exact by Proposition ??. Consequently, in view of the existence of enough
injectives, we can define its right derived functors.

Definition 1.4. The derived functors of Γ(X, ·) are written H i(X, ·); for
a sheaf F , the groups H i(X,F) are called the sheaf cohomology groups.
They are defined for i ≥ 0.

We shall briefly the definition. To compute H i(X,F), we consider an
injective resolution

0→ F → I0 → I1 → . . .

and take H i(X,F) as the cohomology of the complex {Γ(X, Ii)} or

0→ Γ(X, I0)→ Γ(I1)→ . . . ;

the left-exactness of Γ(X, ·) implies that there is a functorial isomorphism
H0(X, ·) ' Γ(X, ·). From well-known abstract nonsense, this is independent
of the choice of injective resolution. Moreover, since any injective object I
in Sh(X) can be given the resolution 0 → I → I → 0, it follows that the
higher cohomology groups H i(X, I), i ≥ 1 are all zero.

Moreover, the sheaf cohomology satisfies the following important prop-
erty:

Proposition 1.5. Let 0 → F → G → H → 0 be an exact sequence of
sheaves. Then there is a long exact sequence

0→ Γ(X,F)→ Γ(X,G)→ Γ(X,H)→ H1(X,F)→ H1(X,G)→ H1(X,H)→ H2(X,F)→ . . . .

The long exact sequence is functorial in the short exact sequence 0→ F →
G → H → 0.

We do not prove it; it is a general fact about derived functors. It says
that the H i(X, ·) form a δ-functor in the sense of Grothendieck’s Tohoku
paper [5]. FIX See [15].

Corollary 1.6. Suppose H1(X,F) = 0. Then if 0→ F → G → H → 0
is an exact sequence of sheaves, the sequence

0→ Γ(X,F)→ Γ(X,G)→ Γ(X,H)→ 0

is exact.

Proof. Immediate from the long exact sequence above. N

In general, it is very inconvenient to have to compute cohomology by
resolutions of injective sheaves, since these are fairly unpleasant guys. The
following result gives an alternative.

Say that a sheaf F is acyclic if the cohomology groups H i(X,F) for i ≥
1 are all zero. The following result says that we can use acyclic resolutions
(as opposed to injective resolutions, though those are acyclic too) to compute
sheaf cohomology.
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Theorem 1.7. Let F be a sheaf with a resolution 0 → F → G0 →
G1 → . . . such that the Gi are acyclic sheaves. Then the sheaf cohomology
groups H i(X,F) are isomorphic to the cohomology groups of the complex
{Γ(X,Gi)}.

Proof. This is in fact a general fact about δ-functors, and is proved for
instance in [11]. We shall give a proof in this case.

We start by showing that the first cohomology group can be computed
in this way. In other words:

Proposition 1.8. Let 0 → F → G0 → G1 → G2 be exact, where G0 is
an acyclic sheaf. Then

H1(X,F) ' ker(G1(X)→ G2(X))
Im(G0(X)→ G1(X))

.

Proof. Let K be the kernel of G1 → G2, which is also (by exactness)
the cokernel of F → G0. So there is an exact sequence of sheaves

0→ F → G0 → K → 0

which induces a long exact sequence

G0(X)→ K(X)→ H1(X,F)→ H1(X,G0) = 0

which implies that H1(X,F) is isomorphic to the cokernel of G0(X) →
K(X). This is the same thing as K(X)/Im(G0(X) → K(X)). But K(X)
is a submodule of G1(X) by left-exactness. Namely, since 0 → K(X) →
G1(X) → G2(X) is exact, K(X) is the submodule ker(G1(X) → G2(X)).
Similarly, Im(G0(X)→ K(X)) gets mapped under this injection to Im(G0(X)→
G1(X)). Together these imply that H1(X,F) is as claimed. N

We now return to the proof of the theorem. It is clear for i = 0 (by left-
exactness), and it is true for i = 1 by the above proposition. Exactness of
the sequence 0→ F → G0 → G1 → . . . implies that the images at one piece
and the kernels of the previous are the same. So let Ki = ker(Gi → Gi+1).
Note that K0 ' F . Then we have an exact sequence

0→ Ki → Gi → Ki+1 → 0,

which induces a long exact sequence of cohomology groups. We write a piece
of it:

(2) Hj(X,Gi)→ Hj(X,Ki+1)→ Hj+1(X,Ki)→ Hj+1(X,Gi).
Suppose j > 0. Then the outer two terms vanish by acyclicity. In particular,
we have that Hj(X,Ki+1) ' Hj+1(X,Ki) for j > 0. By induction, it follows
that

Hj(X,F) ' Hj(X,K0) ' Hj−1(X,K1) ' · · · ' H1(X,Kj−1).

But there is an exact sequence

0→ Kj−1 → Gj−1 → Gj → Gj+1
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with everything but Kj−1 acyclic. The previous result now implies that
Hj(X,F) ' H1(X,Kj−1) ' (ker(Gj(X) → Gj+1(X)))/(Im(Gj−1(X) →
Gj(X)). This proves the result. N

The following more general theorem is proved by the same method, so
we shall not repeat the argument. The reader can look it up in [11].

Theorem 1.9. Let F : C→ C′ be a covariant left-exact functor of abelian
categories, where C has enough injectives. SupposeM is a class of F -acyclic
objects, i.e. RiF (M) = 0 if M ∈M, i ≥ 1. Then if A ∈ C and

0→ A→M0 →M1 → . . .

is a resolution of A by objects in M , then the derived functors RiF (A) can
be computed as the cohomology of the complex {F (M i)}.

Of course, we do not yet have examples of sheaves that satisfy this
acyclicity condition. In the following, we will find such classes where it is
very easy to show the validity of this condition.

1.2. Flabby sheaves. There are many classes of sheaves for which the
cohomology can be shown to be zero. Here is one:

Definition 1.10. A sheaf F (of abelian groups) on a space X is called
flabby (or flasque) if for every V ⊂ U , the map F(U)→ F(V ) is surjective.

Example. A constant sheaf on an irreducible1 space X is flasque. In-
deed, the sections over any open set are all the same (because any open set
is connected).

One of the nice properties of flabby sheaves is:

Proposition 1.11. Let 0 → F → G → H → 0 be an exact sequence in
Sh(X) with F flabby. Then

0→ Γ(X,F)→ Γ(X,G)→ Γ(X,H)→ 0

is exact.

Proof. Since we already have left-exactness of the global section func-
tor, we need only to prove that given a global section s of H, we can lift it
to a global section of G.

Since G → H is surjective, we can find a covering {Ui} of X with sections
ti ∈ G(Ui) mapping to s|Ui . We would like to piece the ti together. However,
the ti need not glue. Thus we will need to modify them so that they do glue.
This can be done via transfinite induction over I. Nevertheless, we will not
follow this argument (exercise).

We will do this via a Zorn lemma argument. Consider the partially
ordered set S of pairs (U, tU ), where U ⊂ X and tU ∈ G(U) maps to s|U .
The partial ordering is as follows: (U, tU ) ≤ (V, tV ) if and only if U ⊂ V

1I should define this.
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and tV |U = tU . It is thus evident that every chain in S has an upper bound
in the natural manner. So there is a maximal element (U, tU ) ∈ S.

I claim that U = X, which will prove the result. Suppose U ( X and
let Ui be such that Ui 6⊂ U . There are sections tU , tUi mapping to the
appropriate restrictons of s. Now t− tUi is a section of U ∩Ui which is killed
under the map to H, hence is a section of F . By flabbiness, this extends to
a global section r ∈ F(X).

Consider the sections t ∈ G(U) and tUi + r ∈ G(Ui).2 These two glue,
i.e. are the same over U ∩Ui, by the choice of r. Moreover, since r is in the
kernel of the map to H, these two join into a section of G(U ∪Ui) that maps
to s|U∪Ui . This section leads to an element of S which is strictly greater than
(U, tU ), contradicting the assumption that this was a maximal element. N

This is basically what leads to the vanishing of the cohomology for flabby
sheaves. (Note that if we knew that H1(X,F) = 0 for F flabby, then
the above result would follow immediately from the long exact cohomology
sequence.)

Proposition 1.12. The higher cohomology groups H i(X,F), i ≥ 1 van-
ish for F flabby. In other words, flabby sheaves are acyclic.

Proof. We begin with the case of i = 1. Start by imbedding F in
an injective sheaf G; let H be the cokernel. There is an exact sequence
0→ F → G → H → 0; this leads to a long exact sequence, a piece of which
is

G(X)→ H(X)→ H1(X,F)→ H1(X,G) = 0.
In particular, H1(X,F) is represented as a cokernel of G(X)→ H(X). But
we know that this map is surjective by the above proposition, F being flabby.
Consequently the cokernel vanishes.

Now by the same long exact sequence, we find that H i+1(X,F) '
H i(X,H) for i > 0. If we show that H is flabby, then by induction we
will get the result. The flabbiness of H will follow from:

Lemma 1.13. (1) An injective sheaf is flabby. More generally, if X
is a locally ringed space an injective object in Mod(OX) is flabby.

(2) If 0→ F ′ → F → F ′′ → 0 is exact and F ,F ′ are flabby, so is F ′′.

Proof. (1) Let U ⊂ X. Consider the constant sheaf Z on U . We
consider the extension by zero, j!(Z) on X; we denote this by ZU .
There is an injection of this sheaf into the constant sheaf Z on X.
Now it is easy to see that to give a morphism Z→ G for any sheaf
G is the same as giving a global section of G. Similarly, to give a
morphism ZU → G is the same as giving a section of G over U .

So suppose G is injective. We will show that G(X) → G(U)
is surjective for any U , which evidently implies flabbiness. But

2If r had not been extended to a global section, this would have only been a section
over U ∩ Ui.
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ZU → Z is injective, so by assumption any ZU → G can be extended
to a Z → G. This is another way of saying that any section of G
over U can be extended to X.

For the more general statement, consider instead the injection
j!(OX |V )→ OX .

(2) Let U ⊂ V . Then in the commutative diagram

0 // F ′(V ) //

��

F(V ) //

��

F ′′(V ) //

��

0

0 // F ′(U) // F(U) // F ′′(U) // 0

both sequences are exact by flabbiness. Therefore the surjectiv-
ity of the left two downward arrows implies that of the rightmost
downward arrow, hence proving that F ′′ is flabby.

N

N

Following Grothendieck, we briefly indicate a more general approach to
the above result.

Proposition 1.14. Let C,C′ be two abelian categories and F : C→ C′ a
covariant left-exact functor. Suppose C has enough injectives.3 Suppose that
M⊂ C is a collection of objects satisfying the following:

(1) Any object A ∈ C admits an embedding into an object of M
(2) A direct factor of an element of M belongs to M
(3) If 0→ A→ B → C → 0 is an exact sequence in C and A,B ∈M,

then C ∈M too and 0→ F (A)→ F (B)→ F (C)→ 0 is exact.

Then the objects of M are F -acyclic. In other words, the derived functors
RiF (M), i ≥ 1 vanish for M ∈M.

This clearly implies the acyclicity of flabby sheaves, because they form
a class M as in the proposition. This follows from Proposition ?? and ??.

Proof. First, we show that the injectives belong to M. Let I ∈ C be
an injective object; there is an embedding 0 → I → M for M ∈ M. By
injectivity this is the inclusion of a direct factor, so this means that I ∈M.

Fix A ∈M and consider a resolution

0→ A→ I0 → I1 → . . .

where each Ii is injective, hence in M. We will show that

0→ F (A)→ F (I0)→ . . .

3We need this to define derived functors.
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is exact. For this, we draw the kernels and cokernels at each step; write Ki =
ker(Ii → Ii+1). Then K0 = A, for instance. Since this was a resolution, we
have exact sequences

0→ Ki → Ii → Ki+1 → 0.

Since the Ii all belong to M and K0 belongs to M, it follows by induction
and the conditions above that each of the kernels Ki is inM. In particular,
each of the sequences

0→ F (Ki)→ F (Ii)→ F (Ki+1)→ 0

is exact. Since F is left-exact, it follows that

0→ ker(F (Ii → Ii+1))→ F (Ii)→ ker(F (Ii+1)→ F (Ii+2))→ 0

is exact for all i > 0. This implies that {F (Ii)} is exact (except at i = 0, of
course). And that shows that the cohomology of this complex, namely the
derived functors of A, is trivial. N

This in particular implies that the derived functors of F can be computed
by M-resolutions.

Corollary 1.15. Let 0→ F → G0 → G1 → . . . be a flasque resolution
of the sheaf F . Then the cohomology groups of F can be computed via the
cohomology of the complex {Γ(X,Gi)}.

Proof. This follows from Proposition 1.12 and Theorem 1.7. N

There is actually a canonical way of associating to each sheaf a flabby
resolution. Indeed, pick a sheaf F . Let i : {x} → X be the inclusion; then
i∗(Fx) is a flabby sheaf on X. We can take an embedding

F →
∏
x

Fx

where the latter sheaf is flabby (as the product of flabby sheaves). Denote
this functor by F; there is thus a natural map F → F(F) which is always
a monomorphism. The cokernel of F → F(F) is also functorial in F , and
applying F to this one gets a functorial exact sequence 0 → F → F(F) →
F(2)(F) (where F(2) denotes the application of F to the cokernel of F →
F(F)). Iteratively, we find that there is a functorial flasque resolution

0→ F → F(F)→ F(2)(F)→ . . . .

One can compute the cohomology groups from this resolution. Because it is
functorial, and because the functors F(i) are actually exact (a fact which can
be checked directly, by induction), the cohomology theory for sheaves can
be constructed directly using them. This is how it is developed by Gunning
and Rossi in [8].
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1.3. Cohomology of sheaves of modules. We have defined sheaf
cohomology using the category Sh(X) of abelian groups. There are, however,
(non-full) subcategories Sh(OX) when X is given the structure of a ringed
space. The global section functor is still left-exact, and it is of interest to
consider its derived functors, just as we considered H i as the derived functors
Γ on Sh(X). However, the next result says that we get nothing new.

Proposition 1.16. Let (X,OX) be a ringed space. Then the derived
functors of Γ : Mod(OX)→ Ab coincide with the ordinary sheaf cohomol-
ogy functors H i.

Proof. Recall how derived functors are computed. Given F ∈Mod(OX),
we consider an injective resolution

0→ F → I0 → I1 → . . .

in Mod(OX). The derived functors of Γ : Mod(OX) → Ab are given
by the cohomology of the complex {Γ(X, Ii)}. But the Ii are injective in
Mod(OX), hence flabby; this means that the cohomology of this complex
also gives the usual sheaf cohomology.

In fact, the isomorphism between the derived functors and H i is actually
functorial, though the proof given above is not convincing of that. One
justification is that the construction of an injective resolution can be made
functorial, as explained in earlier remarks. Another is to appeal to more
general nonsense. The derived functors RiΓ of the global section functor
on Mod(OX) and the usual cohomology groups H i are both δ-functors on
Mod(OX) which are naturally isomorphic in dimension zero. But both are
effaceable (since we can use injective or flabby OX -modules). Consequently,
the sequences of functors are naturally isomorphic by a general theorem of
Grothendieck. N

As a result of this result, if F is an OX -module, the cohomology groups
H i(X,F) can be given a structure of Γ(X,OX)-module.

1.4. Cohomology with supports.

1.5. Pull-back. We shall now prove a few results on how cohomology
behaves with respect to f−1. Let f : X → Y be a continuous map. Then
there is a natural transformation

Γ(X,F)→ Γ(X, f−1F).

Now, f−1 is an exact functor.

1.6. Cohomology and direct limits.

1.7. Grothendieck’s vanishing theorem.
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2. Soft and fine sheaves; de Rham cohomology

3. Cech cohomology

Derived functor cohomology is very difficult to use for actual computa-
tions. We shall now give another approach.

3.1. Definition. Let X be a topological space, F ∈ Sh(X). Suppose
A = {Ui, i ∈ I} is an open cover of X. Then we can consider the simplicial
complex whose n-skeleton consists of ordered n-tuples (i1 . . . in) ∈ In. We
say that a n-cochain associates to each n-simplex (i1 . . . in) an element of
F(Ui1 ∩ · · · ∩ Uin). Note that this is like simplicial cohomology except that
the values assgined to each n-simplex lie in different groups.

The n-cochains clearly form a group Cn(U,F) =
∏

(i1...in)F(Ui1 ∩ · · · ∩
Uin). Given α ∈ Cn(U,F), we denote αi1...in the corresponding element of
F(Ui1 . . . Uin).

There are coboundary maps d : Cn(U,F)→ Cn+1(U,F) defined via the
usual formula. Namely, we have

(dα)i1...in+1 =
∑
j

(−1)jαi1...îj ...in+1
|Ui1∩···∩Uin+1

where the hat means that ij is omitted.

Definition 3.1. The cohomology groups of this complex are called the
Cech cohomology groups of F (relative to A) and are denoted H i(A,F).

Clearly, the construction of the Cech complex is functorial, and thus the
Cech cohomology groups are functorial. Nevertheless, they do not form a
δ-functor. This is one major reason they differ from ordinary sheaf coho-
mology.

Proposition 3.2. There is a functorial isomorphism H0(A,F) ' Γ(X,F).

Proof. Indeed, a zero-cochain just assigns to each U ∈ A an element
sU of F(U). This is a cocycle if and only if sU − sV = 0 ∈ F(U ∩ V ) for
all U, V . But that’s precisely the same as saying the s’s glue to one global
section of F(X). N

In general, higher Cech cohomology groups are less trivial, and do de-
pend on the cover. It is of interest to consider Cech cohomology with smaller
and smaller refinements. Let B = {Vj , j ∈ J} be another covering of X. We
say that B is a refinement of A there is ψ : J → I such that Vj ⊂ Uψ(j)

for all j.
Suppose j1, . . . , jn ∈ J and ik = ψ(jk) for each k. If this is the case,

then there is clearly a map F(Ui1 ∩ · · · ∩ Uin) → F(Vj1 ∩ · · · ∩ Vjn). Thus
if α ∈ Cn(A,F), we get a section β ∈ Cn(B,F) sending (j1 . . . jn) to the
restriction of αi1...in . Observe that this is actually a morphism of complexes,
i.e. the association α → β commutes with the coboundary maps. This fol-
lows directly from the definitions. Call this association ψ∗; it is a morphism
of the Cech complexes.
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As a result, there is are maps, functorial in F ,

(3) ψ∗ : Hn(A,F)→ Hn(B,F).

Proposition 3.3. The maps of (3) do not depend on the ψ chosen.

Proof. Suppose ψ, φ : J → I are two maps satisfying the condition of
a refinement. Following Gunning, we shall define a chain homotopy between

ψ∗, φ∗ : C(A,F)→ C(B,F).

This will imply that they induce the same map on cohomology.
Note that if j1, . . . , jn ∈ J , then Vj1 ∩ · · · ∩ Vjn ⊂ Ui1 ∩ · · · ∩Uin if the ik

are either the φ(jk), ψ(jk), even if both φ and ψ appear. So here will be the
chain homotopy. Pick α ∈ Cn(A,F). We define hα ∈ Cn−1(B,F) via

(hα)j1...jn−1 =
∑
k

(−1)kαψ(i1)...ψ(ik)φ(ik)...φ(in−1).

We will verify that dh + hd = 1. Indeed, pick α. Then we have, where for
convenience we omit the restriction maps,

(dhα)j1...jn =
∑
k

(−1)k(hα)j1...ĵk...jn

=
∑
k

∑
l 6=k

(−1)k(−1)lα
ψ(j1)...ψ(jl)φ(jl)...φ̂(jk)...φ(jn

)

Meanwhile

(hdα)j1...jn =
∑
l

(−1)l(dα)ψ(j1)...ψ(jl)φ(jl)...φ(jn)

=
∑
l

∑
k

(−1)k(−1)lαψ(j1)...ψ(jl)φ(jl)...φ(jn)

N

FIX. The computation is almost over.

3.2. The Cech resolution. We can make the Cech complex into a
complex of sheaves. Namely, with notation as in the previous section, we
send an open set V →

∏
i1...in

F(V ∩ U1 ∩ . . . Un). This is evidently a
sheaf, which we denote Ck(A,F). As before, there are boundary maps d :
Ck(A,F) → Ck+1(A,F), which are now sheaf maps; we get a sheafish Cech
complex. And, as before, we have C0(A,F) ' F functorially.

Proposition 3.4. The complex {Ck(A,F)} is exact in Sh(X).

In particular, we get a resolution

0→ F → C1(A,F)→ C2(A,F)→ . . . .
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Proof. Exactness can be checked on the stalks. We will do this by
defining a chain homotopy. So let x ∈ X. We will define a map h :
Cn(A,F)x → Cn−1(A,F)x. Pick α in the former group; then for some V con-
taining x, it can be represented as an element of

∏
i1...in

F(V ∩Ui1∩· · ·∩Uin).
Suppose i1 . . . in−1 ∈ I. We need to find a neighborhood V ′ of x and define
an element β of

∏
i1...in−1

F(V ′ ∩ Ui1 ∩ · · · ∩ Uin−1). To do this, pick some i′

such that x ∈ Ui′ and let V ′ = Ui′ ∩ V .
Now define

βi1...in−1 = αi′i1...in−1 ∈ F(V ′ ∩ Ui1 ∩ . . . Uin−1).

Let us define the map h to be the map sending α → β as above. Then I
claim that h is the claimed homotopy. Indeed:

(dhα)x =
∑
k

(−1)k(hα)i1...îk...in

=
n−1∑
k=0

(−1)kαi′i1...îk...in−1
∈ Fx.

(This is a slight abuse of notation; (dhα)x is the family of the above as
i1, . . . in range over I.) Similarly

(hdα)x = (dα)i′i1...in

=
n∑
k=0

(−1)k+1αi1...îk...in + αi1...in

When these are added, the germ of α is the result; it follows that dh+hd is
the identity. Thus a chain homotopy on the stalks has been defined, proving
exactness. N

3.3. Open sets. We shall study how cohomology behaves with respect
to direct and inverse images later. For now, we prove a simple lemma.

Lemma 3.5. Let X be a topological space and i : U → X the inclusion
of an open set. Suppose F is a sheaf on U . Then

H i(X, i∗F) = H i(U,F).

Proof. Indeed, since i∗ is an exact functor in this case, both are δ-
functors from Sh(U) to Ab which vanish in higher dimensions on flabby
sheaves. They are thus both “universal” δ-functors in the sense of Grothendieck,
so the fact that they coincide for i = 0 implies they are naturally isomorphic
for all i. N

3.4. The Leray theorem. We state

Theorem 3.6 (Leray). Suppose U is a cover of X and F ∈ Sh(X).
Suppose that whenever U1 . . . Un ∈ U, we have H i(U1 ∩ · · · ∩ Un,F) = 0
for i ≥ 1, i.e. F|U1∩···∩...Un is acyclic. Then the canonical isomorphism
H i(A,F)→ H i(X,F) is an isomorphism.
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Proof. It follows from Lemma ?? that each of the sheaves f∗(F|Ui1∩···∩Uin )
on X is acyclic (on X). Thus, the product of them is acyclic, since coho-
mology commutes with direct products.4 But these products make up the
sheaves in the Cech resolution {Cn(A,F)}. In other words, the Cech reso-
lution is acyclic.

Thus we can compute the cohomology of F via the cohomology of the
complex of global sections {Γ(X, Cn(A,F))} = {Cn(A,F)}. This is just
Cech cohomology. N

Corollary 3.7. Let M be a compact smooth manifold. Then the de
Rham cohomology groups H i

DR(X,R) are finite-dimensional.

Proof. By de Rham’s theorem, we can compute the de Rham coho-
mology groups as the sheaf cohomology groups H i(X,R) for R denoting the
constant sheaf associated to the group R. Now, pick a Riemannian metric
on M . Each point has a neighborhood U such that any two points in U
are joined by a unique geodesic contained in U—such a neighborhood is
called geodesically convex. It is clear that a geodesically convex neigh-
borhood is homeomorphic (via the exponential map) to a convex set in Rn,
which has trivial de Rham cohomology, and also that the intersection of two
geodesically convex sets is geodesically convex.

So pick a finite cover of M by geodesically convex sets U1, . . . , Uk. Then
on every intersection Ui1 ∩ · · · ∩ Uin , the sheaf R has trivial cohomology
because this intersection is geodesically convex, hence diffeomorphic to a
convex set in Rn. In particular, the cover {Ui} satisfies the hypotheses of
Leray’s theorem. We can apply Cech cohomology with this cover to compute
H i(X,R), or equivalently the de Rham cohomology.

But there are finitely many sets in this cover, and the sections of the
sheaf R over each of these sets is just the abelian group R by connectedness
of anything geodesically convex. So the Cech complex consists of finite-
dimensional vector spaces; its cohomology thus consists of finite-dimensional
vector spaces. N

4Note that a direct product of injectives is injective and the direct product of exact
sequences is exact.
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Schemes

1. The Spec of a ring

We now define the notion out of which schemes are built.

Definition 1.1. Let A be a commutative ring. Then we define Spec(A)
as the set of prime ideals of A.

Recall that the points of an algebraic variety are in bijection with the
maximal ideals of the coordinate ring. This is thus a more general definition.

For p ∈ SpecA, we write Ap for the localization and κ(p) = Ap/pp for
the residue field.

1.1. The topology on SpecA. Fix a commutative ring A. We now
define a topology on SpecA.

Definition 1.2. For a ⊂ A an ideal, we define V (a) as the set of primes
containing a. We could also define V (S) for S ⊂ A a set in the same way;
it is clear that V (S) is the samet thing as V of the ideal generated by S.

We can think of elements of A as “functions” on the space SpecA. Each
element f ∈ A defines a map sending each p ∈ SpecA to the image of f in
κ(p).

Definition 1.3. The image of f in κ(p) is called the value at p.

Of course, the definition means that f will generally take values in very
different things according to what p is. In the language of algebraic varieties,
the residue field was always the same.

Now, the set V (a) corresponds to the set of prime ideals where every
element of a has value zero. So V (a) can be thought of as an intersection of
zero sets, so it should intuitively be closed.

The next result is just elementary commutative algebra:

Proposition 1.4. (1) V (
∑

i ai) =
⋂
V (ai).

(2) V (a ∩ b) = V (a) ∪ V (b).
(3) V (rada) = V (a).

Proof. A prime ideal contains the sum
∑

i ai iff it contains each one.
This establishes the first part.

For the second, note that if p ⊃ a or p ⊃ b, clearly p ⊃ a ∩ b and
p ∈ V (a ∩ b). Conversely, suppose p ⊃ a ∩ b. If neither of the inclusions

51
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p ⊃ a, p ⊃ b holds, there are elements a ∈ a−p, b ∈ b−p. Then ab ∈ a∩b−p
since p is prime. This contradiction implies that p contains either a or b.

The third is well-known from commutative algebra (and easy to prove):
a prime contains an ideal iff it contains its radical. N

In particular, the collection of sets V (a) ⊂ SpecA is closed under ar-
bitrary intersections and finite unions. Moreover, clearly V ((0)) = SpecA
while V ((1)) = ∅. Hence it is clear that this family of sets can be made
the closed sets of a topology on SpecA. Henceforth, we regard SpecA as a
topological space in this way.’

We next show that the closed sets are in bijection with the radical ideals.

Proposition 1.5. If V (a) = V (b), then rada = radb. In particular, the
closed sets of SpecA are in bijection with the radical ideals of A.

Proof. We can recover rada from V (a) by taking the intersection fo
all the primes in V (a), since by a basic theorem of commutative algebra we
have that rada =

⋂
p⊃a p. N

Next, we show that SpecA is actually quasi-compact, and indeed, find
a basis for the open sets.

Definition 1.6. Let D(f) denote the set of all prime ideals in SpecA
not containing f ; these are open sets that intuitively speaking correspond
to the sets of nonzero points of functions. Then D(f) is in bijection with
SpecAf .

I claim that the D(f) are a basis for SpecA. Indeed, given V (a) ⊂ SpecA
and q /∈ V (a), we have to show that there is at least one D(f) contained in
the complement SpecA− V (a) and which contains the point q. To do this,
note that there is an element f of a− q since q /∈ V (a). Then q ∈ D(f) and
any element of V (a) must contain f so cannot be in D(f).

Intuitively, this argument corresponds to choosing f so it has a lot of
zeros on V (a), but does not vanish at q.

Note also that D(f) ∩ D(g) = D(fg). So this basis is stable under
intersections, which is nice.

Proposition 1.7. Let fi, i ∈ I be a family of elements in A. We have⋃
D(fi) = SpecA if and only if the {fi} generate the unit ideal.

Proof. If
⋃
D(fi) = SpecA, then every prime ideal must be an element

of some D(fi). In particular, the intersection
⋂
V ((fi)) is trivial. This

intersection is just V of the ideal a generated by the {fi}. As a result, the
radical of a must be all of A, so a = A.

The converse is proved similarly. N

Corollary 1.8. SpecA is quasi-compact.

Proof. Let {Ui} be an open cover of SpecA. By shrinking the Ui (and
possibly changing the index set), assume that each Ui = D(fi) for some
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fi ∈ A. Then we necessarily have that the fi generate the unit ideal by the
above proposition. Thus a finite subset of the fi generate the unit ideal.
Which means that a finite number of the Ui (those corresponding to the
finite number of fi) cover SpecA. N

1.2. Functoriality of Spec. Let φ : A → B be a homomorphism of
rings. Then if p ⊂ B is prime, the inverse image f−1(p) is prime. We thus
get a map of sets fa : SpecB → SpecA, which is clearly functorial.

Proposition 1.9. The association A→ SpecA induces a contravariant
functor from the category of rings to the category of topological spaces.

Proof. It is enough to show that the map fa is continuous. In other
words, we have to pick an ideal a ⊂ A, and show that f−1

a (V (a)) ⊂ SpecB
is a closed set.

In fact, I claim that

f−1
a (V (a)) = V (f(a)).

This requires just a bit of careful checking. To say that a prime q ⊂ B
belongs to f−1

a (V (a)) is to say that fa(q) = f−1(q) contains a, i.e. a ⊂
f−1(q). This is equivalent to f(a) ⊂ q, which is the same thing as q ∈
V (f(a). It follows that the inverse image of a closed set is closed, which
completes the proof.

N

So, informally, if a subset of SpecA is given by the vanishing of a bunch of
“functions” (elements of A), the preimage in SpecB is given by the vanishing
of the images of those functions in B.

Suppose b ⊂ B. It is less easy to describe explicitly the image fa(V (b) ⊂
SpecA. When B is the quotient A/a for some ideal, then SpecB is in bijec-
tion with V (a). In the general case, we have to use the closure.

Remark. Let S ⊂ SpecA be a subset. Its closure S is then V (a) for
a the intersection of the prime ideals in S. This is immediate from the
definition of the closure as the smallest closed set containing a given set.

Proposition 1.10. We have

fa(V (b) = V (f−1(b)) ⊂ SpecA.

Proof. First, we show the inclusion ⊂. If q is an element of SpecB that
lies in V (b), i.e. contains b, then its preimage in A (i.e. its image under fa),
must evidently contain f−1(b). So fa(V (b) ⊂ V (f−1(b)) and the latter set
is closed, so we get the inclusion ⊂ as in the theorem.

The other inclusion is a bit trickier. The closure fa(V (b) can be written
as V (s) for s the intersection of the fa(q) for q ∈ V (b). We’d like to know
what this s is.

Suppose x ∈ s, i.e. is such that x ∈ f−1(q) for every q containing
b. Then f(x) ∈ q for each q containing b. This is true if and only if f(x)
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belongs to the radical of b by elementary commutative algebra. In particular,
s = f−1(radb). Since V (s) = V (f−1(radb)) = V (radf−1b) = V (b), we’re
done. N

Corollary 1.11. Suppose f : A → B is injective. Then the image of
fa is dense in SpecA.

Proof. Take b = (0). N

1.3. SpecA as a locally ringed space. We shall now define a sheaf
of rings on SpecA. Actually, we shall do something more general. Fix an
A-module M . We shall define a sheaf of modules on SpecA, which will be a
module over the sheaf of rings.

Let us define the sheaf M̃ as follows. Suppose U ⊂ SpecA is an open
set. We define a section of M̃ over U as a map R as follows. To each
p ∈ U , R associates an element of Mp. Moreover, there is a coherence
condition: to each p ∈ U , there is a neighborhood V ⊂ U and an expression
m/s,m ∈ M, s ∈ A such that for q ∈ V , we have s /∈ q and m/s = R(q).
The coherence condition means that the map R is locally given by a quotient
of an element of M by something of A whose “value is nonzero.”

This is evidently a sheaf with the obvious restriction maps.

Proposition 1.12. The stalk of M̃ at p ∈ SpecA is just Mp.

Proof. Clearly, there is a map from germs of M̃ at p to Mp. Given
a function R mapping U into the various localizations of M , simply take
R(p) ∈Mp.

We first show that this map is injective. Suppose R(p) = 0 ∈ Mp. Now
we can write R = m/t locally; if m/t = 0 in Mp, we necessarily have some
u /∈ p with mu = 0. Now in D(tu), which is a neighborhood of p, we have
R ≡ 0, so the germ of R is indeed zero at p if R(p) = 0.

Next, we show it is surjective. If m/s is an element of Mp, then we can
use it to define a function R as above on D(s) sending q→ m/.s ∈Mq. The
germ of this guy at p is clearly m/s. So the map from germs to Mp is both
injective and surjective. N

Let X = SpecA. In particular, the above discussion implies that we can
consider the sheaf Ã. This is in fact a sheaf of rings, and we use it to make
X into a ringed space. We denote this sheaf of rings by OX , as usual. It is
clear that

(1) Op = Ap for p ∈ SpecA
(2) X is actually a locally ringed space, since the localizations Ap are

local rings
(3) The sheaf M̃ is a sheaf of OX -modules.

We shall now define a morphism of locally ringed spaces SpecB → SpecA
associated to a homomorphism of rings f : A→ B. We have already defined
the map on topological spaces, so it is only necessary to define the maps
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on the sheaves of rings. In particular, if U ⊂ SpecB, V ⊂ SpecA, and
fa(U) ⊂ V , we need to define a map from the sections over V to sections
over U . This is done in a fairly straightforward manner.

Let R be the function from V into the localizations Ap for p ∈ U defining
the section. Then if q ∈ U and p = fa(q) = f−1(q) ⊂ A, we have a map

f : Ap → Bq

by the properties of localization.
We can now define the function R′ on U into the localizations of B.

Namely, let R′(q) = f(R(p)) ∈ Bq. If R is locally a quotient, then R′ is just
obtained by applying f , so it is also locally a quotient.

This association is clearly functorial, so in particular:

Proposition 1.13. Spec induces a contravariant functor from commu-
tative rings to locally ringed spaces.

Before proceeding, we shall need the following useful facts.

Proposition 1.14. (1) Let a ⊂ A be an ideal. Then the map
Spec(A/a) ⊂ SpecA is a homeomorphism onto the set V (a).

(2) If f ∈ A, then the map SpecAf → SpecA induces an isomorphism
of SpecAf onto the open set D(f) (and it is an isomorphism of
locally ringed spaces1

(3) Let M be an A-module. Then the sheaf associated to Mf on corre-
sponds to the restriction of M̃ to D(f).

Proof. To be added. (3) is evident. N

2. Sheaves of modules on SpecA

2.1. The sheaf associated to a module. Let (X,OX) = SpecA be
the locally ringed space associated to a ring A. We have already defined for
M an A-module, a sheaf M̃ ∈Mod(OX). This association is functorial. In
particular, we get a functor

Mod(A)→Mod(OX)

sending
M → M̃.

Proposition 2.1. The functor ˜is exact.

Proof. Suppose 0 → M ′ → M → M ′′ → 0 is an exact sequence of A-
modules. I claim that 0→ M̃ ′ → M̃ → M̃ → 0 is exact. Indeed, exactness
can be checked at the stalks, so we need to show that for any p ∈ SpecA,
we have

0→M ′p →Mp →M ′′p → 0,
which follows because localization is an exact functor. N

1We make D(f) into a locally ringed space with the restriction of the structure sheaf.
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We now prove an important result that enables us to compute the sec-
tions of these associated sheaves over canonical basis elements.

Proposition 2.2. We have

Γ(D(f), M̃) = Mf

Proof. First, it’s easy to see that we can reduce (by Proposition ??),
to the case of f = 1, since otherwise we could replace A by Af .

There is a canonical map M → Γ(X, M̃) that sends each m to the
function R mapping each prime ideal simply to m, thus defining a section
of M̃ over X. We will prove that it is injective and surjective:

(1) Injectivity. Suppose m gets mapped to the zero section. Then this
means that the image of m in each stalk, i.e. each Mp, is zero. This
implies that m = 0 by basic commutative algebra.2

(2) Surjectivity. This is harder. Suppose given a global section of M̃ .
In other words, we have a function R that maps each prime ideal of
A to some element in a localization of M , such that R is locally the
quotient of two constant elements m/s. We will use a “partition of
unity” to get an element of M .

Now, there is a cover of SpecA by open sets Ui such that on
each Ui, we can write this function R as a quotient mi/si (where si
does not belong to any of the prime ideals in Ui). By shrinking Ui
if necessary, we can assume Ui = D(ti) for some ti and that there
are finitely many i in view of quasi-compactness.

We will normalize this representation first to make the si and
ti equal, then apply the partition of unity. Well, si doesn’t vanish
on the set D(ti) where ti doesn’t vanish, so V ((si)) ⊂ V ((ti)). In
particular, we can write tki = cisi for some ci and k. This implies
that mi/si = cit

k−1
i mi/t

k
i on D(ti).

This, still, isn’t quite what we want. But we can replace each
ti with the powers tki . In this way, we get a representation of R
on the open sets D(ti) covering SpecA such that on D(ti), we have
that R is equal to ni/ti for some ni ∈M . We’re going to show that
there exists m ∈M which coincides with each ni/ti on each D(ti).

So, first we look at how the ni/ti patch. The quotients ni/ti, nj/tj
must become equal each of the localizations Mq for q ∈ D(titj) =
SpecAtitj . This means that, by the first part of the proof, the
tinj − tjni become equal in Atitj . In particular, there is a power
(titj)kij such that

(titj)kij (tinj − tjni) = 0 ∈M.

Replacing ti, tj by the tki for k the largest of the kij (and ni by
tk−1
i ni!), we see that we have reduced our problem to the following:

2The map M →
Q

p Mp is always injective.
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Suppose given quotients ni/ti ∈ Mti such that for each
i, j, we have the gluing condition tinj = tjni. Suppose
also that the D(ti) cover SpecA. Then there is m ∈ M
such that m = ni/ti in Mti for all i.

Now, we can write 1 =
∑
qiti since the D(ti) cover SpecA.

Write m =
∑
qknk. Then we have

tim =
∑

qktink =
∑

qktkni = ni
∑

qktk = ni.

Hence in Mti , we have m = ni/ti.
This is analogous to the partition of unity. For instance, we

have written formally m =
∑
qktk(nk/tk), where we multiply the

guys nk/tk which are sections over D(tk) by the tk to clear denoim-
nators, then use the qk to put them all together.

N

Corollary 2.3. Let X = SpecA. The functor M → M̃ is fully faithful
from A-modules to OX-modules.

Proof. We need to show that

HomOX (M̃, Ñ) ' HomA(M,N).

Clearly, there is a map in the → direction, in view of the above proposition;
given a sheap map, consider the associated homomorphism on the global
sections. This is clearly surjective, since the association M → M̃ is func-
torial. We have to prove that if M̃ → Ñ induces the zero map on global
sections, then it is zero as a map of sheaves. This can be checked on the
stalks. Fix a prime p. There is a diagram, which must be commutative:

M //

��

N

��
Mp // Np

If the map M → N is zero, then the localized map Mp → Np is zero. This
establishes faithfulness. N

2.2. Direct and inverse images. Let A→ B be a morphism of rings,
and f : SpecB → SpecA the associated morphism of locally ringed spaces.
Given a A-module M , we can consider the sheaf M̃ as in the previous section
and the inverse image f∗(M̃) as a sheaf of modules on SpecB. Similarly, if
N is a B-module, we can consider the push-forward f∗Ñ on SpecA.

We are interested in how the sheaves associated to modules behave under
the direct and inverse images. Basically, it is just in the way that one would
expect.

Proposition 2.4. (1) Let M be an A-module. Then f∗(M̃) is the

sheaf ˜(M ⊗A B) on SpecB.
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(2) Let N be a B-module. Then f∗(Ñ) is the sheaf Ñ on SpecA, where
N is considered as an A-module.

In particular, f∗, f∗ preserve quasi-coherent sheaves.

Proof. Consider f∗ first. Suppose N is a B-module. We will compute
the image f∗(Ñ) by looking at the sections over an open set D(x) ⊂ A for
x ∈ A. Then f−1(D(x)) = D(f(x)) by Proposition ??. We have that

Γ(f∗(Ñ), D(x)) = Γ(Ñ ,D(f(x))) = Nf(x)).

This is the same thing as Nx if N is considered as an A-module via the map
f . It is now clear that f∗(N ) is as claimed.

Now consider f∗. We could argue directly, but here is another approach.
Note that f∗ is a right-exact functor. It sends Ã to B̃ because these are the
structure sheaves. Since f∗ commutes with arbitrary direct sums (which are
colimits, and f∗ has an adjoint), it sends ÃI to B̃J . So, fix an A-module M .
There is a resolution AI → AJ → M → 0, and consequently a resolution
ÃI → ÃJ → M̃ → 0. Pulling back yields a resolution

ÃI → ÃJ → f∗M̃ → 0,

which shows first of all that f∗M̃ is quasi-coherent on SpecB. In addition,
taking global sections yields a resolution

BI → BJ → Γ(X, f∗M̃)→ 0

which is the tensor product of the resolution of M , and shows that the global
sections of f∗M̃ on SpecB are just B ⊗AM . (Note that we have used the
fact that taking global sections is exact for quasi-coherent sheaves on the
Spec of a ring.)

N

2.3. Quasi-coherent sheaves. We shall now show that on SpecA, the
sheaves which are quasi-coherent are precisely those associated to modules.

Proposition 2.5. Let X = SpecA. Suppose F ∈ Mod(OX). Then F
is quasi-coherent if and only if F can be written as M̃ for some A-module
A.

Proof. Recall (Definition ??) that F is quasi-coherent if and only if to
each point in x there is a neighborhood U of x such that F|U is isomorphic
to the cokernel of a sheaf map OIX |U → OJX |U for possibly infinite index sets
I, J .

If F = M̃ , then we can consider a partial free resolution AI → AJ →
M → 0. Applying the exact functor˜shows that M̃ is quasi-coherent on X.
So one direction is immediate.

The other direction is harder, and relies on showing that F can be re-
constructed from its module of global sections. We will first establish two
lemmas about sections of quasi-coherent sheaves.
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Lemma 2.6. Let F be a quasi-coherent sheaf on SpecA and f ∈ A.
Suppose s ∈ Γ(X,F) is such that s vanishes when restricted to the open set
D(f). Then there is a power n such that fns = 0 ∈ Γ(X,F).

Proof. We do not know that F is of the form M̃ globally; if we did, this
result would be immediate from Proposition ??. However, in a neighborhood
of each point, we have a representation of F as a cokernel OIX |U → OJX |U →
F|U → 0. Shrinking U if necessary, we can assume that these neighborhoods
are of the form D(gi) and that there are only finitely many i by quasi-
compactness of SpecA.

So, on each D(gi), it follows we have F|D(gi) = Ñi where Ni is an Agi-
module (namely, the cokernel of AIgi → AJgi). This follows because˜ is an
exact functor. Anyway, we know that s restricts to zero on D(fgi) ⊂ D(gi),
i.e. becomees zero in the localization (Ni)f . In particular, there is for each
i some ni such that fnis|D(gi) = 0 ∈ Ni. Taking n to be the maximum of
the ni, we get the lemma. N

Now, we need another lemma.

Lemma 2.7. Let F be a quasi-coherent sheaf on SpecA. Let s ∈ Γ(D(f),F).
Then there is n such that fns extends to a global section of F .

Proof. As before, we can cover SpecA with a finite number of basic
open sets D(gi) such that F|D(gi) can be written as Ñi for an Agi-module
Ni.

Now, s restricts to a section ofD(gi)∩D(f), which means that it becomes
an element of (Ni)f . As a result we can find fni such that fnis is an element
of Ni, i.e. a section of F over D(gi). Pick one n large enough to work for all
these all these open sets. Then fns can extend to a full, legitimate section
over D(gi) for each i. Call these extensions ei.

The problem is that the extensions ei of the sections fns a priori need not
coincide on D(gigj). However, we do know that they coincide on D(fgigj)
by assumption. This means that ei − ej is (by the previous lemma applied
to SpecAgigj = D(gigj)) killed by a high power of f , say fn(i,j). Taking M
to be the maximum of these n(i, j), we have that fMei = fmej on D(gigj).

As a result, we have that fM+Ns extends to a global section of F :
namely, that obtained by piecing together the fMei.

N

Finally, we are ready to show that a quasi-coherent sheaf on X = SpecA
is of the form M̃ for an appropriate M . Indeed, we take

M = Γ(X,F).

There is a map M̃ → F defined an evident way. To do this, we just need
to define the map on sections over basic open sets D(f). Here the map sends
f−nm to, well, f−nm; since f is invertible on D(f), this last dude is still
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a section over D(f). This argument applies to any sheaf F ∈ Mod(OX):

there is a natural map ˜Γ(X,F)→ F .
We show that for F quasi-coherent, it is an isomorphism. For this it

is enough to check this over sections on basic open sets, i.e. show that the
map Γ(X,F)f → Γ(D(f),F) is an isomorphism. This is actually now very
easy. The first lemma implies that it is injective; the second implies that it
is surjective. N

Corollary 2.8. There is an equivalence of abelian categories between
the categories of quasi-coherent sheaves on SpecA and A-modules.

Corollary 2.9. Quasi-coherent sheaves are closed under taking kernels,
cokernels, images, direct sums, and direct products.

2.4. Exactness of the global section functor. It is very easy to see
that the global section functor F → Γ(X,F) is exact if F is restricted to
the category of quasi-coherent sheaves on X = SpecA. Indeed, if 0→ M̃ ′ →
M̃ → M̃ ′′ → 0 is exact in Mod(OX), then Corollary 2.8 implies that there
is an exact sequence 0 → M ′ → M → M ′′ → 0, where M ′,M,M ′′ are the
global sections.

However, we would like a stronger result.

Proposition 2.10. Let F ,G,H be sheaves of OX-modules on X =
SpecA. Suppose F is quasi-coherent. Then if

0→ F → G → H → 0

is exact, so is

0→ Γ(X,F)→ Γ(X,G),→ Γ(X,H)→ 0.

Proof. Recall (Proposition ??) that the global section functor is al-
ready left-exact. It is sufficient to prove that Γ(X,G) → Γ(X,H) is surjec-
tive. Following Hartshorne, we will do this by locally lifting the section and
then using a partition of unity argument.

For this, pick a global section s ∈ Γ(X,H). We can lift s locally. So
there is a function f ∈ A and a section t ∈ Γ(D(f),G) such that t maps to
s|D(f).

Lemma 2.11. Suppose s lifts to a section t over D(f) as above. Then
fns extends to some global section of G that maps to fns in H, if n is chosen
large.

Proof. To prove this, pick a cover of X by basic open sets D(gi) which
are each sufficiently small that there are sections ti on D(gi) that lift s|D(gi).
We will use the products of a power of f with the ti to get the lifted section.
The problem is that right now they do not necessarily glue.

Well, we can compare the ti with t; so we have that t − ti is a section
of G on D(fgi) which maps to zero in H. This means that t− ti is actually
a section of F over D(fgi) by left-exactness of the section functor. By
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quasi-coherence, we can choose N really large such that fN t− fN ti extends
to a section of F over D(gi) for each i. Call these “error” sections ei ∈
Γ(D(gi),F); then on D(gigjf), we have ei − ej = fN (tj − ti). We will
consider the modified ti, namely

ri = fN ti + ei ∈ Γ(D(gi),G).

It is important that the error terms ei are sections over all of D(gi) so these
modified sections are actually still over all of D(gi).

Since the ui is killed by mapping to H, we find that each ri lifts fNs on
D(gi). Moreover, the ri’s kinda glue:

ri − rj = fN (ti − tj) + ei − ej
which is zero on D(fgigj), and something in F . As a result, if we multiply
all these ri by a really big power fM , these differences vanish on D(gigj),
so then the ri actually do glue.

It follows that the {ri} glue and give the desired lifting of fN+Ms. This
proves the lemma. N

It is now easy to finish the proof. We have a cover of X by basic open
sets D(fi) such that fNi s lifts to a global section ti of G. But we can find gi
such that

∑
gif

N
i = 1 since the fi generate the unit ideal. Writing∑

giti

gives a global section of H that lifts s. Bam. N

Note how much nicer cohomology makes things (which strongly implies
that I ought to add that proof).

Recall that the analog of the next proposition was proved more generally
for coherent sheaves, but not for quasi-coherent sheaves.

Proposition 2.12. Suppose F1 → F2 → F3 → F4 → F5 is an exact
sequence in Mod(OX) (for X = SpecA) and F1,F2,F4,F5 are all quasi-
coherent. Then F3 is quasi-coherent.

We will start with the easier case:

Lemma 2.13. The above proposition is true when F1 = F5 = 0.

Proof. As we discussed, for any sheaf of OX -modules on SpecA, we
have a map ˜Γ(X,F)→ F . It is an isomorphism of sheaves if and only if F
is quasi-coherent.

So, draw the commutative diagram.

0 // ˜Γ(X,F2)

��

// ˜Γ(X,F3)

��

// ˜Γ(X,F4)

��

// 0

0 // F2
// F3

// F4
// 0
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The rows are exact because the global section functor is exact, and ˜ is
an exact functor on top; the bottom is part of the hypothesis. By quasi-
coherence, the two outside downward arrows are isomorphisms. The one in
the middle is too by the five-lemma. Hence F3 is quasi-coherent. N

Proof of the Proposition. We will reduce this to the above lemma.
Now let A = coker(F3 → F4). Then A is quasi-coherent since it is the kernel
of F4 → F5. Similarly, the kernel K of F3 → F4 is quasi-coherent (in view of
its being the image of F2 in F3, i.e. the cokernel coker(F1 → F2)). There is
an exact sequence 0→ K → F3 → A→ 0, and since K,A are quasi-coherent,
so is F3. N

Finally, we can interpret Proposition 2.4 as follows.

Corollary 2.14. The direct image and inverse image of a quasi-coherent
sheaf (on spaces X = SpecA, Y = SpecB) is quasi-coherent.

This is not always true on other schemes.

3. Schemes

3.1. Definition. We now come to the pivotal moment in our journey.

Definition 3.1. A scheme is a locally ringed space (X,OX) such that
each x ∈ X has a neighborhood U such that the locally ringed space
(U,OX |U ) is isomorphic to SpecA for some ring A. A morphism of schemes
is a morphism of locally ringed spaces. In other words, schemes form a full
subcategory Sch of the category LRngSp.

For convenience, we will simply write that “X is a scheme” and assume
given the sheaf OX , rather than writing “(X,OX) is a scheme.”

Clearly, if A is a ring, then SpecA is a scheme.

Definition 3.2. A scheme is called affine if it is isomorphic to SpecA
for some A.

Proposition 3.3. Any scheme has a basis of open affine subsets.

Proof. Let X be a scheme and x ∈ X. There is an open affine neigh-
borhood U of X, by definition, say U = SpecA. However, the basic open
sets D(g) for g ∈ A are also affine (they’re isomorphic to SpecAg), and form
a basis for the topology of U . The assertion now follows. N

Note also that an open subset U ⊂ X for X a scheme is a scheme itself
by the same argument.

We start by describing the basic construction of gluing. Let Xi be a
collection of schemes with open sets Uij ⊂ Xi. Suppose given isomorphisms
φij : Uij → Uji satisfying φij ◦ φji = id. Moreover, suppose that the map
φij sends Uij ∩ Uik into Uji ∩ Ujk and is an isomorphism. Finally, suppose
φij ◦ φjk = φik whenever defined.
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Proposition 3.4. Hypotheses as above, there is a scheme X obtained
by “gluing” the Xi, namely such that X has open subsets Vi isomorphic to
the Ui and such that Vi ∩ Vj corresponds to Uij.

Proof. Basically, this is “trivial.” In particular, we define X as a quo-
tient space of the disjoint union

∐
Xi with points xi ∈ Xi, xj ∈ Xj being

identified if xi ∈ Uij and φij(xi) = xj . It is easy to check that this defines
an equivalence relation on X. Apparently I don’t understand this properly
FIX. N

3.2. Affine schemes. The work of the previous section established
that given A → B, a map of rings, there is a corresponding map SpecB →
SpecA of schemes. In particular, there is a contravariant functor from the
category of commutative rings to that of schemes. Its image is clearly the
category of affine schemes. Note that this functor is faithful, since the map
A→ B can be recovered from the global section map from SpecB → SpecA.

Proposition 3.5. Spec induces an equivalence between the opposite cat-
egory of commutative rings and the category of affine schemes.

We need to prove that this functor is full, and we will be done. Instead,
we shall prove a more general result, which will evidently imply the previous
proposition.

Proposition 3.6. Let X be a locally ringed space and S = SpecA and
affine scheme. Then there is a bijection between HomLRngSp(X,S) and
ring-homomorphisms A→ Γ(X,OX) that takes a map X → S and maps it
to the corresponding map on the global sections.

Proof. As stated in the result itself, we have a natural map

F : HomLRngSp(X,S)→ Hom(A→ Γ(X,OX))

that sends a morphism of locally ringed spaces to the map on the global
sections. We shall define a map G in the opposite direction and prove that
F,G are inverses.

So, suppose we have a map A → Γ(X,OX). For each x ∈ X, we need
to pick y ∈ S such that the resulting map is continuous. It will turn out
that there is one way we can do this because the map on global sections is
already determined. Indeed, there is a map of local rings Ay = Oy → Ox
that makes the following diagram commutative

A

��

// Γ(X,OX)

��
Ay // Ox

.

This by itself might not be enough if we did not know something else very
important: the map Ay → Ox is local. In particular, if we consider y ∈ S
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as a prime ideal p of A, then p is the inverse image of the maximal ideal
mx ⊂ Ox in the map A→ Ox.

So, finally we can describe our map explicitly. Let x ∈ X. Consider
the ideal in Γ(X,OX) that is mapped to the maximal ideal in Ox (i.e. the
“functions vanishing on x”). The inverse image of this ideal is an ideal in
A, which corresponds to a point y of SpecA. And there is a map.

To think of this intuitively, let M → N be a map of manifolds. Given
the associated map C∞(N)→ C∞(M) of smooth functions defined globally,
we can reconstruct the map M → N by looking at the ideals of functions
vanishing at a point x.

Now return to the map X → S (currently just a map between sets) that
we have defined. Is it continuous? I claim that it is. Let D(g) be a basic
open set in S. Then g maps to a global section g′ of OX . I claim that the
open set Xg (see Definition ??; recall that this is a generalization of Xg

3)
is the inverse image of D(g). Indeed, let x ∈ X. Then the image y, which
is the inverse image in A of the map A→ Ox, contains g ∈ A if and only if
g′ /∈ mx, i.e. x /∈ D(g′). So the map is continuous.

I claim next that there is a natural way of making this into a map of
locally ringed spaces. This follows because, as in the previous paragraph, the
inverse image of D(g) is D(g′), and there is a map Ag → Γ(X,OX)g′ defined
in the obvious manner. But Γ(X,OX)g′ naturally maps into Γ(Xg,OX).
From the way we have chosen the image of x (so that Ay → Ox is local),
the stalk maps are local homomorphisms of local rings.

This defines our association G from ring-homorphisms to morphisms of
locally ringed spaces.

Phew! So we have maps F,G in both directions. We now have to argue
that F ◦ G,G ◦ F both yield the identity. Given a map A → Γ(X,OX),
the way described above of associating to this a map X → S (namely, the
mapping G) was chosen such that the map on global sections Γ(S,OS) →
Γ(X,OX) was the same as A→ OX . In particular, F ◦G = 1.

It’s slightly harder to see that G ◦ F = 1. So, suppose given f : X → S.
Then we have a map A → Γ(X,OX). Suppose G(f) = g is another map
g : X → S. We have to show that g = f . Indeed, we have a commutative
diagram

A

��

// Γ(X,OX)

��
Ag(x) // Ox

3I should actually include this sometime.
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and similarly for f ,

A

��

// Γ(X,OX)

��
Af(x) // Ox

.

But both the maps A → Ox are the same since both the maps A → OX
induced by f, g are the same. In particular, the ideals of A associated
to f(x), g(x) must be the same. So as maps of topological spaces, f, g
coincide. The maps on sheaves also coincide, since they are localizations of
A→ Γ(X,OX). N

Corollary 3.7. Given any locally ringed space X and S = SpecΓ(X,OX),
there is a canonical map X → S. This is an isomorphism if and only if X
is an affine scheme.

Proof. Clear. N

3.3. S-schemes. Grothendieck has popularized the relative viewpoint,
namely that instead of studying a scheme X by itself, we should study
morphisms X → S and how they behave. This leads to:

Definition 3.8. Let S be a scheme. A S-scheme is a scheme X to-
gether with a morphism X → S. The S-schemes form a category SchS
where a morphism from X → S to Y → S is a morphism X → Y of
schemes that makes the diagram

X

��

// Y

��
S // S

commutative.

Let A be a ring and S = SpecA. To give an S-scheme is the same thing as
giving a scheme X together with an A-algebra structure on Γ(X,OX). Note
that every open subset U ⊂ X is also an S-scheme from the composition
U → X → S. So, given an S-scheme X, we get a structure of A-algebra on
Γ(U,OX) for each open set U . In other words, the structure sheaf OX is a
sheaf of A-algebras.

Proposition 3.9. SpecZ is a terminal object in the category SchS.

In particular, the category of SpecZ-schemes is equivalent to the category
Sch under the forgetful functor.

Proof. Indeed, for any scheme X, there is a canonical map of rings
Z→ Γ(X,OX)—precisely one!—which induces the map X → SpecZ. N
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The associated map on topological spaces can be described in a straight-
forward way. Indeed, let x ∈ X. There is a map Z→ Ox; the inverse image
of the maximal ideal mx ⊂ Ox is a prime ideal in Z and that corresponds
to the image of x in SpecZ. This prime ideal of Z is generated by a prime
number or zero; it’s easy to see that this is the characteristic of κ(x). So
x is mapped to (p) ⊂ Z if the characteristic of κ(x) is p (which is either a
prime or zero).

3.4. Examples. Before proceeding further with the general theory, we
pause to give several examples of schemes as well as these techniques.

Example. Let k be a field. Then Speck consists of one point, and the
structure sheaf is the constant sheaf k.

Let X be a scheme. Then to give a map X → Speck (or, equivalently
to make X a Speck-scheme—which we shall also call simply a k-scheme) is
the same as endowing the structure sheaf OX with the structure of a sheaf
of k-vector spaces. This follows from Proposition 3.6.

The morphisms Speck → X can also be described explicitly. Indeed,
Speck consists of one point, which must be mapped to some x ∈ X. Then
there is a map of local rings Ox → k which is a local homomorphism, so
induces a map κ(x) → k of fields. Conversely, given a point x ∈ X and a
map κ(x) → k, we find a local homomorphism Ox → k. Picking an affine
neighborhood SpecA of x, we see that Ox is a localization of A so we get a
map A→ k; thus we get a map Speck → SpecA and thus a map Speck → X.

It thus follows from the preceding paragraph that to give a map Speck →
X is equivalent to picking x ∈ X and a morphism of fields κ(x) → k. In
particular, there is for each x ∈ X a canonical map

Specκ(x)→ X.

Example. Let R be the zero ring, where 0 = 1. Then SpecR is the
empty set.4 This is an initial object in Sch.

Admittedly those last two were about the least interesting examples!

Example. Let A = R[x1, . . . , xn], the polynomial ring in n variables
over a ring R. Then SpecA is called affine n-space over R and denoted
An
R. When R = Z, we just write An.

Suppose now that R is an algebraically closed field. The maximal ideals
in A (which are the closed points in SpecA) correspond by the Nullstellensatz
to n-tuples (a1, . . . , an) via (a1, . . . , an)→ (x1 − a1, . . . , x− an). A point in
general in SpecA corresponds to a subvariety of affine space in the sense of
classical geometry.

3.5. The topology of schemes. The topology of a scheme is generally
unusual: it is rarely Hausdorff. Moreover, there will usually be points which
are nonclosed.

4Recall that we require that prime ideals not contain the unit element.
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Proposition 3.10. Let X = SpecA be an affine scheme. Then the
closed points in X correspond to the maximal ideals of A.

Proof. If p is a closed point, then the closure V (p) = p. I.e., the
only prime containing p is itself, so p is maximal. The argument is easily
reversed. N

Corollary 3.11. Let X be a scheme. Then x ∈ X is a closed point
if and only if there is an affine neighborhood U = SpecA of x such that x
corresponds to a maximal ideal; this is then true in every affine neighborhood.

In particular, the closed points of An
k for k algebraically closed are just

the familiar “standard” points in the usual affine space of classical algebraic
geometry (i.e., kn).

We do not have separation properties in general. Nevertheless:

Proposition 3.12. Let X be a scheme. Then if x, y ∈ X, there is a
neighborhood of one of one of them that does not contain the other.

Proof. Pick a neighborhood of x, call it U , which is open affine. If
y /∈ U , then we’re automatically done. So assume that x, y both belong to
the open affine U . In particular, we can reduce to the case where X itself is
affine, X = SpecA. Let x, y correspond to prime ideals p, q. If p 6⊃ q, we can
use X − V (q) as an open set containing p but not q. Similarly if q 6⊃ p, we
can get an open set containing q and not p. One of these two not-inclusions
must hold, so the proposition is true. N

In other words, the T0-separation axiom is always verified.
Finally, we show that the irreducible subsets of schemes always have

“generic points.” Recall the following. A closed subset Z of a topological
space X is irreducible if it can’t be written as the union of two smaller
closed subsets. This is equivalent to saying that every relatively open set in
Z is dense in Z.5 A generic point for an irreducible set Z is a point z ∈ Z
whose closure is all of Z.

Proposition 3.13. Every irreducible subset of a scheme has a unique
generic point.

Note that uniqueness follows from the T0-axiom, so we have only to
prove existence.

Proof. Let Z ⊂ X be irreducible. Consider an open affine U that
intersects Z nontrivially. Then U∩Z is dense in Z and U∩Z is an irreducible
closed subset of U . If we can prove the result for U , we will have a point
z ∈ U ∩Z whose closure contains all of U ∩Z, hence all of Z. Thus we will
get a generic point for Z proper.

Thus we are reduced to the case where X = SpecA. Let Z = V (a) for
an ideal a, which we can assume radical. I claim that a is prime. Indeed,

5I may add a formal section on topology later.
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suppose there are ideals b, c with bc ⊂ a; we will show that b or c is con-
tained in a. Otherwise, we have V (a) ⊂ V (b) ∪ V (c) and (since a is radical
and consequently the largest ideal that corresponds to the closed set V (a))
neither of V (b), V (c) contains V (a), a contradiction by irreducibility.

Now the set V (a) for a has a generic point: namely, a itself! N

Corollary 3.14 (of proof). Let x ∈ X. Then the irreducible closed
sets passing through X are in bijection with the prime ideals of Ox.

Proof. Let U be an open affine containing x. Then the irreducible
closed sets Z passing through U are in bijection with the irreducible (rela-
tively) closed sets Z ′ of U passing through x, since each irreducible closed
set is the closure of any relatively open subset.

Now the irreducible closed sets of U are in bijection with the primes q
of A, in view of the previous proof. Suppose p corresponds to the point x.
Then the irreducible closed sets of U containing x are the V (q) for q ⊂ p.
These correspond precisely to the prime ideals of the local ring Ox = Ap. N

3.6. Noetherian conditions.

Definition 3.15. A scheme X is locally noetherian if there is a cover
of X by affine subsets Ui = SpecAi for Ai noetherian.

This property is preserved under open subsets:

Proposition 3.16. Let X be locally noetherian and U ⊂ X an open
subset. Then U is a locally noetherian scheme.

Proof. Each x ∈ X has an affine neighborhood V = SpecA with A is
noetherian. If x ∈ U , we don’t necessarily have V ⊂ U . However, we can
take a basic open subset SpecAf containing x that does fall into U . The
localization of a noetherian ring is noetherian, so this now follows. N

It turns out that the noetherianness holds for any ring occurring as an
open affine.

Proposition 3.17. Suppose X is locally noetherian. Let U ⊂ X be an
open affine with U = SpecA. Then A is noetherian.

Proof. By the previous result, we have that SpecA is locally noether-
ian. So we are reduced to proving that if SpecA is locally noetherian, then A
itself is a noetherian ring. Now there are open affines Ui = SpecBi ⊂ SpecA
where Bi is noetherian.

We can find elements fij such that D(fij) ⊂ Ui and Ui =
⋃
D(fij).

Now fij is a global section of SpecA, hence it maps to an element of Bi =
Γ(Ui,OZ). ThenD(fij) is the set of points where fij is a unit in the structure
sheaf of rings. In particular, D(fij) is also the basic open subset of SpecBi =
Ui corresponding to fij . In other words, we find that

Afij = (Bi)fij .
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In particular, Afij is noetherian for all i, j since it is a localization of the
noetherian ring Bi. Also, the D(fij) cover X. We are reduced to proving

Let A be a ring and gi elements of A generating the unit
ideal such that Agi is noetherian for each i. Then A is
noetherian.

This is purely a statement of commutative algebra, and thus we omit the
commutative-algebraic proof. See [9]. We shall give another, sheafier, proof.
Suppose I1 ⊂ I2 ⊂ . . . is a sequence of ideals. Consider the associated
sheaves Ĩ1 ⊂ Ĩ2 ⊂ . . . on SpecA. The restrictions of these sheaves to each
the open cover D(gi) must stabilize by noetheriannness. Hence, the sheaves
Ĩj eventually stabilize, which implies that their global sections stabilize. N

Recall that a noetherian topological space is one where every de-
scending sequence of closed sets Z1 ⊃ Z2 ⊃ . . . eventually stabilizes. This
is equivalent to saying that every open set is quasi-compact. We omit the
proofs of the next two results, of general topology.

Proposition 3.18. If X is covered by a finite number of noetherian
subspaces, then X is noetherian.

Proposition 3.19. If X is a noetherian space, then we can write X =⋃
F Xi for the Xi irreducible closed subsets. This decomposition is unique

up to permutation.

Definition 3.20. A scheme is noetherian if it can be covered by finitely
many open affines, each of which is the Spec of a noetherian ring.

We now show that a noetherian scheme is a noetherian space.

Proposition 3.21. A noetherian scheme is a noetherian topological
space.

Proof. By the above, it is sufficient to show that SpecA for A noe-
therian is a noetherian topological space. But the closed subsets of SpecA
are of the form V (a) for a radical. A descending sequence of closed subsets
corresponds to an ascending sequence of radical ideals a1 ⊂ a2 ⊂ . . . ; this
stabilizes by noetherianness. N

Proposition 3.22. A scheme is noetherian if and only if it is locally
noetherian and quasi-compact.

Proof. Indeed, if X is locally noetherian, then there is a cover of X
by open affines Ui = SpecAi; if X is also quasi-compact, there is a finite
subcover. The other direction is clear. N

Example. Interestingly, it is possible for SpecA to be a noetherian
topological space but for A to be nonnoetherian. One example if A is a
valuation ring of rank two. Then A cannot be noetherian, since a noetherian
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valuation ring is easily seen to be principal, hence discrete.6 However, SpecA
consists of two points so is a noetherian space.

We now prove another result of this nature.

Proposition 3.23. The open and closed subsets of SpecA are in bijec-
tion with the idempotent elements in A.

Proof. Given an idempotent e ∈ A, we have that V ((e))∪V ((1−e)) =
V ((e(1 − e))) = V ((0)) = SpecA. In particular, we have a decomposition
into two closed subsets SpecA = V ((e)) ∪ V ((1 − e)). But these two are
also disjoint: a prime containing both e, 1− e would contain 1. So these two
closed subsets are both open as well, and consequently we get one direction.

For the other, pick an open and closed subset Z ⊂ SpecA. N

Corollary 3.24 (Lifting idempotents). Suppose I ⊂ A is an ideal con-
sisting of nilpotent elements. Then if e ∈ A/I is an idempotent, there is a
unique e ∈ A such that e maps to e under the reduction map.

Proof. Indeed, the topological spaces of the schemes SpecA,SpecA/I
are the same because any prime ideal of A contains the ideal I. An idempo-
tent e ∈ A/I corresponds to a splitting of the topological space associated to
SpecA/I into two closed subsets Z1, Z2. These are closed subsets of SpecA
as well and thus correspond to an idempotent e of A. This idempotent has
the stalk 1 on Z1 and 0 on Z2, the same as e. It follows that e must be a
lifting of ẽ. For the reduction of e as an element of Γ(SpecA/I,OSpecA/I)
has the same stalks as e. N

3.7. Quasi-coherent sheaves on schemes. Recall that we have the
notion of quasi-coherence on any ringed space, hence on a scheme X.

Proposition 3.25. Let X be a scheme and F ∈Mod(OX). Then F is
quasi-coherent if and only if for every open affine SpecA = U ⊂ X, we have
F|U is isomorphic to the sheaf M̃ associated to some A-module.

Proof. This follows immediately from the characterization of quasi-
coherent sheaves on affine schemes and the fact that quasi-coherence is a
local property. N

As a result, we find immediately from Proposition ??:

Corollary 3.26. Let X be a scheme. Then the class of quasi-coherent
sheaves on X is closed under direct sums, kernels, and cokernels. Moreover,
if F1 → F2 → F3 → F4 → F5 is an exact sequence of sheaves where
F1,F2,F4,F5 are quasi-coherent, it follows that F3 is quasi-coherent.

We now explore the question of when the direct and inverse image func-
tors preserve quasi-coherence.

6Indeed, a valuation ring is always local and integrally closed. If it is principal, then
it is also of dimension ≤ 1, hence a DVR.
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Proposition 3.27. The inverse image functor preserves quasi-coherence.

Proof. Let X → Y be a morphism of schemes and F a quasi-coherent
sheaf on Y . Fix x ∈ X. It is sufficient to show that f∗F is quasi-coherent
when restricted to a neighborhood U of x. Taking U small, we can assume
that U is affine and that the image f(U) ⊂ Y is contained in an open affine
V . Then (f∗F)|U = f∗(F|V ). In particular, we only have to prove the
proposition for the case where X,Y are both affine. But in this case we
already know it. (Proposition ??.) N

Definition 3.28. A morphism of schemes is quasi-compact if the in-
verse image of a quasi-compact open set is quasi-compact.

It is not always true that f∗ preserves quasi-coherence, but it is usually
true.

Proposition 3.29. Suppose f : X → Y is a morphism of schemes such
that one of the two following conditions hold.

(1) Whenever U, V are open affine subsets of X, then U ∩ V is also
open affine. Also, f is quasi-compact.

(2) X is noetherian. More generally, the intersection of two open
affines is quasi-compact.

Then if F is quasi-coherent on X, f∗F is quasi-coherent on Y .

Right now it is not obvious how to check condition (1), but in fact is
often satisfied. See Proposition ??.

Proof. Again, we know that this proposition is true when X,Y are
both affine; we actually know how to compute the direct images rather
explicitly. We cannot, however, use the same localization argument as in
the previous proof for f∗. The problem is that f∗ relies on inverse images of
open sets in Y . If U is a small open set in Y , we cannot necessarily assume
f−1(U) is small.

However, we still find that we can replace X,Y by f−1(V ), V where V
is an open affine in Y ; we do this over each point in Y and can thus reduce
to the case where Y is affine. Note that the hypotheses are invariant such
replacements. So, henceforth, assume Y is affine.

We can cover f−1(Y ) = X by a finite number open affines Ui. In the
first case it follows by quasi-compactness of f . In the second case, it follows
by noetherianness. The sheaves f∗(F|Ui) are quasi-coherent on Y since the
Ui are affine. Moreover, we have an exact sequence

(4) 0→ f∗F →
⊕

f∗(F|Ui)→
⊕
i<j

f∗(F|Ui∩Uj ).

Here the second map is taken such that the differences of the sections of
f∗(FUi) are taken to map into the third guy; the exactness of this sequence
becomes the sheaf axiom(!).
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In the first case, we’re already done because the intersections Ui∩Uj are
affine. So the exact sequence (5) represents f∗F as a kernel of quasi-coherent
sheaves, hence f∗F is quasi-coherent.

In the second case, we have to work somewhat harder. We can at least
cover each Ui ∩ Uj by a finite number of open sets Rijk. Then the map⊕
f∗(FUi∩Uj ) →

⊕
f∗(FRijk) is injective by the sheaf axioms. So we can

get an exact sequence

(5) 0→ f∗F →
⊕

f∗(F|Ui)→
⊕
i<j

f∗(F|Rijk).

In this, we express f∗F as a kernel of quasi-coherent sheaves (the f∗(F|Rijk)
are quasi-coherent) again, so f∗F is quasi-coherent. N

3.8. Coherent sheaves. We can say more for noetherian schemes.

Proposition 3.30. The structure sheaf OX is coherent if X is locally
noetherian.

Proof. Since coherence is a local property, this follows from the next
result.

Proposition 3.31. Let M be a finitely generated module over SpecA
for A noetherian. Then M̃ is a coherent sheaf.

Proof. Indeed, let U be an open set, and OpX |U → M̃ |U a morphism.
We have to show that there is a neighborhood Vx of each x ∈ U such that
the kernel is of finite type over Vx. For this we take Vx to be D(f) for f
chosen such that D(f) ⊂ U . We have a morphism OpX |D(f) → M̃ |D(f) whose
kernel we will prove of finite type. Indeed, D(f) = SpecAf is affine, so this
corresponds to

Ãpf → M̃f

and the kernel of this, as the associated sheaf to the (finitely generated)
kernel of Apf →Mf , is of finite type. N

N

Proposition 3.32. A quasi-coherent sheaf of finite type on a locally
noetherian scheme is coherent.

Proof. This follows from the previous proposition. Indeed, such a sheaf
F is locally the quasi-coherent image of some OpX , and any quasi-coherent
subsheaf of OpX is coherent since any submodule of An for A noetherian is
finitely generated. N

Proposition 3.33. Let f : X → Y be a morphism of locally noetherian
schemes. Then if F ∈Mod(OY ) is coherent, so is f∗F .

Proof. This is local on X,Y , so we can assume X = SpecB, Y =
SpecA, for A,B noetherian. Then F corresponds to a finitely generated
A-module M ; f∗F corresponds to the finitely generated B-module B⊗AM ,
so is coherent. N
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3.9. Reduced, irreducible, and integral schemes. We make:

Definition 3.34. A scheme X is reduced if for each U ⊂ X, OX(U)
is a reduced ring (i.e., has no nonzero nilpotents).

Clearly, this is equivalent to reducedness of the stalks Ox for all x ∈ X.
In particular, a scheme is reduced if and only if there is an open affine cover
by sets SpecAi for the Ai a reduced ring. Moreover:

Proposition 3.35. Suppose X is a reduced scheme. Then for every
open affine U ⊂ X, U = SpecA, we have A reduced.

Proof. Indeed, if all the localizations Ap of a ring are reduced, then so
is A. This implies the result. N

Proposition 3.36. Suppose X is a reduced scheme and f ∈ OX(U). If
f(x) = 0 for all x ∈ U , then f = 0.

Proof. By locality, we can just assume U = SpecA affine; then it
follows that f belongs to all the prime ideals of A. But said ideal is nilpotent,
hence zero by assumption. N

Definition 3.37. A scheme is irreducible if the underlying topological
space is irreducible, i.e. cannot be written as a union of two proper closed
subsets.

Proposition 3.38. An affine scheme SpecA is irreducible if and only if
A has a unique minimal prime ideal.

Proof. Indeed, suppose A has a unique minimal prime ideal. Then
the closure of the point corresponding to prime ideal is all of SpecA, which
implies that SpecA is irreducible. Conversely, if SpecA is irreducible, it has
a generic point; this generic point must be the minimal prime ideal. N

Definition 3.39. A scheme is integral if the rings OX(U) are integral
domains, or equivalently if the stalks Ox are integral.

For instance, the Spec of an integral domain is integral.

Proposition 3.40. A scheme is integral if and only if it is reduced and
irreducible.

Proof. Suppose X is integral. Then clearly it is reduced; we only need
to check that it is irreducible. Suppose U1, U2 ⊂ X are disjoint open sets.
Then OX(U1 ∪U2) = OX(U1)×OX(U2), which is never an integral domain.
So there can be no two disjoint open sets, which implies that X is irreducible.

Now suppose X is irreducible and reduced. Suppose f, g ∈ OX(U) are
nonzero but have product zero. Since U is also irreducible and reduced, we
can just assume U = X and f, g are global sections. We have the open
sets Xf , Xg, which are each dense in X since they are nonempty: indeed,
otherwise f, g would be zero by reducedness. Thus they have nonempty
intersection: Xf ∩Xg 6= ∅. There is therefore a point x in this intersection
at which f, g are both units (in Ox), so (fg)x 6= 0, contradiction. N
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4. Some categorical nonsense

4.1. Representability. Since we have assumed some familiarity with
category theory, we shall only sketch some of the details. Let C be a category
and F : C → Sets a contravariant functor to the category of sets. We say
that F is representable if it is isomorphic to a functor hZ = Hom(·, Z) for
an object Z ∈ C.

Proposition 4.1 (Yoneda lemma). Let F be a functor and Z an object
of C. Then the natural transformations hZ → F are in bijection with the
elements of F (Z). The bijection is as follows. Pick x ∈ F (Z) and X ∈ C.
Then define Hom(X,Z)→ F (X) by sending f : X → Z to F (f)(x) ∈ F (Z).

Proof. Omitted. N

Corollary 4.2. Let Z,Z ′ ∈ C. The morphisms of functors (i.e. natural
transformations) hZ → hZ′ are precisely those induced by morphisms Z →
Z ′.

Proof. Immediate from the Yoneda lemma. N

Yoneda’s lemma immediately implies that an object representing a func-
tor is unique up to unique isomorphism.

Example. (1) A final object of a category represents the functor
sending every element to a one-point set.

(2) Let X,Y ∈ C. Then if Z = X × Y (assuming this exists), we have
that Z represents the functor V → Hom(V,X)×Hom(V, Y ).

Example. Let Sch be the category of schemes, as usual. Consider the
contravariant functor F (Z) = Γ(Z,OZ). Given f : Z → Z ′, there is a
morphism OZ′ → f∗OZ and hence f−1OZ′ → OZ , induces a map on global
sections Γ(Z ′,OZ′)→ Γ(Z,OZ). Thus F is a contravariant functor.

I claim that F is representable. Indeed, F ' hSpecZ[T ]. This is be-
cause, by Proposition ??, to give a morphism of schemes X → SpecZ[T ] is
equivalent (via taking global sections) to giving a map of rings

Z[T ]→ Γ(X,OX),

i.e. an element of Γ(X,OX).

By reversing the arrows, one can of course define what it means for a
functor to be corepresentable, etc.

4.2. Fibered products in a category. Recall:

Definition 4.3. Let C be a category. Then if X → Z, Y → Z are
morphisms in C, a fibered product of X,Y over Z is an object X ×Z Y
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with morphisms X ×Z Y → X,Y making commutative the diagram

X ×Z Y

zzvvvvvvvvv

$$HHHHHHHHH

X

$$IIIIIIIIII Y

zzuuuuuuuuuu

Z

and which is universal with respect to this property, i.e. if there is an object
V and morphisms V → X,Y making commutative the diagram

V

~~}}}}}}}

  @@@@@@@

X

  AAAAAAA Y

~~~~~~~~~

Z

then there is a unique map V → X ×Z Y such that the diagram

V

������������������

��5555555555555555

��
X ×Z Y

zzvvvvvvvvv

$$HHHHHHHHH

X

$$IIIIIIIIII Y

zzuuuuuuuuuu

Z

commutes.

In other words: to give a map into X ×Z Y is the same as giving maps
into X,Y whose projections to Z coincide.

It is useful to think of this in the category of sets; here let X,Y be sets
and maps X,Y → Z. The fibered product (as one easily checks) is the
subset of the ordinary cartesian product X × Y consisting of points (x, y)
such that x, y have the same image in Z.

The categorical generalization can be thought of via a Yoneda process.
Indeed, a functorial isomorphism between the two functors sending objects
V ∈ C into sets,

Hom(V,X ×Z Y ) ' Hom(V,X)×Hom(V,Z) Hom(V,Z)

is precisely what defines the fibered product. Note that by standard abstract
nonsense it is unique up to unique isomorphism.
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Proposition 4.4. Let X,Y, Z be objects in the category C. Consider
the category CZ over Z, whose objects are arrows V → Z and morphisms
between V → Z and W → Z are given by commutative diagrams

V //

��@@@@@@@ W

~~}}}}}}}}

Z

;

then a direct product in CZ of X → Z, Y → Z is given precisely by a fibered
product in the original category C.

Proof. Exercise. N

FIX add remarks about base extension here
The following result gives a general fact about fibered products when

one of the maps is an open immersion.

Proposition 4.5. Let U → Y be an open immersion of locally ringed
spaces and f : X → Y any morphism in LRngSp. Then the diagram

(6) f−1(U)

��

f |f−1(U) // U

��
X

f // Y

is cartesian. In particular, open immersions are preserved under base ex-
tension.

Proof. Let Z be a locally ringed space with maps Z → U,Z → X
making commutative the diagram

Z

��

// U

��
X

f // Y

;

it follows that the image of Z in X is contained in f−1(U). Thus we get a
unique map Z → f−1(U). Conversely, it is clear that (6) is commutative.
Together these imply that (6) is cartesian. N

4.3. A general representability lemma. In algebraic geometry, it
is often of interest to show that certain functors are representable. First,
let F,G,H : C → Sets be contravariant functors. These form a category
Hom(Cop,Sets), where morphisms are given by natural transformations.
Suppose given natural transformations F → H,G→ H.

Proposition 4.6. The fibered product F ×H G exists in the category
Hom(Cop,Sets), and it is given in a “pointwise” manner, i.e.

(F ×H G)(Z) = F (Z)×H(Z) G(Z).
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Proof. Straightforward. One just has to check that the functor Z →
F (Z)×H(Z)G(Z) has morphisms to F,G whose push-forwards to H are the
same, and that it is universal with that property. N

We now zoom in on the category of locally ringed spaces.

Definition 4.7. Let F,G : LRngSp → Sets be two contravariant
functors from the category of locally ringed spaces to the category of sets.
Let F → G be a natural transformation. We say that the transformation
F → G is representable by open immersions if for any locally ringed
space Z and morphism hZ → G, in the pull-back diagram

F ×G hZ //

��

F

��
hZ // G

F ×G hZ is representable by some object Y . Moreover, we require that the
induced map Y → Z (recall that we have a transformation hY → hZ !) is
an open immersion.7

It is easy to see that if F → G,G → H are representable by open
immersions, so is F → H. Indeed, pick hZ → H and draw a commutative
diagram

F ×G×HhZ G //

��

F

��
G×H hZ //

��

G

��
hZ // H

Since each two-by-two square is cartesian, the outer rectangle

F ×G×HhZ G //

��

F

��
hZ // H

is also cartesian. The map G×H hZ → hZ corresponds to a map hY → hZ
for Y → Z an open immersion. But F → G is also representable by an open
immersion. Thus F×hY G→ hY corresponds to a map X → Y which is also
an open immersion. Thus the composition X → Z is an open immersion,
and since F ×hZ H ' hX , we’re done with the claim that representability
by open immersions is preserved under composition.

7Recall that this means that Y → Z is isomorphic to the inclusion of an open subset
of Z in itself.
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If S is a base locally ringed space, all this goes through for functors of
the category LRngSpS of locally ringed spaces over S, defined in the usual
way.

For definiteness, we begin with a baby case of the general representability
lemma below.

Proposition 4.8. Let F : LRngSpS → Sets be a contravariant functor
such that if X ∈ LRngSp, then the family U → F (U) for U ⊂ X open forms
a sheaf of sets. Let {Si} be an open cover of S.

If F restricted to the (full subcategory) LRngSpSi is representable for
each i, then F is representable.

Proof. Suppose Xi represents F |LRngSpSi
. There are distinguished

elements αi ∈ Xi. We shall prove that the Xi can be glued. Indeed, it is easy
to see that FLRngSpSi∩Sj

is representable for each i, j. For the representing
object we can take Xij = Xi ×Si (Si ∩ Sj) with the pull-back element of αi
in F (Xij). Denote this by αij ∈ F (Xij), the restriction of αi ∈ F (Xi).

The spaces Xji, Xij are evidently isomorphic in view of the uniqueness
of an object representing a functor. The isomorphism is in fact canonical.
So we have maps of Si ∩ Sj-locally ringed spaces φij : Xij → Xji. These
carry the αij into the αji.

Now it is easy to see that Xij∩Xik is an Si∩Sj∩Sk-locally ringed space.
Moreover, since it is alsoXij×SSk, it represents the functor F |LRngSpSi∩Sj∩Sk

,
with distinguished element αijk obtained by restricting αij (or αi).

It follows that the isomorphism φij carries Xij∩Xik into Xji∩Xjk, again
by the uniqueness of an object representing a functor, and also maps the αijk
among themselves appropriately. Finally, we find that the cocycle condition
φij ◦φjk = φik is a consequence of the isomorphisms between these functors
and the associativity of the fibered product. So we can glue all these Xi

along the Xij to form a locally ringed space space X. We can also glue the
αi (because F is a sheaf!) to get some α ∈ F (X).

I claim that X,α represents the functor F . Indeed, let T ∈ LRngSpS
and let Ti = T ×S Si. Then to give an element of F (T ) is the same as giving
elements of F (Ti) that glue on F (Ti ∩ Tj) by the sheaf condition. In other
words, the same as giving elements of HomS(Ti, X) that glue on the Ti∩Tj .
Or, in other words, the same as giving an element of HomS(T,X). N

And now we state the harder and more general one.

Proposition 4.9 (EGA 0.4.5.4). Let {Fi}i∈I , F be contravariant func-
tors LRngSpS → Sets. Suppose the following hold:

(1) There is an inclusion map Fi(X) ⊂ F (X) for each X which is func-
torial. In other words, each Fi is a subfunctor (in Grothendieck’s
terminology) of F .

(2) Each inclusion map Fi → F is representable by an open immersion.
(3) Each Fi : LRngSpS → Sets is a representable functor.
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(4) Let hZ → F be a natural transformation and let Zi be the object
representing the functor Fi ×F hZ . Then the maps Zi → Z (in-
duced by hZi → hZ), open immersions by assumption, have images
covering Z.

(5) Let X ∈ LRngSp and U range over the open sets of X. Then the
map U → F (U) is a sheaf of sets.

Then F is representable.

Proof. The proof is long and somewhat intricate. However, it turns
out to essentially be a glorified form of the gluing procedure. First, each Fi is
representable by an S-locally ringed space Xi and an element ξi ∈ Fi(Xi) ⊂
F (Xi); this is because there is a morphism hXi → Fi and one can apply
the Yoneda lemma. Then to get the elements of F (Y ) for some S-locally
ringed space Y , you take all the S-morphisms f : Y → Xi and consider the
pull-backs F (f)(ξi) ∈ Fi(Y ).

The process of constructing the representing objectX of F will be to glue
together the Xi. For this, we will need to consider an equivalence relation
on the

∐
Xi; in particular, we need open sets Uij ⊂ Xi and isomorphisms

between them satisfying all the gluing axioms.
To get these, consider the cartesian diagram

Fi ×F Fj

��

// Fj

��
Fi // F

.

Since Fj ' hXj , Fi ' hXi , it follows by the representability of each natural
transformation Fi → F that Fi ×F Fj is representable by a locally ringed
space Uij . So there is a commutative diagram

hUij

��

// hXj

��
hXi // F

.

Moreover, by assumption the maps Uij → Xi induced by these diagrams are
all open immersions. We are also given elements ξij ∈ (Fi ×F Fj)(Uij) ⊂
F (Uij) that define this representability. There are evident isomorphisms
φij : Uij → Uji since the functors (Fi×F Fj) and (Fj ×F Fi) are isomorphic.

N

5. Fibered products of schemes

5.1. Existence of the fibered product.

Theorem 5.1. Let X → Z, Y → Z be morphisms of schemes. Then the
fibered product X ×Z Y exists in Sch.
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5.2. Examples. Let q ∈ X ×Z Y be a point. Suppose p1, p2 are the
two projections from X ×Z Y to X,Y , respectively. Then p1, p2 map q to
points x ∈ X, y ∈ Y that lie over the same point of Z, by definition of the
fibered product. The following converse gives a kind of converse.

Proposition 5.2. Suppose x ∈ X, y ∈ Y lie over the same point z of
Z. Then there is q ∈ X ×Z Y with p1(q) = x, p2(q) = y.

Note that this is obvious in the category of sets.

Proof. Let κ(x), κ(y), κ(z) be the residue fields of x, y, z. There are
natural maps Specκ(x) → X,Specκ(y) → Y,Specκ(z) → Z. Since the
fibered product is functorial in all three variables, this induces a map

t : Specκ(x)×Specκ(z) Specκ(y)→ X ×Z Y
whose compositions p1 ◦ t, p2 ◦ t are equal to the composites

Specκ(x)×Specκ(z) Specκ(y)→ Specκ(x)→ X

Specκ(x)×Specκ(z) Specκ(y)→ κ(y)→ Y.

In other words, the image of t is contained in p−1
1 (x) ∩ p−1

2 (y) ⊂ X ×Z
Y . Now since the ring κ(x) ⊗κ(z) κ(y) is nontrivial (indeed, the residue
fields κ(x), κ(y), κ(z) must all have the same characteristic), its spectrum is
nonempty, and the image of t is also nonempty. N

Note, however, that the point q is in general not unique.

Example. Let X = Y = SpecQ(t), Z = SpecQ, so that each of X,Y, Z
consists of one point. I claim that X ×Z Y consists of more than one point.
Indeed, this is the scheme SpecR, where R = Q(t)⊗Q Q(u) is the subring of
Q(t, u) consisting of sums of products A(t)B(u) for A,B rational functions.
This is not all of Q(t, u)—for instance, 1

t+u does not occur in this ring—and
is thus not a field. not a field. In particular, it has more than one prime
ideal (i.e., something other than (0)).
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Elementary properties of morphisms of schemes

1. Immersions

1.1. Closed immersions. Following Grothendieck, we introduce these
precisely through quasi-coherent sheaves of ideals.

Proposition 1.1. Fix a scheme X. Let I ⊂ OX be a quasi-coherent
sheaf of ideals. Then the sheaf OX/I has closed support Z. The ringed space
(Z,OX/I) is in fact a scheme with a canonical morphism Z → X.

Proof. These assertions are all local on the base. So we can assume
X = SpecA is affine. Then I is the sheaf of ideals associated to some ideal
I ⊂ A. The support of this ideal is the set of primes p of A with (A/I)p 6= 0,
or equivalently the set V (I) of primes containing I. Thus Z is just the set
V (I). Moreover, Z is the underlying topological space of Spec(A/I), and
we see further that the sheaf of rings of SpecA/I is the same as the sheaf
OX/I on Z. So Z is a scheme.

The morphism Z → X is the inclusion map i of topological spaces; the
map OX → i∗(OX/I) is defined in the obvious manner. N

Definition 1.2. Let Y → X be a morphism of schemes. Then it is
called an closed immersion if there is an isomorphism Y ' Z for Z ⊂ X
a scheme (supp(OX/I),OX/I) for some quasi-coherent sheaf of ideals I on
X,1 with a commutative diagram

Y //

��@@@@@@@ X

Z

>>~~~~~~~

Example. Let A → B be a surjective homomorphism of rings. Then
SpecB → SpecA is a closed immersion. Conversely, if X → SpecA is a closed
immersion, then X is affine and is a quotient ring of A. This follows from
the above definition because any quasi-coherent sheaf of ideals on SpecA is
associated to some ideal of A.

More generally, each quasi-coherent sheaf of ideals gives rise to a closed
immersion. A closed immersion is a globalization of the above example.

Proposition 1.3. A closed immersion is a monomorphism in Sch.

1Cf. the above proposition.

81
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Proof. Clearly, it is an injective map of topological spaces. So if f :
Z → X is a closed immersion and g1, g2 : Y → Z are such that f ◦g1 = f ◦g2,
the underlying set maps coincide. Note however that Of(z) → Oz is always
surjective for f a closed immersion. This is the additional part that implies
that f is a monomorphism.

Indeed, it is sufficient to show that the two maps Og1(y) → Oy, Og2(y) →
Oy are the same for each y ∈ Y ; this will imply that the sheaf maps are the
same. But the pull-backs to Of(g1(y)) = Of(g2(y)) coincide, and the map out
of Of(g1(y)) is surjective. N

We now explore when a map factors through a closed immersion. Of
course, we need only work up to isomorphism, so we can assume that any
closed immersion is given by (suppOX/I,OX/I)→ (X,OX).

Proposition 1.4. Let Z be a closed subscheme of X given by sheaf of
ideals I. Suppose f : Y → X is a morphism of schemes. In order that
there exist a map g : Y → Z whose composition with Z → X is f (this is
necessarily unique), it is necessary and sufficient that:

(1) f(Y ) ⊂ Z.
(2) I is killed by the map OX → f∗(OY ).

Proof. The first condition is clearly necessary. Next, if there is a se-
quence Y → Z → X, then there is a sequence of sheaves OX → OX/I →
f∗(OY ), which means that the map OX → f∗(OY ) factors through OX/I,
i.e. annihilates I.

For the sufficiency, reason as follows. We have a map (by abuse of
notation, g) of topological spaces Y → Z automatically defined in view of
(1). We just need to define a map of sheaves. However, we do have a map
OX → f∗(OY ) that kills I; we thus get a map OX/I → f∗(OY ). This
induces a map OX/I → g∗(OY ) since these are the same thing! And that’s
our map of schemes Y → Z. N

Proposition 1.5. Let f : Z → X be a closed immersion. Then if X is
affine, so is Z.

Proof. Indeed, we can view Z as a closed subset of X = SpecA, with
the locally ringed structure being given by OX/I for some quasi-coherent
sheaf of ideals I on X. This is the sheaf associated to an ideal I of A. Since
Z = supp(OX/I), we have that Z = V (I) and in fact Z is isomorphic to
SpecA/I, because the sheaves of rings are isomorphic. N

We shall now connect this notion of closed immersion with that given
by Hartshorne.

Proposition 1.6. Let f : X → Y be a morphism of schemes. Then f
is a closed immersion if and only if f is a homeomorphism of the topological
space of X onto a closed subset of Y and for each x ∈ X, the map Of(x) →
Ox is surjective.
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Proof. First, I claim that if y ∈ f(X), there is an open affine neigh-
borhood U of y with f−1(U) affine.2 Indeed, suppose x is in the preimage
of y (and is thus the unique such element). Choose V ⊂ X,W ⊂ Y with
f(V ) ⊂W and V,W affine with V a neighborhood of x, W of y.

Then f(V ) can be written as W ′ ∩ f(X) for W ′ a smaller neighborhood
(W ′ ⊂ W ) of y. Choose a section s of OY (W ) such that D(s) ⊂ W ′ and
contains y. Then f−1(D(s)) is contained in the affine set V , and, in fact, is
the intersection of V with the pull-back of s. So that’s also affine.

The claim is proved.
In particular, we see by Proposition ?? that f∗(OX) is quasi-coherent

on Y . Letting I be the (quasi-coherent) sheaf-theoretic kernel, we have an
exact sequence

0→ I → OY → f∗(OX)→ 0.

In particular, f∗(OX) identifies with the sheaf OY /I, which evidently has
support f(X). So the map f : X → Y is isomorphic to the inclusion
(f(X),OX/I)→ (X,OX), which proves that it is indeed a closed immersion.

N

Finally, we prove the functorial properties.

Proposition 1.7 (Le sorite3 for closed immersions). (1) If f : X →
Y, g : Y → Z are closed immersions, so is g ◦ f : X → Z.

(2) If f : X → Y is a closed immersion and Y ′ → Y a morphism,
then the base-change fY ′ : X ×Y Y ′ → Y ′ is a closed immersion.
More generally, if f : X → Y is a closed immersion of S-schemes
and S′ → S is a morphism, then fS′ : XS′ → YS′ is a closed
immersion.4

(3) If f : X → Y and g : X ′ → Y ′ are closed immersions of S-schemes,
then f ×S g : X ×S X ′ → Y ×S Y ′ is a closed immersion.

(4) If f : X → Y is such that there exists an open cover {Vi} of Y such
that f−1(Vi)→ Vi is a closed imemrsion for all i, then f is a closed
immersion. Conversely, if f : X → Y is a closed immersion, then
for any open V ⊂ Y , f−1(V )→ V is a closed immersion.

(5) If f : X → Y is a closed immersion and Y is noetherian, then X
is noetherian.

Proof. Part (1) is immediate from Proposition 1.6. The fourth part
(locality on the base) also follows from the same criterion. For the fifth,
if Y is covered by finitely many SpecAi with the Ai noetherian, then X is
covered by finitely many SpecAi/Ii with the same Ai and ideals Ii, hence is
noetherian.

2In particular, the map f is an affine morphism, see below.
4I.e., base change preserves closed immersions.



84 6. ELEMENTARY PROPERTIES OF MORPHISMS OF SCHEMES

For (2), we will use the locality on the base. Indeed, suppose f : X → Y
is a closed immersion and Y ′ → Y a map. We have a cartesian diagram

X ×Y Y ′ //

��

X

��
Y ′ // Y

where the right vertical row is a closed immersion; we have to prove that
the left one is. Since this is local on Y ′, we can assume that Y ′ is affine and
small enough so that its image its contained in affine open neighborhood U
of Y ′. Thus we can replace Y with U . Note that we have been repeatedly
using (4).

So we have a cartesian diagram

Q //

��

SpecB

��
SpecC // SpecA

where the map SpecB → SpecA is a closed immersion. Now this means
that we have maps A → B,A → C, and that A → B is surjective. We
have Q = Spec(B ⊗A C). The map Q → SpecC comes from C → B ⊗A C,
which is a quotient ring of C because B = A/I for some ideal I ⊂ A. This
Q → SpecC is a closed immersion, proving the first part (2). The general
case follows because if X → Y is a morphism of S-schemes and S′ → S, the
diagram

XS′
//

��

X

��
YS′ // Y

is cartesian.
Finally, for (3), we split f×f ′ into the compositionX×SX ′ → Y×SX ′ →

Y ×S Y ′, each piece of which is a closed immersion by what has already been
shown. N

We will often have to prove “le sorite” as above for classes of morphisms.
It is inconvenient to repeat the same argument over and over, so we shall
describe some common reduction steps that will make life easier for us.

So consider a property P of morphisms of schemes.

Proposition 1.8. Suppose that:

(1) If f : X → Y and g : Y → Z have P , then g ◦ f : X → Z has P .
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(2) If there is a cartesian diagram

X ′ //

��

X

��
Y ′ // Y

and X → Y has P , then so does X ′ → Y ′.
Then the following hold:

(1) If f : X → Y is a morphism of S-schemes with P , then fS′ : XS′ →
YS′ has P .

(2) If f : X → Y, f ′ : X ′ → Y ′ are morphisms of S-schemes with P ,
then f ×S f ′ : X ×S X ′ → Y ×S Y ′ has P .

Proof. We only have to distill a few steps of the above proof. First,
we prove (1). There is a cartesian diagram

XS′
//

��

X

��
YS′ // Y

where X → Y has P , hence so does the base change XS′ → YS′ .
For (2), similarly, note that f ×S f ′ can be factored as X ×S X ′ →

Y ×S X ′ → Y ×S Y ′, where each piece has property P by conclusion (1)
(already proved). Thus apply property (1) to show that f ×S f ′ has P . N

The above proof works in any category with fibered products.

1.2. Open immersions. These are very simple—essentially inclusions
of open sets. Recall that for a scheme X and an open subset U ⊂ X, there
is a natural structure of a scheme on X and a morphism U → X.

Definition 1.9. Let Z → X be a morphism of schemes. Then it is
called an open immersion if there is an isomorphism Z ' U for U ⊂ X
an open subset with a commutative diagram

Z //

��@@@@@@@ X

U

>>~~~~~~~~

For instance, the canonical morphism SpecAf → SpecA is an open im-
mersion with image D(f).

Proposition 1.10. Suppose f : X → Y has image in an open subset
U ⊂ Y . Then f : X → Y factors through X → U → Y .

Proof. Obvious. N
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Proposition 1.11. Suppose f : Z → X maps Z homeomorphically onto
an open subset of X and the morphism Of(z) → Oz is an isomorphism for
all z ∈ Z. Then f is an open immersion.

Proof. Suppose the image of Z is the open subset U . Then we have a
commutative diagram of schemes

Z //

��@@@@@@@ X

U

>>~~~~~~~~

where the map g : Z → U is a homeomorphism. Moreover, the condi-
tion implies that OU → g∗(OZ) is an isomorphism at the stalks, hence an
isomorphism of sheaves. Thus g is an isomorphism of schemes. N

Proposition 1.12 (Le sorite for open immersions). (1) If f : X →
Y, g : Y → Z are open immersions, so is g ◦ f : X → Z.

(2) If f : X → Y is an open immersion of S-schemes and S′ → S is a
morphism, then fS′ : XS′ → YS′ is an open immersion.

(3) If f : X → Y and g : X ′ → Y ′ are open immersions of S-schemes,
then f ×S g : X ×S X ′ → Y ×S Y ′ is an open immersion.

(4) If f : X → Y is such that there exists an open cover {Vi} of Y such
that f−1(Vi)→ Vi is a open imemrsion for all i, then f is an open
immersion. Conversely, if f : X → Y is an open immersion, then
for any open V ⊂ Y , f−1(V )→ V is an open immersion.

(5) If f : X → Y is an open immersion and Y is noetherian, then X
is noetherian.

Proof. Properties (1) and (4) are obvious from Proposition ??. Prop-
erty (5) follows because X → Y is locally an isomorphism, so X is locally
noetherian, and X is quasi-compact (as an open subset of a noetherian
space).

Now, we just need to prove (2) and we will be done, thanks to Proposi-
tion 1.8. More simply, the same result implies that we need only show that
if there is a cartesian diagram

X ′ //

��

X

��
Y ′

g // Y

and f : X → Y is an open immersion, then so is X ′ → Y ′. But we can
describe X ′ → Y ′ fairly explicitly in this case. I claim that it is just (up to
isomorphism) the inclusion g−1(X) → Y ′, where X is regarded as a subset
of Y . Then this is clearly an open immersion. This is a familiar argument,
since we already know what the fibered product in the category LRngSp
is (Proposition ??); it is given precisely by this inverse image construction.
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Since doing so to schemes gives a scheme, and Sch ⊂ LRngSp is a full
subcategory, the claim is proved.

The claim evidently implies that X ′ → Y ′ is an open immersion and
concludes the proof. N

1.3. Immersions. We now, finally, come to the more general context
of an immersion.

Definition 1.13. Let f : X → Y be a morphism of schemes. Then f
is called an immersion if it factors as a composition of an open immersion
and a closed immersion, in particular if there is an open subset U ⊂ Y such
that f(X) ⊂ U and X → U is a closed immersion.

Note that the image f(X) is then locally closed, and that f is a homeo-
morphism onto its image.

As usual, we prove our standard criterion.

Proposition 1.14. . Suppose f : X → Y is a morphism of schemes
such that f is a homeomorphism onto the image f(X), which is locally
closed, and Of(x) → Ox is surjective for all x ∈ X. Then f is an immersion,
and conversely, an immersion satisfies the above.

Proof. Indeed, we can write f(X) as a (relatively) closed subset of an
open subset U ⊂ Y . Then there is a map f : X → U , which by Proposi-
tion 1.6 is a closed immersion. So f is an immersion. N

As usual, we have to go through the usual laundry list of properties. We
shall be sketchy in the proof, to avoid boring the reader.

Proposition 1.15 (Le sorite for immersions). (1) If f : X → Y, g :
Y → Z are immersions, so is g ◦ f : X → Z.

(2) If f : X → Y is an immersion of S-schemes and S′ → S is a
morphism, then fS′ : XS′ → YS′ is an immersion.

(3) If f : X → Y and g : X ′ → Y ′ are immersions of S-schemes, then
f ×S g : X ×S X ′ → Y ×S Y ′ is an immersion.

(4) If f : X → Y is such that there exists an open cover {Vi} of Y
such that f−1(Vi) → Vi is a immersion for all i, then f is an
immersion. Conversely, if f : X → Y is an immersion, then for
any open V ⊂ Y , f−1(V )→ V is an immersion.

(5) If f : X → Y is an immersion and Y is noetherian, then X is
noetherian.

Proof. (5) is immediate from the corresponding sorites for closed and
open immersions. Same for (4). (1) follows from Proposition 1.14. Then
(3) follows evident by splitting an immersion into a product of closed an
open immersions and noting that they are stable under base change and
composition. N

1.4. The reduction of a scheme. FIX to be added
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1.5. The reduced induced structure. Suppose Y ⊂ X is a closed
subset. We shall endow Y with the “largest” subscheme structure possible,
called the reduced induced structure.

First, consider the example of X = SpecA. Then Y is a closed subset
consisting of primes of A. Consider the intersection of all the primes in A;
this is an ideal a (and is the radical of any ideal used to define Y ). Giving
Y the subscheme structure SpecA/a leads to a reduced subscheme. Clearly,
this is the unique subscheme structure on V (a) which is reduced.

Now, consider more generally the case of Y ⊂ X for X not necessarily
affine. Consider open affines U, V ⊂ X and the subscheme structures as
above on the relatively closed sets Y ∩ U, Y ∩ V . I claim that they glue on
Y ∩U ∩V (i.e., the sheaves are the same). But they are both reduced closed
subschemes of U ∩ V with the same underlying topological space. Hence,
they are the same scheme by the above remarks.

So we can give any closed Y ⊂ X with the structure of a closed sub-
scheme in a natural way. This is called the reduced induced structure.

1.6. Diagonal maps are immersions; a metatheorem. We shall
now show that certain natural maps are in fact immersions, which lead to
new “metatheorems” that enable to draw conclusions about classes of maps
and simplify our future proofs.

Proposition 1.16. Let f : X → Y be a morphism between affine
schemes. Then the diagonal map ∆X/Y : X → X ×Y X (whose two projec-
tions are the identity) is a closed immersion.

Proof. Suppose f : SpecB → SpecA is induced by A → B. Then
X ×Y X = SpecB ⊗A B. The diagonal map SpecB → SpecB ⊗A B is
easily seen (thanks to the construction of the fibered product—note that
b→ b⊗ 1, b→ 1⊗ b are the maps leading to the projections) to come from
the product map B ⊗A B → B. This, however, is a surjective morphism of
rings, so the diagonal map is a closed immersion. N

More generally:

Proposition 1.17. Let f : X → Y be a morphism of schemes. Then
the diagonal ∆X/Y is an immersion.

Proof. It is sufficient to show that if x ∈ X, there are open neighbor-
hoods U ⊂ X, V ⊂ X ×Y X, such that ∆X/Y (U) ⊂ V , U contains x, and
∆ : U → V is a closed immersion.

For this, choose an open affine neighborhood U = SpecA of x whose
image in Y is contained in an open affine W = SpecB ⊂ Y . Then V =
U ×W U is a neighborhood of ∆X/Y (x) in X ×Y X. However, U → U ×W U
is a closed immersion by the previous result, since U,W are affine. N

Corollary 1.18. Let f : X → Y be a morphism of S-schemes. Then
the graph morphism X → X ×S Y whose projections are id, f is an immer-
sion.
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Proof. Indeed, there is a cartesian diagram

X

��

// Y

��
X ×S Y // Y ×S Y

where the right down arrow is an immersion, hence so is the left one. To see
that it is cartesian, reduce (by applying HomSch(T, ·) for each scheme T ) to
the category of sets, in which case it is evident.

N

Finally, we can prove the promised metatheorem.

Proposition 1.19. Suppose P is a property of morphisms of schemes
such that:

(1) Whenever f : X → Y has P and i : W → X is an immersion, then
W → X → Y has P .

(2) P is stable under base-extension: more precisely, if X → Y has P
and Y ′ → Y , then X ×Y Y ′ → Y ′ has P .

Then, if X → Y and Y → Z are morphisms such that X → Z has P , then
X → Y has P .

Moreover, if X → Y has P , so does Xred → Yred.

In particular, the hypotheses are satisfied if immersions have P and P
is stable under composition and base change (which is often the case).

Proof. Indeed, suppose the composition X → Z has P . Now both
X,Y are Z-schemes and X → Y is a morphism of Z-schemes. So there is a
map

X → X ×Z Y
which is an immersion by Proposition 1.18. Now the map X ×Z Y → Y is
the base-change as in the cartesian diagram

X ×Z Y //

��

X

��
Y // Z

;

thus, since X → Z has P , so does X ×Z Y → Y .
For the last part, suppose X → Y has P . Then we have a map Xred →

X → Y , which has P , since Xred → X does (as a closed immersion) and
X → Y does. This factors into

Xred → Yred → Y

and since the composite has P while the second is separated (as a closed
immersion), we find by what has already been proved that Xred → Yred has
P . N
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Corollary 1.20. Suppose f : X → Y and g : Y → Z are morphisms
of schemes. If g ◦ f is an immersion, so is f .

Proof. Indeed, immersions satisfy the conditions of the above metathe-
orem. N

1.7. Intersections of subschemes. Suppose given subschemes Z1 →
X,Z2 → X. We can consider their fibered product

Z

��

// Z1

��
Z2

// X

.

Then Z is a subscheme of both Z1, Z2, hence of Z.

Definition 1.21. This is called the intersection of Z1, Z2 and denoted
inf(Z1, Z2). Note that if a map f : Y → X factors through both Z1, Z2,
then it factors through Z. This is the definition of a fibered product.

We can describe the scheme-theoretic intersection Z = inf(Z1, Z2) more
explicitly. By abuse of notation, we will identify points of Z,Z1, Z2 with their
images in X. Now, set-theoretically, Z is just the intersection Z1∩Z2 of X—
this is because Z is a subscheme of X and we have the result Proposition ??.

Intersections commute with pull-backs. To make this precise, if Z is a
subscheme of Y and f : X → Y is a morphism, we define f−1(Z) as the
pull-back scheme of Z along f ; it is a subscheme of X.

Proposition 1.22. If Z1, Z2 are subschemes of Y , we have inf(f−1(Z1), f−1(Z2)) =
f−1(inf(Z1, Z2)).

1.8. Equalizers of morphisms. Next, in our examples of such tech-
niques involving immersions, we give the example of an equalizer. Suppose
f1, f2 : X → Y are two morphisms. We will define the maximum closed
subscheme of X such that f1, f2 become equal when pulled back to this
subscheme.

Indeed,

2. Surjective and radicial morphisms

2.1. Surjectivity. This is a simple definition.

Definition 2.1. A morphism f : X → Y of schemes is surjective if
the induced map on the underlying topological spaces is surjective.

Note that even a morphism like SpecL → Speck for k → L can be
surjective.

Proposition 2.2 (Le sorite for surjective morphisms). (1) The com-
posite of surjective morphisms is surjective.
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(2) Surjectivity is preserved under base change: if f : X → Y is a sur-
jective morphism of S-schemes, then fS′ : XS′ → YS′ is surjective
for S′ → S.

(3) If f : X → Y, f ′ : X ′ → Y ′ are surjective morphisms of S-schemes,
then f ×S f ′ : X ×S X ′ → Y ×S Y ′ is surjective.

Proof. The first part is obvious. For the second, note that (by Propo-
sition 1.8, it is sufficient to show that in a cartesian diagram

X ′

��

// X

��
Y ′ // Y,

surjectivity of X → Y implies that of X ′ → Y ′. Indeed, pick y′ ∈ Y ′.
Choose some x ∈ X that lies over the image of y′ in Y , which we can
do by surjectivity. Then there is a point of X ′ that lies over y′ and x
by Proposition ??. Thus, this point lies over y′, and X ′ → Y ′ is thus
surjective. N

We shall now interpret surjectivity in terms of “geometric points.” For
convenience of notation, let us define the following.

Definition 2.3. Let X,T be S-schemes. Then we will write X(T ) =
HomSchS (T,X) and call it the set of T -points in X. If X → Y is a mor-
phism, there is an obvious map X(T )→ Y (T ).

If S is not specified, we will always assume it to be SpecZ.
When T is SpecK for an algebraically closed field K, then the points

X(T ) (which we denote by X(K)) are sometimes called “geometric points”
in X. If X is the SpecK-scheme associated to a variety in the classical sense
over K, then the points X(K) are in bijection with the “usual” points of
the variety K.

Proposition 2.4. Let X → Y be a morphism of schemes. Then the
morphism X → Y is surjective if and only if, for each field k, there is an
algebraically closed field K containing it with X(K)→ Y (K) surjective.

Proof. Suppose first that the condition holds, and that we want to
prove X → Y surjective.

Suppose y ∈ Y . Let k = κ(y); there is a morphism Specκ(y) → Y
whose set-theoretic image is the point y. Now there is an algebraically
closed extension K of k such that X(K)→ Y (K) is surjective. But we get
a morphism SpecK → Speck → Y ; the image of that is {y}. Thus there is
a map f : SpecK → X whose composition is SpecK → Y . Then the image
of f is a point that must get mapped to y.

Conversely, suppose the map X → Y is surjective, and let k be a field.
Let p be the characteristic. Consider the cardinalities of all the residue fields
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of x ∈ X whose characteristic is p and take a cardinal number ℵ bigger than
all of them.

Choose K to be an algebraically closed field of transcendence degree at
least ℵ over the ground field, and containing k. I claim that X(K)→ Y (K)
is surjective. Indeed, choose SpecK → Y . This corresponds to the selection
of y ∈ Y and a morphism κ(y)→ K. There is x ∈ X which is mapped to y
by surjectivity, thus a morphsim κ(y)→ κ(x).

Thus the question is, can we embed κ(x) → K such that there is a
commutative diagram

κ(x) // K

κ(y)

bbEEEEEEEE

==||||||||

?

To do this, we choose a transcendence basis of κ(x) over κ(y), embed that
(possible because we chose K of really large transcendence degree), and then
embed the algebraic part (possible since K is algebraically closed). N

Finally, there are a bunch of results to the effect that if f : X → Y is
a morphism of S-schemes, and a base-change fS′ has a given property for
some surjective base-change S′ → S, then the original f still has that.

For instance:

Proposition 2.5. Suppose f : X → Y is a morphism of S-schemes,
S′ → S a surjective map. Suppose the base-change fS′ has one of the fol-
lowing properties:

(1) Injectivity.
(2) Surjectivity.
(3) Finite fibers.

Then f has the corresponding property.

Proof. We have a cartesian diagram

XS′

��

// X

��
YS′ // Y

where XS′ → X,YS′ → Y are surjective as base-changes of the surjective
S′ → S. So it is clear that if fS′ is surjective, so is f . This proves (2).

We will now compare fibers of f and fS′ .
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Now pick y ∈ Y . We have that Xy = X ⊗Y κ(y). Suppose now y′ ∈ YS′
maps to y; then there is a cartesian diagram

(XS′)y′ //

��

XS′

��

// X

��
Specκ(y′) // YS′ // Y

.

In particular, the outer rectangle is cartesian, (XS′)y′ is a base-change of Y ,
that is: (XS′)y′ = X ×Y Specκ(y′) from the usual morphism Specκ(y′) →
YS′ → Y . This is also the same thing as X ×S κ(y)×κ(y) κ(y′) = (Xy)×κ(y)

κ(y′). This means that there is a surjective projection (XS′)y′ → Xy.
So, in particular, if the fibers of XS′ → YS′ are all finite, then so are all

the fibers of X → Y . If all the fibers of XS′ → YS′ are all one point—which
is to say that XS′ → YS′ is injective—then the same must be true for the
fibers of X → Y . This completes the proof. N

2.2. Radicial morphisms. Radicial morphisms are at the opposite
spectrum: they are as injective as you can be.

Definition 2.6. A morphism f : X → Y is radicial if it is injective and
for every x ∈ X, the map κ(f(x)) → κ(x) makes κ(x) a purely inseparable
extension of κ(f(x)).

We shall now give the standard criterion for radicialness. The proof will
explain the odd choice of “purely inseparable.”

Proposition 2.7. The following are equivalent:
(1) f : X → Y is radicial.
(2) f : X → Y is universally injective: that is, any base-change of f is

injective.
(3) f : X(K)→ Y (K) is injective for any field K.
(4) Given k, there is an extension field K such that X(K)→ Y (K) is

injective.

Proof. We will first show that (1) implies (4). Suppose that g1, g2 :
SpecK → X map to the same element of HomSch(SpecK,Y ). First off, this
means by injectivity that the set-theoretic images of g1, g2 are the same, so
we have a point x ∈ X, a point y = f(x) ∈ Y , and an embedding κ(y)→ K,
and κ(y)-maps

κ(x)→ K, κ(x)→ K

from g1, g2. But κ(x) is a purely inseparable extension of κ(y), so κ(x)→ K
is determined by κ(y) → K. In particular, we see that these maps are the
same, so g1, g2 are the same.

Now, we will show that (4) implies (2). Let Y ′ → Y be a map. Then
(X×Y Y ′)(K) = X(K)×Y (K)Y

′(K) by the properties of base-extension. So
if X(K) → Y (K) is injective, it follows—by properties of fibered products
of sets—that (X ×Y Y ′)(K)→ Y ′(K) is also injective.
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In particular, if (4) holds for X → Y , it also holds for any base-
change. So instead of proving universal injectivity, we need only prove
injectivity. Suppose x1, x2 both map to y ∈ Y . Then there are maps
κ(y) → κ(x1), κ(y) → κ(x2). There is a larger field K which admits
κ(y)-embeddings from κ(x1) and κ(x2). This implies that the two maps
SpecK → X with images x1, x2 both get mapped to the same SpecK → Y ,
a contradiction.

Finally, we show that (2) implies (1). It is clear that f is injective. We
just need to show that the purely inseparable condition is satisfied. So let
x ∈ X, y = f(x). If κ(y) → κ(x) is not purely inseparable, then there
are two distinct κ(y)-embeddings of κ(x) in an algebraic closure K = κ(x).
These correspond to two different maps SpecK → X which become the same
SpecK → Y . Now form the cartesian diagram

XK
//

��

SpecK

��
X // Y

.

The two maps SpecK → X become two different maps SpecK → XK

are SpecK-sections (i.e., when composed with XK → SpecK are just the
identity SpecK → SpecK).

But injectivity of XK → SpecK means that XK consists of precisely
one point, and that the two set-theoretic maps SpecK → XK are thus the
same. Each must induce a K-isomorphism of K and the residue field of
the one point of XK , thus are the same morphism of schemes. This is a
contradiction, and proves that f is radicial. N

We give a useful interpretation of radicialness in terms of the diagonal
next.

Corollary 2.8. The map f : X → Y is radicial if and only if the
diagonal map ∆X/Y : X → X ×Y X is surjective. (In fact, it is bijective as
well if this holds.)

Proof. It is first useful to think through this in terms of the category
of sets. If f : A → B is an injection, then A ×B A is isomorphic via the
diagonal to A. In particular, the diagonal map on sets is bijective.

So letK be an algebraically closed field. Then (X×YX)(K) = X(K)×Y (K)

X(K) and the map from X(K) into there is the diagonal morphism. But
X(K)→ Y (K) is injective by assumption, so this is (by the previous para-
graph) surjective. By the geometric points criterion for surjectivity (Propo-
sition ??), it follows that X → X ×Y X is surjective.

Note that we have also shown that the map X(K) → X(K) ×Y (K)

X(K) is injective for any algebraically closed field K. By the criterion for
radicialness, the diagonal morphism is radicial, hence both injective and
surjective. (This will also follow from the next result since the diagonal map
is an immersion.) N
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Proposition 2.9 (Le sorite for radicial morphisms). (1) Any im-
mersion is radicial.

(2) The composite of radicial morphisms is radicial.
(3) If f : X → Y is a radicial morphism of S-schemes, and S′ → S,

then fS′ : XS′ → YS′ is radicial.
(4) If f : X → Y, f ′ : X ′ → Y ′ are radicial morphisms of S-schemes,

then f ×S f ′ : X ×S X ′ → Y ×S Y ′ is radicial.
(5) Suppose f : X → Y and g : Y → Z. If g ◦ f is radicial, then f is

radicial.

Proof. An immersion is injective, and the residue fields at correspond-
ing points are the same, so radicialness is obvious from the definition. So
(1) is clear. (2) follows because the composite of injective maps is injec-
tive and a tower of purely inseparable extensions is purely inseparable; it
could also easily be checked using the equivalence of radicialness and “uni-
versal injectivity.” For (3), it is sufficient to consider the case of a cartesian
diagram

X ′ //

��

X

��
Y ′ // Y

;

by standard tricks (Proposition 1.8). Let f : X → Y be a universally
injective map. Then consider a base-change of X ′ → Y ′, say a cartesian
diagram

X ′′ //

��

X ′

��
Y ′′ // Y ′

;

we have to prove X ′′ → Y ′′ injective.
But we have a commutative diagram

X ′′ //

��

X ′

��

// X

��
Y ′′ // Y ′ // Y

where each of the small squares is cartesian. Hence

X ′′ //

��

X

��
Y ′′ // Y

is cartesian, so the universal injectivity of X → Y implies that of X ′′ → Y ′′.5

The rest now follow from general nonsense (Propositions 1.8 and 1.9).
N

5That was really too much detail.
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We can actually add a footnote to the above result, and also reprove it.

Corollary 2.10. Suppose f : X → Y is surjective and g : Y → Z. If
g ◦ f is radicial, then f is radicial; if f is surjective, then g is radicial too.

Proof. We have already proved one part of this, but we shall give
another proof. It is clear that if g ◦ f is injective, so is f ; moreover, if f is
surjective (and consequently a bijection), g must be injective.

Suppose x ∈ X, y = f(x), z = g(y). Then we have a morphism of fields

κ(z)→ κ(y)→ κ(x).

By assumption, the composition is purely inseparable. Thus κ(x)/κ(y) and
κ(y)/κ(z) are purely inseparable. This implies that f is radicial, and if f is
surjective—in which case y ranges over all Y—g is also radicial. N

Corollary 2.11. A monomorphism in Sch is radicial.

Proof. Indeed, to say that X → Y is a monomorphism in the category
of schemes is to say that X(T )→ Y (T ) is injective for any T , in particular
for the spectrum of a field K. This implies that X → Y is radicial by the
above result. N

3. Local finiteness conditions

3.1. Morphisms locally of finite type.

Definition 3.1. Let f : X → Y be a morphism of schemes. Then f
is locally of finite type if for each x ∈ X, there are open affines U =
SpecB ⊂ X,V = SpecA ⊂ Y such that U contains X, f(U) ⊂ V and the
natural ring-homomorphism

f∗ : A→ B

makes B into a finitely generated A-algebra.

This means that, given x ∈ X we can find an affine basis B at x and an
open affine V ⊂ Y such that f(U) ⊂ V for U ∈ B and Γ(U,OX) is a finitely
generated Γ(V,OY )-algebra. To do this, we need only take a distinguished
open subset of SpecB as in the definition; note that the localization Bf of
a ring B is finitely generated.

As an example, a morphism SpecB → SpecA for B a finitely generated
A-algebra is locally of finite type. This is obvious.

It’s time for the dreaded list of functorial properties.

Proposition 3.2 (Le sorite for morphisms locally of finite type). (1)
An immersion is locally of finite type.

(2) The composite of morphisms locally of finite type is locally of finite
type.

(3) Base change preserves the property of being locally of finite type.
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(4) If f : X → Y, f ′ : X ′ → Y ′ are morphisms of S-schemes locally of
finite type, then f ×S f ′ : X ×S X ′ → Y ×S Y ′ is locally of finite
type.

(5) If f : X → Y, g : Y → Z satisfy g ◦ f is locally of finite type, then
f is locally of finite type.

Proof. We start with (2). Suppose f : X → Y, g : Y → Z are locally of
finite type. Pick x ∈ X, y = f(x). Choose U = SpecC ⊂ X,V = SpecB ⊂ Y
such that f(U) ⊂ V and B → C makes C a finitely generated algebra.
Similarly, choose a neighborhood V ′ = SpecB′ ⊂ Y (small enough that
V ′ ⊂ V ) of y and W ′ = SpecA ⊂ Z with g(V ′) ⊂ W ′ and Γ(V ′,OY ) a
finitely generated Γ(W ′,OZ)-algebra. By replacing V, V ′ with basic open
subsets (and shrinking U correspondingly), we can assume that V = V ′. In
this case, we have a sequence of algebras A → B → C with B/A and C/B
finitely generated. Hence C/A is finitely generated, and we can use U,W as
in the definition of a morphism of finite type.

For (1), let f : X → Y be an immersion. It factors as a product of a
closed and an open immersion. But it is clear for closed and open immersions
(an isomorphism or a quotient map lead to finitely generated algebras). So
by (2), (1) is clear.

For (3), as usual we need only handle the case of a cartesian diagram

X ′ //

��

X

��
Y ′ // Y

;

here X → Y is locally of finite type. We need to prove the same for X ′ → Y ′.
This is local on X,Y . So we can assume that instead of X → Y , we have
a map SpecB → SpecA which makes B into a finitely generated A-algebra;
this we can do by taking small neighborhoods. We can also shrink Y ′ so
that it is affine, Y = SpecC. Then X ×Y Y ′ = Spec(B ⊗A C). Since B is
finitely generated over A, B ⊗C A is finitely generated over C. This proves
(3).

The rest is now abstract nonsense. N

Proposition 3.3. Suppose f : X → Y is locally of finite type. If Y is
locally noetherian, then so is X.

Proof. Around each x ∈ X, we can pick affines U = SpecA ⊂ X,V =
SpecB ⊂ Y , with f(U) ⊂ V and A a finitely generated B-algebra. But
B is necessarily noetherian REF; Hilbert’s basis theorem implies that A is
too. N

Recall that there are a lot of results of the form “if an open affine covering
has property X, then every open affine has X.” Here is another example.
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Proposition 3.4. Suppose f : X → Y is locally of finite type. Suppose
U = SpecB ⊂ X,V = SpecA ⊂ Y are any two open affines with f(U) ⊂ V .
Then B is a finitely generated A-algebra.

Proof. The morphism U → V is of finite type; indeed, it is obtained
from the fibered product f−1(V )→ V and the locally of finite type immer-
sion U → f−1(V ). So we are reduced to showing

Lemma 3.5. Suppose f : A→ B is such that the induced map SpecB →
SpecA is locally of finite type. Then f makes B into a finitely generated
A-algebra.

Proof of the lemma. There are open affine subsets U ⊂ SpecB, V ⊂
SpecA such that the image of U is contained in V and the global sections
Γ(U,OX) are a finitely generated Γ(V,OY )-algebra (with X = SpecB, Y =
SpecA). We can find such open affine sets such that U contains any given
x ∈ X. Moreover, by first shrinking V (switching to a basic open set),
and then U , we can assume that U, V are basic open subsets of the full
affine spaces X,Y . In other words, there are global sections a, b with U =
D(b), V = D(a).

We then have that Aa → Bb makes Bb into a finitely generated algebra
over Aa. Since Aa is finitely generated over Aa, we have that Bb is finitely
generated over A. Since the D(b) cover X, we find that there is a finite
collection {bi} which generate the unit ideal while Bbi is finitely generated
over A.

We will now prove that B is finitely generated over A. For each i,
choose generators c1,i, . . . , cni,i ∈ Bbi . By multiplying by the (unit) bi, we
may assume that each ck,i ∈ B after all. This means that if b ∈ B, we can
write for each i,

(7) bNi b = bNi
∑

akPk,i(c1,i, . . . , aci,i)

in B, where the Pk,i are polynomials with coefficients in A.
It appears that we should be done if we just throw in all the bi and ck,i,

we should get a system of generators of B over A. But this is not necessarily
the case. The bi (and consequently bNi ) generate the unit ideal in B, but we
need the corresponding terms. So choose di ∈ B with

∑
dibi = 1.

Consider the ring B′ = A[{di}, {bi}, {ci,k}] ⊂ B. I claim that it is equal
to B. Indeed, fix b ∈ B. We get representations as in (7) for each bi. But
the bNi generate the unit ideal in B′ since the bi do by construction. So from
there, we find that b ∈ B′. Consequently B is finitely generated. N

N

3.2. Morphisms locally of finite presentation. The previous sub-
section was basically a warm-up. We shall now consider the harder property
of being locally of finite presentation. First, we review some commutative
algebra.
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Definition 3.6. Let B be an A-algebra. We say that B is finitely
presented over A if there is an isomorphism B = A[X1, . . . , X − n]/I,
where I ⊂ A[X1, . . . , Xn] is a finitely generated ideal. We shall write “B/A
is finitely presented.”

Example. If A is noetherian, any finitely generated algebra is finitely
presented. This is immediate from Hilbert’s basis theorem.

We prove a few functorial properties.

Proposition 3.7. Suppose B/A is finitely presented. If C is an A-
algebra, then B ⊗A C/C is finitely presented.

Proof. Indeed, suppose B = A[X1, . . . , Xn]/I for I finitely generated.
Then B ⊗A C ' C[X1, . . . , Xn]/(IC[X1, . . . , Xn]), so is finitely presented.

N

Proposition 3.8. Suppose A→ B → C is a sequence of ring-homomorphisms.
Suppose B/A and C/B are finitely presented. Then C/A is finitely pre-
sented.

Proof. We can write B = A[X1, . . . , Xm]/I for I a finitely generated
ideal and C = B[Y1, . . . , Yn]/J for J a finitely generated ideal. There are
finitely many elements inA[X1, . . . , Xm, Y1, . . . , Yn] whose image inB[Y1, . . . , Yn]
generate J .

Now we can write then C = A[X1, . . . , Xm, Y1, . . . , Yn]/(I + J). But
I+J is A[X1, . . . , Xm, Y1, . . . , Yn]-finitely generated. Indeed, it is generated
by the A[X1, . . . , Xm]-generators of I and then the finitely many elements
in A[X1, . . . , Xm, Y1, . . . , Yn] whose image in B[Y1, . . . , Yn] generates J . N

Note also that basic localization is finitely presented.

Proposition 3.9. Let A be a ring and s ∈ A. Then the morphism
A→ As makes As a finitely presented A-algebra.

Proof. Indeed, it is well-known that As ' A[X]/(sX − 1). N

Definition 3.10. Let f : X → Y be a morphism of schemes. Then f
is locally of finite presentation if to each x ∈ X, there are open affines
U = SpecB ⊂ X,V = SpecA ⊂ Y with f(U) ⊂ V and B an A-algebra of
finite presentation.

Note that by the above remark about localization, it is possible to take
U really small around x.

As usual, there is a sorite:

Proposition 3.11 (Le sorite for morphisms locally of finite type). (1)
The composite of morphisms locally of finite presentation is locally
of finite type.

(2) Base change preserves the property of being locally of finite type.
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(3) If f : X → Y, f ′ : X ′ → Y ′ are morphisms of S-schemes locally of
finite type, then f ×S f ′ : X ×S X ′ → Y ×S Y ′ is locally of finite
type.

(4) Suppose X is locally noetherian and f : X → Y is a locally of finite
type morphism. then f is locally of finite presentation.

Proof. These follow from the functorial properties of finitely presented
algebras. Since the method is so similar as the sorite for morphisms locally
of finite type, we shall omit the details. Note that the last part is a version
of the statement that a finitely generated algebra over a noetherian ring is
finitely presented. N

Note however that an immersion is not necessary finitely presented any-
more! But this is the case for noetherian schemes, of course. As a result,
we do not get the usual result “if g ◦ f is locally of finite presentation, then
f is.” We’d like to remedy this. It turns out that we can under a bit of
additional hypotheses, which will imply that diagonal morphisms are locally
of finite presentation.

Proposition 3.12. Suppose f : X → Y, g : Y → Z are morphisms such
that g ◦ f is locally of finite presentation and g is locally of finite type. Then
f is locally of finite presentation.

Proof. The proof adopts a familiar strategy, namely the use of the
graph morphism. Namely, we factor f as

X → X ×Z Y → Y.

The map Y×Z → Y is a base-change of X → Z and consequently is locally
of finite presentation. We will show that X → X ×Z Y is locally of finite
presentation. But it is the base-change of Y → Y ×Z Y . So, since the
property of locally of finite presentation is preserved under composition, we
are reduced to showing:

Lemma 3.13. Suppose g : Y → Z is locally of finite type. Then the
diagonal ∆Y/Z : Y → Y ×Z Y is locally of finite presentation.

Proof. This is local on the base, so we can assume Y, Z are affine.
In particular, we take Y = SpecB,Z = SpecA. If we show that B is
finitely presented over B ⊗A B, then we will be done; indeed, the map
Y → Y ×Z Y corresponds to B ⊗A B. Now B ⊗A B → B is obviously a
surjective morphism. We will find a finite collection of generators for the
ideal I which is the kernel.

Let {si, 1 ≤ i ≤ n} be a set of generators of B/A. I claim that the
elements 1 ⊗ si − 1 ⊗ si generate I ⊂ B ⊗A B; this will prove the lemma.
Indeed, we first show that the elements 1⊗x−x⊗1, x ∈ B, generate I. For
suppose

∑
xkyk = 0, i.e.

∑
xk ⊗ yk ∈ I. Then∑

xk ⊗ yk =
∑

xk(1⊗ yk − yk ⊗ 1).
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So I is generated by the 1⊗ x− x⊗ 1 (which obviously belong to I!).
Now we have to show that it is sufficient to look at generators. Suppose

we can write x = x′x′′ for x′, x′′ ∈ B. Then we find

1⊗ x− x⊗ 1 = (1⊗ x′′)(1⊗ x′ − x′ ⊗ 1) + (x′ ⊗ 1)(1⊗ x′′ − x′′ ⊗ 1).

Similarly, if x = x′ + x′′, then

1⊗ x− x⊗ 1 = (1⊗ x′ − x′ ⊗ 1) + (1⊗ x′′ − x′′ ⊗ 1).

From these two identities, it follows that if x is in the A-algebra generated
by x′, x′′, then 1⊗x−x⊗1 is in the B⊗AB-ideal generated by 1⊗x′−x′⊗
1, 1⊗x′′−x′′⊗1. Thus, it is easy to see by induction that the 1⊗ si− si⊗1
for the si generators of B/A generate I. N

N

Finally, we recall that there was a result for locally of finite type mor-
phisms that “for any admissible pair of open affine sets, one was a finitely
generated algebra over the other.” It turns out that there is a similar result
for locally of finite presentation morphisms.

Proposition 3.14. Suppose f : X → Y is locally of finite presentation.
Then whenever U = SpecB ⊂ X,V = SpecA ⊂ Y are open and f(U) ⊂ V ,
the map A→ B makes A a B-algebra of finite presentation.

Proof. Indeed, U → V is locally of finite presentation since it is ob-
tained via (open!) base-change and an open immersion from f . It is thus
sufficient to prove:

Proposition 3.15. Suppose A → B is a morphism of rings such that
SpecB → SpecA is locally of finite presentation. Then B is a finitely pre-
sented A-algebra.

Proof. First, we reduce to the case of a closed immersion. We know
that B is a finitely generated algebra over A. So there is a surjective homo-
morphism C = A[X1, . . . , Xn]→ B. There is thus a map

SpecB → SpecC → SpecA

where the second is of finite type and the composition of finite presentation.
We will prove FIX N

N





7

Elementary properties of morphisms of schemes,
part II

We continue with our study of the fundamental properties that a morphsim
f : X → Y of schemes can have. As before, the properties will involve both
the topology of the continuous map and the algebra of the map of sheaves.1

1. Separated and proper morphisms

1.1. Separated morphisms. The notion of separated morphism is a
kind of algebro-geometrization of the notion of “Hausdorff.” Recall that X
is a Hausdorff space if and only if X → X ×X is a closed immersion.

Definition 1.1. Let f : X → Y be a morphism of schemes. Then f is
called a separated morphism if the diagonal map ∆X/Y : X → X ×Y X
is a closed immersion. A scheme is called separated if it is separated over
SpecZ.2

Proposition 1.2. Suppose f : X → Y is such that the diagonal map
∆X/Y has closed image. Then f is separated.

Proof. Indeed, we know (Proposition ??) that the diagonal map is an
immersion, so if its image is closed, then it is a homeomorphism on a closed
subset and satisfies Proposition 1.6. So it is a closed immersion, and we
have a separated map. N

Proposition 1.3. A morphism between affine schemes is separated.

Proof. This has already been proved REF. N

Next, we observe that many familiar nice examples are separated.

Proposition 1.4. A radicial morphism (in particular, an immersion)
is separated.

Proof. Indeed, in this case the diagonal map is surjective, hence has
closed image! N

We now go through the usual routine for separated morphisms.

Proposition 1.5 (Le sorite for separated morphisms). (1) An im-
mersion is separated.

1The only reason for splitting this is aesthetics.
2Recall that this is a final object in the category of schemes.

103
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(2) If f : X → Y, g : Y → Z are separated morphisms, so is g ◦ f :
X → Z.

(3) Base-change preserves separatedness. If f : X → Y is a separated
morphism of S-schemes and S′ → S is a morphism, then fS′ :
XS′ → YS′ is separated.

(4) If f : X → Y and g : X ′ → Y ′ separated morphisms of S-schemes,
then f ×S g : X ×S X ′ → Y ×S Y ′ is separated.

(5) If f : X → Y is such that there exists an open cover {Vi} of Y
such that f−1(Vi) → Vi is separated for all i, then f is separated.
Conversely, if f : X → Y is separated, then for any open V ⊂ Y ,
f−1(V )→ V is separated.

(6) If f : X → Y, g : Y → Z is such that g ◦ f is separated, then f is
separated.

Proof. (1) is already proved; an immersion is radicial.
For (2), we consider morphisms f, g as in the statement. There are maps

(8) X → X ×Y X → X ×Z Y

obtained from composing the diagonal map with the natural map X×Y X →
X ×Z X whose projections on X are just the projections X ×Y X → X. By
assumption, the first is a closed immersion. For the second, we consider the
pull-back diagram

X ×Y X //

��

Y

��
X ×Z X // Y ×Z Y

where the left-hand map is the diagonal ∆Y/Z . This diagram is cartesian
in any category with fibered products, as is easily seen by considering the
category of sets. Hence it is cartesian in Sch. But ∆Y/Z is a closed immer-
sion, so X ×Y X → X ×Z X is one too by le sorite for closed immersions
(Proposition ??). Consequently, the composite (8) is a closed immersion,
which proves the separatedness of g ◦ f .

For (3), it is sufficient (by general nonsense now familiar) to reduce to
showing that if X → Y is a separated morphism and Y ′ → Y a base-
change, then X ×Y Y ′ → Y ′ is separated. For any Y -scheme Z, denote
ZY ′ := Z ×Y Y ′. Now consider the categories SchY ,SchY ′ as monoidal
categories via the Y, Y ′-fibered products. Then it is a fact that base-change,
Z → ZY ′ is a monoidal functor from SchY → SchY ′ .

Moreover, the diagonal Z → Z×Y Z base-changes to the diagonal ZY ′ →
ZY ′ ×Y ′ ZY ′ . All these can be proved in the category of sets and then
extended to arbitrary categories with fibered products thanks to Yoneda.

So if the diagonal X → X ×Y X is a closed immersion, then so is the
base-change XY ′ → XY ′ ×Y ′ XY ′ . This proves (3). By similar general non-
sense, (4) follows from (3) at once. Similarly, (6) follows from the previous
properties by general nonsense (this time Proposition ??).
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We are left with (5). On the one hand, it’s evident that if f is separated,
then f−1(V ) → V is, because this is the base-change of f under V →
Y . Suppose the converse, namely the existence of an open cover as in the
statement.

Now write Xi = f−1(Vi). We have Xi ×Vi Xi = Xi ×Y Xi because the
image of Xi is contained in the open set Vi. There are maps Xi ×Vi Xi →
X ×Y X, each of which are open immersions thanks to le sorite for open
immersions (Proposition ??). Moreover, it is easy to see that they are jointly
surjective. In fact, if p : X ×Y X → Y is the standard morphism, then we
have that Xi ×Vi Xi = p−1(Vi).

So we have an open cover of X ×Y X. The intersection of ∆X/Y (X)
with Xi ×Vi Xi is Consider the diagonal ∆X/Y : X → X ×Y X. The image
is contained in the union of the Xi ×Vi Xi = p−1(Vi); the intersection with
each is the diagonal ∆Xi/Vi(Xi). Each of these intersections is closed, and
since being closed is a local property, we find that the diagonal has closed
image. N

Corollary 1.6. Let X be an S-scheme for S affine. Then X is sepa-
rated over S if and only if it is separated.

Following Grothendieck, we now give another criterion for separation.

Proposition 1.7. Suppose X is a scheme separated over an affine base
scheme S. Then if U, V are open affines, then U ∩ V is affine. Moreover,
the map

Γ(U,OX)⊗Z Γ(V,OX)→ Γ(U ∩ V,OX)
is surjective. Conversely, if X is covered by open affines Ui such that for
each i, j, we have Ui ∩ Uj affine and Γ(Ui ∩ Uj ,OX) generated by sections
over Ui, Uj, then X is separated over S.

Proof. By the previous corollary, we can assume S = SpecZ. Suppose
X is separated and let U, V be open affines. Then U ×Z V is an open
subset of X ×Z X. In fact, it is affine: if U = SpecA, V = SpecB, we have
U ×Z V = Spec(A⊗Z B).

Since ∆ = ∆X/Z : X → X ×Z X is a closed immersion, the inverse
image of an open affine is an open affine; thus, we have that ∆−1(U ×Z V )
is an open affine subset of X and that Γ(U ×Z V,OX×ZX) → Γ(U ∩ V,OX)
is surjective. This inverse image is just U ∩ V , though. So this proves one
direction.

For the other, suppose we have an open covering as above; we will prove
that f is separated by showing that ∆X/Z is a closed immersion. Indeed, this
follows from le sorite for closed immersions. We have that ∆|∆−1(Ui×ZUj) =
∆Ui∩Uj : Ui ∩ Uj → Ui ×Z Uj is an immersion of affine schemes, and in fact
closed by surjectivity of Γ(Ui,OX)⊗Z Γ(Uj ,OX)→ Γ(Ui ∩ Uj ,OX). N

Finally, we prove a useful result that implies that separated morphisms
are “quasi-separated” (a terminology to be defined below), which does not
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sound very surprising, but the two notions are in fact very different. The
point is that if f : X → Y is a morphism, and V ⊂ Y is an open affine,
f−1(V ) may be very large—not necessarily affine, certainly. But under
separated conditions, we have at least something.

Proposition 1.8. Suppose f : X → Y is a morphism with Y separated
and U ⊂ X,V ⊂ Y are affine. Then U ∩ f−1(V ) ⊂ X is affine.

Proof. Recall that we have the graph morphism Γ : X → X ×Z Y ,
which is always an immersion. Indeed, we have a cartesian diagram

X

Γ
��

// Y

��
X ×Z Y // Y ×Z Y

.

But the map Y → Y ×Z Y is a closed immersion. Thus so is Γ. Now the set
U ×Z V ⊂ X ×ZX Y is affine; its inverse image U ∩ f−1(V ) under Γ is thus
affine. N

1.2. More general nonsense. We shall now prove another “metathe-
orem” which will encompass the basic facts about separated morphisms. As
usual, we will be working with a property of morphisms X → Y , but they
will not need to be satisfied by immersions in general.

Proposition 1.9. Suppose P is a property of morphisms X → Y such
that:

(1) Every closed immersion has P .
(2) P is closed under composition.
(3) P is stable under base-change.

Suppose X → Y and Y → Z are morphisms with Y → Z separated and such
that X → Z has P . Then X → Y has P .

This bit of abstract nonsense will be very useful later on.

Proof. This is actually a straightforward modification of Proposition 1.9.
In fact, we can factor X → Y as

X → X ×Z Y → Y

where the first map is the graph morphism. However, since Y → Z is
separated, it follows as in the proof of Prop 1.8 that the graph morphism
is a closed immersion, hence has P . Also, X ×Z Y → Y is the pull-back of
X → Z and so has P . It follows that the composition has P , proving the
metatheorem. N

1.3. Universally closed morphisms. The notion of “universally closed”
is necessary to define properness below. Note that maps of nontrivial affine
varieties in classical algebraic geometry are never universally closed.
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Definition 1.10. A morphism X → Y is universally closed if every
base-change XY ′ → Y ′ is a closed map of topological spaces.

There is a standard result now, which you can expect.

Proposition 1.11 (Le sorite for universally closed morphisms). (1)
A closed immersion is universally closed

(2) The composite of universally closed morphisms is universally closed
(3) Universally closed is preserved by base-change and products.3

(4) If f : X → Y, g : Y → Z are morphisms, g is separated, and g ◦ f
is universally closed, then f is universally closed.

Proof. The proof may be left to the reader! Note that the last part
follows from general nonsense (Proposition 1.9.) N

It is left to the reader to similarly formulate a condition of “universally
open.”

We shall next explore how these conditions can be checked by reducing
to valuation rings.

1.4. Valuation rings. We first review some commutative algebra. Let
K be a field and G an ordered group. We say that a map v : K∗ → G is a
valuation if v(xy) = v(x) + v(y) and v(x+ y) ≥ min(v(x), v(y)). The ring
of elements with valuation not less than zero is called the valuation ring.

Proposition 1.12. Let A be a domain with quotient field K. Then A
is a valuation ring (of some valuation) if and only if for each x ∈ K, either
x or x−1 ∈ A.

Proof. If A is a valuation ring (of some valuation), then if x ∈ K and
v(x) ≥ 0, we have x ∈ A; if v(x) ≤ 0, then x−1 ∈ A. So one direction is
clear.

Conversely, suppose A satisfies the condition. We consider the group
K∗ and the group A∗ of units in A, and their quotient G = K∗/A∗. We
can order G by saying that x > y if y/x ∈ A; this ordering descends to the
equivalence classes, and is a total ordering by the hypotheses. There is a
map evident map K∗ → G, which is easily checked to satisfy the conditions
of a valuation. N

Note that a valuation ring is a local ring. Indeed, the ideal of non-units
is precisely the ideal of elements with valuation less than zero. Conversely:

Theorem 1.13. Suppose K is a field and B ⊂ K a local ring. Then
there is a valuation ring A ⊂ K such that B ⊂ A and A dominates B, i.e.
the inclusion A→ B is a local homomorphism.

We shall omit the proof for now; cf. [2] or [11]. The condition of
domination can be stated as follows: every non-unit in B stays a non-unit
in A.

3I’m no longer writing out all the details.
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As a result, it is easy to describe maps from the spectrum of a valuation
ring into a scheme. We start with a lemma.

Lemma 1.14 (Local schemes). Let X be a scheme and x ∈ X. Then
there is a natural map Spec(Ox)→ X whose image is just the set of gener-

izations of x, i.e. points y with x ∈ {y}.

Proof. Choose an open affine U containing x. Then every generization
of x lies in U . It will thus be enough to prove the result for an affine scheme
SpecA. Let x correspond to the prime ideal p.

There is a map A→ Ap, leading to a map SpecAp → A whose image is
easily seen to be the collection of primes contained in p, i.e. the generizations
of p. This does not depend on the affine U used; if we used a different V ,
then the images would be contained in U ∩ V , and would be the same. N

1.5. The valuative criterion. We shall now phrase the separated-
ness condition via valuation rings. Recall that a morphism X → Y is
quasi-compact if the inverse image of an open quasi-compact set in Y is
quasi-compact. This in particular is always the case when the scheme X is
noetherian. We shall explore the meaning of quasi-compactness later on.

Theorem 1.15. Let f : X → Y be a morphism. Then f is separated
if and only if the diagonal morphism ∆X/Y is quasi-compact and the fol-
lowing condition holds. Let A be a valuation ring with quotient field K.
Suppose given two maps SpecA → X such that the two pairs of composi-
tions SpecK → SpecA→ X and SpecA→ X → Y are the same. Then the
two morphisms are the same.

In other words, given a commutative diagram

SpecK //

��

X

��
SpecA // Y

there is at most one SpecA→ X making the diagram

SpecK //

��

X

��
SpecA

;;xxxxxxxxx
// Y

Or, in other words, let SpecA be a Y -scheme. Then a Y -morphism
SpecA→ X is determined by its restriction to SpecK.

Proof. The approach to this proof will be to show that ∆ = ∆X/Y ,
which we know is a quasi-compact morphism, has closed image. We shall
use the following criterion for having a closed image. Namely, if f : Z → Z ′

is a quasi-compact morphism of schemes, then f(Z) is closed if and only if it
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is closed under specialization, i.e. if y ∈ f(Z) and y′ ∈ {y}, then y′ ∈ f(Z)
too. This will be proved later on REF.

Suppose now that f satisfies the funky condition on SpecA-morphisms;
we show that f is separated. We will show that the image of ∆ in X ×Y X
is closed under specialization, which will imply separatedness.

So let z ∈ ∆(X), z′ ∈ {z}. Consider the subscheme Z = {z} with
the reduced induced structure. Then z is the generic point of Z and z′ is
a specific point; the morphism SpecOz′,Z → Z has image containing z, z′.
Now Oz = Oz,Z is a field K, the quotient field of Oz′ , since Z is integral.
We can consider a valuation ring A ⊂ K that dominates the local ring Oz′ .
Then the morphism SpecA→ Z sends the generic point to z and the closed
point (i.e. maximal ideal) to z′.

So, composing with Z → X, we have a morphism f : SpecA→ X×Y X,
such that the pull-back SpecK → X×YX factors through ∆, since the image
of the pull-back is z. This means that, if we take compositions p1 ◦ f, p2 ◦ f
with the two projections p1, p2 : X×Y X → X, that we have two morphisms

SpecA→ X

such the push-forwards to Y are the same (since it is a fibered product over
Y ), and the pull-backs to SpecK are the same. This means that they are
the same morphism SpecA → X. In particular, since p1 ◦ f, p2 ◦ f are the
same, we have that f factors through the diagonal ∆ as ∆ ◦ (p1 ◦ f).

It follows that the image of f : SpecA → X ×Y X is contained in the
image of ∆. Consequently, z′ ∈ ∆(X), and it is now clear that ∆(X) is closed
under specialization, hence a closed set. This establishes separatedness.

Conversely, suppose that X → Y is separated, and we have two mor-
phisms g1, g2 : SpecA → X such that the push-forwards SpecA → Y
and pull-backs SpecK → X are the same. We can consider the equal-
izer ker(g1, g2) as a subscheme of X. Since we have the pull-back diagram
as in (??),

ker(g1, g2) //

��

SpecA

��
X // X ×Y X

we find that ker(g1, g2) is a closed subscheme of SpecA. Now the map
SpecK → SpecA → X is the same regardless of whether we compose with
g1, g2. So SpecK factors through ker(g1, g2). But then the closed subscheme
ker(g1, g2) contains the generic point and is dense, so topologically is all of
SpecA. Moreover SpecA is reduced, so there is only one subscheme structure
on the full space; it follows that ker(g1, g2) = SpecA and g1 = g2.

N

It is possible to use the valuative criterion for separatedness to show (in
the noetherian case) that the usual properties are satisfied.
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Example. We shall prove that if f : X → Y, g : Y → Z are morphisms
of noetherian schemes with g ◦ f separated, then f is separated. Suppose
we have a commutative diagram

SpecK //

��

X

��
SpecA // Y

and two morphisms g1, g2 : SpecA → X making the square commutative.
Then we have a commutative diagram

SpecK //

��

X

��
SpecA //

g1,g2
;;xxxxxxxxx

##GGGGGGGGG Y

��
Z

;

since X → Z is separated, the valuative criterion (for the outer trapezoid)
implies that g1, g2 are the same.

1.6. The valuative criterion for universally closedness. There is
a similar valuative criterion for universal closedness. It is roughly comple-
mentary to the valuative criterion for separatedness.

Theorem 1.16. Suppose f : X → Y is a quasi-compact morphism of
schemes. Then X → Y is universally closed if and only if the following is
satisfied. Whenever A is a valuation ring with quotient field K and there is
a commutative diagram

SpecK //

��

X

��
SpecA // Y

,

there is a morphism SpecA→ X making commutative the diagram.

In other words, if SpecA (and thus SpecK) is a Y -scheme, the map
HomSchY (SpecA,X)→ HomSchY (SpecK,X) is surjective.

Proof. First, we show that the condition of the theorem implies uni-
versal closedness. The condition is preserved under base-change. Indeed, if
Y ′ → Y is a base-change and

SpecK //

��

XY ′

��
SpecA // Y ′

,
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a commutative diagram, we can find SpecA→ X making

SpecK //

��

XY ′

��

// X

��
SpecA //

55lllllllllllllllll
Y ′ // Y

,

commutative. This induces a unique morphism SpecA→ XY ′ making com-
mutative the diagram in view of the properties of the fibered product.

So we need only show that the funky property implies closedness. (Note
that quasi-compactness is preserved under base-change, as we will show
REF.) For this, it is sufficient by REF to show that f(X) is closed under
specialization. Let y ∈ f(X), y′ be a specialization.

Now Z = {y} with the reduced induced structure is an integral scheme
containing y′ and with y as generic point. Consider the local ring Oy′,Z ; it
is a subring of the local ring Oy,Z , which in turn is a field K. Note that K
is the residue field κ(y), also the residue field of y considered as an element
of Y . There is thus a morphism K → κ(x).

Choose a valuation ringA with quotient field κ(x) that dominatesOy′,Z ⊂
K. Then we have a morphism

SpecA→ Y

whose image contains y′. Moreover, there is a morphism SpecK → X map-
ping to x and making the diagram

SpecK //

��

X

��
SpecA // Y

,

commutative. The criterion says that we can find SpecA→ X making com-
mutative the diagram. In particular, the image of SpecA in Y is contained
in f(X). So y′ ∈ f(X), proving universal closedness.

Now, assume that f : X → Y is universally closed. We shall prove that
the funky condition holds. So consider a morphism SpecA→ Y . We have a
commutative diagram with the right square cartesian:

XA
//

��

X

��
SpecK

55jjjjjjjjjjjjjjjjjj
// SpecA // Y

.

This means that there is a map SpecK → XA making commutative the
diagram. Let Z be the closure of the image with the reduced induced struc-
ture; it is an integral scheme whose quotient field is contained in K. In fact,
the fact that there is a compatible morphism Z → SpecA implies that the
quotient field of Z is precisely K.
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We have a commutative diagram:

Z //

��

X

��
SpecK

99ssssssssss
// SpecA // Y

.

By universal closedness, the image of Z in SpecA is closed. However, it
contains the generic point (the image of SpecA), so it is all of SpecA. Pick
the closed point q ∈ SpecA; there is z ∈ Z mapping to q. Now there is a
local homomorphism A → Oz,Z that is compatible with the equality of K
and the quotient field of Z.

In other words, Oz,Z = A. There is thus a section SpecA→ Oz,Z → Z,
which when composed with Z → X yields the required SpecA to show that
the funky condition is satisfied.

N

The valuative criterion for universal closedness can be used to rederive
some of its properties in the noetherian case. We omit the details.

2. Affine morphisms

2.1. Definition. Let f : X → Y be a morphism of schemes.

Definition 2.1. The map f is called affine if for every V ⊂ Y affine,
we have f−1(V ) ⊂ X affine.

The following result makes things a lot nicer for us.

Proposition 2.2. Suppose Y is covered by open affines {Ui, i ∈ I} such
that f−1(Ui) ⊂ X is affine for each i. Then f is affine.

We will need the following.

Proposition 2.3 (Criterion for affineness). Suppose X is a scheme and
there are global sections g1, . . . , gk ∈ Γ(X,OX) such that the sets Xgi of
points where gi is a unit satisfy:

(1) Each Xgi is affine.
(2) The gi generate the unit ideal in Γ(X,OX).

Then X is affine.

Proof. This is an exercise in Hartshorne. We shall work it out here,
starting with a lemma describing the properties of these sets Xgi .

Lemma 2.4. Let X be a scheme covered by finitely many open affines Ui
whose pairwise intersections Ui ∩ Uj are quasi-compact, F a quasi-coherent
sheaf, and g ∈ Γ(X,OX). Then we have Γ(Xg,F|Xg) = Γ(X,F)g.

Proof. The method is familiar. There is a natural map Γ(X,F)g →
Γ(Xg,F|Xg) since g is a unit on Xg; we show that it is injective and surjec-
tive.
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First, injectivity. We will prove this under the weaker hypothesis that X
is quasi-compact. Suppose given a global section s ∈ Γ(X,F) that vanishes
on Xg. We can cover X by finitely many open affines (in view of quasi-
compactness) U1 = SpecA1, . . . , Uk = SpecAk; g can then be regarded as an
element of each Ai, and we have Xg ∩Ui = D(g) ⊂ Ui in Ui. On Ui, we can
write F as M̃i for Mi an Ai-module.

In particular, s goes to zero in each (Mi)g = Γ(D(g), M̃i), so a power of
g kills s as an element of each Mi = Γ(Ui,F). Taking the maximum, we see
that a power of g kills s as an element of Γ(X,F).

Next, surjectivity. Suppose s is a section of F over Xg. As before, cover
X by open affines Ui = SpecAi, 1 ≤ i ≤ k. Then s becomes a section of M̃i

over D(g) ⊂ Ui for each i, i.e. an element of (Mi)g, so there is a power gn

such that gns extends to a section ti over Ui for each i. The problem is that
they need not patch. But ti − tj goes to zero in (Ui ∩ Uj)g. So by the first
part applied to the quasi-compact scheme (Ui ∩ Uj), it is killed by a power
of g. In particular, for a really high power of g, the sections gmti actually
glue and form an extension of gn+ms as a global section. This establishes
surjectivity. N

We now prove the criterion for affineness. The goal is to show that if
A = Γ(X,OX), then the map f : X → SpecA (which always exists) is
an isomorphism. But the D(gi) (which correspond to (SpecA)g) cover A
and their pull-backs in X are precisely the points where the gi are units,
namely the sets Xgi , more precisely f−1(D(gi)) = Xgi . So we get maps
f : Xgi → D(gi).

However, these maps are isomorphisms, because Xgi is affine and con-
sequently the map f : Xgi → SpecΓ(Xgi ,OX |Xgi ) = SpecAgi = D(gi) is an
isomorphism. (Note that we have used the lemma—it s applicable because
we have the affine cover Xgi ; it’s easy to see that the intersections Xgi ∩Xgj

are even affine, since they are basic open sets, hence quasi-compact.) Also,
the D(gi) cover SpecA since the gi generate the unit ideal.

But this means that we have an open cover of SpecA such that for every
U in this open cover, f−1(U) → U is an isomorphism. We can define the
inverse map SpecA→ X by gluing the inverse of these maps. So X → SpecA
is an isomorphism, and X is affine. N

Proof of the first proposition. Fix an affine morphism f : X →
Y . Then there is an affine cover {Ui} of Y whose inverse images in X are
affine. It follows that basic open subsets of Ui have affine inverse images as
well. In particular, we get an affine basis B for the topology of Y consisting
of open subsets whose inverse images are affine.

Now let V ⊂ Y be affine, say V = SpecB, and X ′ = f−1(V ). There are
subsets Ui ⊂ V , Ui = SpecAi which cover V and whose inverse images are
affine.
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Fix x ∈ V now; we will find a basic open set of V whose inverse image
is affine. Choose first any g ∈ B and i such that x ∈ Ui. Then (Ui)g =
Ui∩D(g), where D(g) is regarded as a basic open subset of SpecB. Choosing
g such that D(g) ⊂ Ui and x ∈ D(g), we find that D(g) = Vg = (Ui)g. In
other words, the basic open set (Ui)g of Ui is actually a basic set of V . But
the inverse image f−1((Ui)g) is affine since (Ui)g is a basic open set of Ui.

Doing this a finite number of times to cover all the points of V (which
is quasi-compact), we get elements g1, . . . , gk of V such that f−1(Vgi) = X ′gi
is affine for each i, and the gi generate the unit ideal in Γ(V,OV ), hence in
Γ(X ′,OX |X′). This implies that X ′ is affine by the criterion. N

Corollary 2.5. Let φ : A → B be a map of rings and f : SpecB →
SpecA the associated morphism. Then f is affine.

Proof. Indeed, let a ∈ A. Then f−1(D(a)) = D(φ(a)). N

Corollary 2.6. Suppose f : X → Y is affine and U ⊂ Y . Then
f−1(U)→ U is affine.

Corollary 2.7. Suppose f : X → Y is affine and Y is affine. Then X
is affine.

2.2. Le sorite. We shall now go through the standard list of properties.

Proposition 2.8 (Le sorite for affine morphisms). (1) A closed im-
mersion is affine.

(2) The composite of affine morphisms is affine.
(3) Base change preserves the property of affineness.
(4) If f : X → Y, f ′ : X ′ → Y ′ are affine morphisms of S-schemes then

f ×S f ′ : X ×S X ′ → Y ×S Y ′ is affine.
(5) If f : X → Y, g : Y → Z are morphisms and g ◦ f is affine and g

separated, then f is affine.
(6) If f : X → Y is a morphism, then fred : Xred → Yred is affine.

Proof. We need only prove the first three in view of Proposition 1.9.
A closed immersion is affine because a closed subscheme of an affine scheme
is affine. Part (2) is clear. For part (3), consider a cartesian diagram

X ′

f ′

��

// X

f

��
Y ′ // Y

and suppose X → Y is affine. Let V ′ be a small neighborhood in Y ′ such
that the image of V ′ in Y is contained in an open affine V . Then the inverse
image U = f−1(V ) ⊂ X is affine. Moreover, we have a cartesian diagram

f ′−1(V ′)

f ′

��

// U

f

��
V ′ // V

.
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Now U, V, V ′ are all affine by assumption (and the fact that f is affine),
so this means f ′−1(V ′) is affine; affine schemes are closed under fibered
products. This means we can cover Y ′ by open subsets V ′ whose inverse
images are open affine, so X ′ → Y ′ is affine. N

2.3. S pec of a sheaf of algebras. We shall now give another con-
struction that yields interesting examples of schemes. In fact, it completely
classifies affine morphisms.

Let f : X → Y be an affine morphism of schemes. Recall this means that
whenever U ⊂ Y is an open affine, so is f−1(U). This in particular means
that f is quasi-compact (since an affine is quasi-compact) and separated
(since separatedness is local on the base of Y ).

Proposition 2.9. f∗(OX) is a quasi-coherent OY -module.

This now follows from known facts, since f is quasi-compact (REF).
Moreover, f∗ preserves the algebra structure; thus, given an affine mor-

phism f : X → Y , we have on Y a quasi-coherent sheaf f∗(OX) of OY -
algebras. We shall prove that affine morphisms are characterized up to
isomorphism precisely by such quasi-coherent sheaves of algebras.

To start with, let us make this functorial. Given any f : X → Y , not
neessarily affine, we have aOY -algebra f∗(OX). Moreover, given a morphism
g : X → X ′ of Y -schemes X,X ′, i.e. a commutative diagram

X
f

  @@@@@@@@
g // X ′

f ′~~}}}}}}}}

Y

,

there is a map OX′ → g∗(OX) To the first we apply f ′∗ to get a map f ′∗OX′ →
f∗(OX). This is a map of OY -algebras, and it is evidently functorial.

In particular, we have defined a contravariant functor

A : schemes over Y → OY -algebras.

We now prove that affine morphisms are uniquely determined by the
functor just defined. This will follow from

Proposition 2.10. Suppose X → Y is an affine morphism. Then for
each Y -scheme X ′, the map

A : HomSchY (X ′, X)→ HomOY −alg(A(X),A(X ′))

is bijective.

Proof. It is necessary to construct an inverse of the map A.
Indeed, let us first consider the case of Y affine, which implies that

X is affine. In this case X = SpecB, Y = SpecA, and there is a ring-
homomorphism A→ B.
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A Y -scheme is the same thing as a scheme T with a homomorphism
A → Γ(T,OT ). Let X,T be Y -schemes with X = SpecB. A map of Y -
schemes T → X is the same thing as a homomorphism B → Γ(T,OT ) which
is compatible with the A-structure, i.e. is a homomorphism of A-algebras.

Now the maps B → Γ(T,OT ) are in a natural bijection with the maps
B̃ → A(T ). Indeed, this is because on the one hand, such a map of
sheaves induces a map of global sections; on the other, B → Γ(T,OT )
yields localized maps Bf → Γ(T,OT )f for f ∈ A, and there is a map
Γ(T,OT )f → Γ(D(f),A(T )).

It thus follows that the map A in the statement is indeed bijective
when Y is affine. When Y is not affine, we can still cover Y by a fam-
ily {Vi} of open affines. The inverse images Ui ⊂ X are open affines, as
are the inverse images Ti in T . Given a map of sheaves A(X) → A(Y ),
we get maps of sheaves A(Ui) → A(Ti), and thus maps Ti → Ui of Y -
schemes (indeed, Vi-schemes). These glue on Ti ∩ Tj because the maps of
sheaves necessarily glue. So for each map of sheaves, we get a uniquely de-
termined morphism of schemes. Indeed, it is easy to see that the map on
sheaves uniquely determines the morphism, so this is indeed an inverse to
A : HomSchY (T,X)→ HomOY (A(T ),A(X)). N

The point of taking the Spec of a sheaf of algebras is to construct a given
scheme, affine over Y , whose A is something specified.

Proposition 2.11. Let Y be a scheme and A a quasi-coherent sheaf of
algebras. Then there is a unique Y -scheme, which we denote SpecA, which
is affine over Y and has A(SpecA) = A.

Proof. Let U ⊂ Y be an open affine subset. We write AU = Γ(U,A);
this is a commutative ring, and A|U is the sheaf associated to the Γ(U,OX)-
module AU . We define XU = SpecAU , which is an ordinary affine scheme.
Moreover, AU is a Γ(U,OX)-algebra, so there is a morphism fU : XU →
U → Y . Note that A(XU )|U is the same thing as the sheaf associated to
AU , i.e. A.

Let U, V be two open affine subsets. Then XU,V = f−1
U (U ∩ V ), XV,U =

f−1
V (U ∩ V are both affine over U ∩ V and have the same A, so they are

isomorphci over U ∩ V . It is also true, for the same reason (the sheaves
are the same), that the cocycle condition holds between XU,V ∩ XU,W →
XV,U∩XV,W → XW,U . So these XU glue to become a Y -scheme X = SpecA,
whose inverse image over U is just XU (if U is an open affine). Thus X is
affine over Y and A(X) = A.

N

3. Quasi-compact and quasi-separated morphisms

3.1. Quasi-compact morphisms. For convenience, we repeat the ba-
sic definition.
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Definition 3.1. A morphism of schemes f : X → Y is quasi-compact
if for each quasi-compact open V ⊂ Y , the inverse image f−1(V ) ⊂ X is
quasi-compact.

A finite union of quasi-compact sets is quasi-compact, and an open affine
is quasi-compact. From this it follows that:

Proposition 3.2. f : X → Y is quasi-compact if and only if for each
open affine V ⊂ Y , the inverse image f−1(V ) can be covered by a finite
number of open affines (i.e., is quasi-compact). This is also true if there
is an open affine cover {Vi} of Y such that the inverse image of each Vi is
covered by finitely many open affines.

Proof. Only the last sentence remains to be seen. Clearly, quasi-
compactness implies the last statement. Suppose conversely the last state-
ment holds. Then f−1(Vi) is covered by finitely many open affines Uj1 , . . . , Ujk
where k = k(i) depends on i. It follows that if D(s) is a basic open subset
of Vi, the inverse image of D(s) is covered by the finitely many open affines
D(s) ∩ Uj1 , . . . , D(s) ∩ Ujk , in particular is quasi-compact.

In particular, we see that there is a basis for the topology of Y consisting
of quasi-compact open sets whose inverse images are quasi-compact. Since
any quasi-compact open subset of Y is a finite union of these basis elements,
its inverse image is quasi-compact. N

As usual, we present the standard list of properties.

Proposition 3.3 (Le sorite for quasi-compact morphisms). (1) A
closed immersion is quasi-compact.

(2) The composite of quasi-compact morphisms is quasi-compact.
(3) Quasi-compactness is preserved under base-change and products.
(4) If f : X → Y, g : Y → Z are morphisms, g is separated, and g ◦ f

is quasi-compact, then f is quasi-compact.
(5) Suppose f : X → Y is such that there is an open cover of Y by
{Vi} such that f−1(Vi)→ Vi is quasi-compact for each i; then f is
quasi-compact.

(6) If f : X → Y and X is noetherian, then f is quasi-compact.

Proof. A closed immersion pulls open affines back to open affines, so
it is evidently quasi-compact, proving (1). Property (2) is equally clear. If
f : X → Y, g : Y → Z are quasi-compact, then for any quasi-compact open
W ⊂ Z, we have g−1(W ) quasi-compact and open, hence (g ◦ f)−1(W ) =
f−1(g−1(W )) quasi-compact.

For (3), it is sufficient as usual to handle the case of f : X → Y being
base-changed to fY ′ : XY ′ → Y ′ for some g : Y ′ → Y base change. Let
y′ ∈ Y ′. We will find an open affine neighborhood V of y′ such that f−1

Y ′ (V )
is quasi-compact. Then fY ′ will be seen to be quasi-compact in view of
Proposition ??.

To do this, consider the image y of y′ in Y . There is an open affine
U containing y. We can find an open affine V neighborhood of y′ with
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g(V ) ⊂ U . Now (fY ′)−1(V ) ⊂ XY ′ is isomorphic to the fibered product
f−1(U)×U V because V, f−1(U) both are mapped into U .

But f−1(U) is covered by finitely many open affines U1, . . . , Uk. Thus
f−1(U) ×U V is covered by the finitely many open affines Ui ×U V , so is
quasi-compact. This means that f−1(U)×U V = f−1

Y ′ (V ) is quasi-compact,
proving the claim.

Property (4) follows by the usual invocation of Proposition 1.9.
For (5), it is sufficient to find a covering of Y by open affines whose

inverse images by f are quasi-compact, thanks to Proposition 3.2. For these,
we can take the quasi-compact open affines contained in one of the Vi.

Property (6) is obvious since any open subset of a noetherian scheme is
quasi-compact. N

As an example, we see that a scheme quasi-compact over a quasi-compact
scheme is quasi-compact. A scheme is quasi-compact over an affine scheme
if and only if it is quasi-compact (as a topological space).

3.2. Quasi-separated morphisms. We now make a variant of the
definition of separatedness which is still enough to prove many interesting
results.

Definition 3.4. A morphism f : X → Y is quasi-separated if the
diagonal morphism ∆X/Y : X → X ×Y X is quasi-compact. A scheme is
quasi-separated if it is quasi-separated over SpecZ.

So, obviously a separated morphism is quasi-separated, because a closed
immersion is quasi-compact. As another example, any morphism of noe-
therian schemes is quasi-separated.

Let’s now go through the standard rigmarole. After this, we will be able
to offer a more intuitive version of the definition.

Proposition 3.5 (Le sorite for quasi-separated morphisms). (1) A
separated morphism (hence any immersion) is quasi-separated.

(2) The composite of quasi-separated morphisms is quasi-separated.
(3) Quasi-compactness is preserved under base-change and products.
(4) If f : X → Y, g : Y → Z are morphisms and g◦f is quasi-separated,

then f is quasi-separated.
(5) Suppose f : X → Y is such that there is an open cover of Y by
{Vi} such that f−1(Vi) → Vi is quasi-separated for each i; then f
is quasi-separated.

(6) If f : X → Y and X is noetherian, then f is quasi-separated.

Proof. We will try to imitate the proofs of separatedness, insofar as
possible. Note that there are some analogies. Separatedness says that the
diagonal map is a closed immersion; quasi-separatedness says that it is quasi-
compact.

For a separated morphism, we have that the diagonal map ∆X/Y is a
closed immersion, which is quasi-compact; this proves (1).
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We now tackle (2). Suppose f : X → Y, g : Y → Z are quasi-separated.
We consider the map, as before

(9) X → X ×Y X → X ×Z Y

obtained from composing the diagonal map with the natural map X×Y X →
X ×Z X whose projections on X are just the projections X ×Y X → X.
By assumption, the first is quasi-separated. For the second, we consider the
pull-back diagram

X ×Y X //

��

Y

��
X ×Z X // Y ×Z Y

where Y → Y ×Z Y is quasi-compact, hence so is X×Y → X ×Z X by
basic properties of quasi-compactness. Hence the composite X → X ×Z X
is quasi-compact.

For (3), it is sufficient to reduce to showing that if X → Y is a quasi-
separated morphism and Y ′ → Y a base-change, then X ×Y Y ′ → Y ′ is
quasi-separated. For any Y -scheme Z, denote ZY ′ := Z ×Y Y ′.

Recall as before that the diagonal Z → Z ×Y Z base-changes to the
diagonal ZY ′ → ZY ′ ×Y ′ ZY ′ . So if the diagonal X → X ×Y X is quasi-
compact, then so is the base-change XY ′ → XY ′ ×Y ′ XY ′ . This proves (3).
(4) follows from (3) by abstract nonsense. (6) is evident since any map out
of a noetherian scheme is quasi-compact.

We are left with (5). On the one hand, it’s evident that if f is quasi-
separated, then f−1(V )→ V is, because this is the base-change of f under
V → Y . Suppose the converse, namely the existence of an open cover as in
the statement. Now write Xi = f−1(Vi). We have Xi ×Vi Xi = Xi ×Y Xi

because the image of Xi is contained in the open set Vi. There are maps
Xi×ViXi → X×Y X, each of which are open immersions thanks to le sorite
for open immersions (Proposition ??). Moreover, it is easy to see that they
are jointly surjective. In fact, if p : X×Y X → Y is the standard morphism,
then we have that Xi ×Vi Xi = p−1(Vi).

So we have an open cover of X ×Y X. The intersection of ∆X/Y (X)
with Xi ×Vi Xi is Consider the diagonal ∆X/Y : X → X ×Y X. If we show
that Xi → Xi×Y Xi is quasi-compact for each i, then the local character of
quasi-compactness will imply that ∆X/Y is quasi-compact. But this follows
from quasi-separatedness of the maps Xi → Vi. N

Finally, we shall now prove the basic characterization of a quasi-separated
scheme.

Proposition 3.6. A scheme is quasi-separated if the intersection of
every two quasi-compact open sets (or even open affines) is quasi-compact.

Proof. Let U, V ⊂ X be open affines. Then U ×Z V ⊂ X ×Z X is
an open affine. Its inverse image under ∆X/SpecZ is U ∩ V . If ∆X/SpecZ is
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quasi-compact, this inverse image is quasi-compact. So for a quasi-separated
scheme, the intersection of any two open affines is quasi-compact. We can
reverse this argument, since any open quasi-compact subset of X ×SpecZ X
is a finite union of sets U ×Z V for U, V ⊂ X open affines. N

Quasi-separatedness is thus a type of control on the open affines. The
intersection of two affines need not be affine (as with a separated morphism),
bu tat least it is covered by a finite number of affines.

3.3. Relations between quasi-compact and quasi-separated mor-
phisms. We start by refining one of the parts of the sorite for quasi-compact
morphisms by prefixing “separated” with “quasi-.” Anyway, here’s the state-
ment.

Proposition 3.7. Suppose f : X → Y, g : Y → Z are morphisms of
schemes. Suppose g is quasi-separated and g ◦ f is quasi-compact. Then f
is quasi-separated.

Proof. As usual, we factor

f : X → X ×Z Y → Y ;

here X → X×ZY is a graph morphism, and X×ZY → Y is a base-change of
X → Z and is consequently quasi-compact. I claim that the graph morphism
is also quasi-compact. But it is a base-change of Y → Y ×Z Y , which is
quasi-compact by assumption.

Now the fact that quasi-compactness is preserved under composition
completes the proof. N

A morphism from a quasi-compact scheme to a quasi-separated scheme
is quasi-compact.

Proposition 3.8. Suppose f : X → Y is a morphism of schemes, X is
quasi-compact, and Y is quasi-separated. Then f is quasi-compact.

Proof. Indeed, we apply the previous result to X → Y → SpecZ. The
composite is quasi-compact and the second map is quasi-separated. Hence
the first map is quasi-compact. N

Finally, we include a key result, stating that quasi-compactness and
quasi-separatedness implies that pushing forward preserves quasi-coherence.
The proof has essentially already been given, though.

Proposition 3.9. Let f : X → Y be a morphism, where X is quasi-
compact and quasi-separated. Then if F is quasi-coherent on X, f∗F is
quasi-coherent on Y .

Proof. This follows from Proposition ??, since the intersection of any
two quasi-compacts on X is quasi-compact thanks to Proposition 3.6. N
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3.4. Extensions of sheaves. Somewhat interestingly, we can extend
quasi-coherent sheaves on an open subset of a scheme to quasi-coherent
sheaves on the whole space. This follows because the direct image of a
quasi-coherent sheaf is quasi-coherent under reasonable assumptions (Propo-
sition 3.6). Much more interestingly, we can make the extension of finite type
if the original sheaf is of finite type. In particular, in the noetherian case,
we can make the extension not only quasi-coherent, but also coherent.

Theorem 3.10. Let X be a quasi-separated, quasi-compact scheme, U
an open set such that the inclusion U → X is quasi-compact.4 Suppose F is
a quasi-coherent sheaf on U of finite type.

Let G ∈Mod(OX) be quasi-coherent with an inclusion F → G|U . Then
there is a quasi-coherent subsheaf G′ of G of finite type such that G′|U ' F
(under the map F → G|U ).

Proof. This is a somewhat involved proof; we divide it into several
steps.

First, suppose X affine.

Lemma 3.11. If X is affine, then the theorem is valid.

Proof. Indeed, we consider the subsheaf K of G whose sections over
open sets V consist of sections of G(V ) whose restrictions to G(U ∩ V ) lie
in the image of F(U ∩ V ). Evidently K|U = F . We will show that K is
quasi-coherent.

There is another way to think of this sheaf. Let j : U → X denote the
inclusion. Note that push-forward by j preserves quasi-coherence since X is
quasi-separated and quasi-compact.

Consider the sheaf H = j∗(j−1(G)) on X. Note that this is isomorphic
to j∗(j∗G)) since j is an open immersion, so H is quasi-coherent. A section
of H over an open set V , by definition, is a section of G over U ∩V . There is
thus a morphism G → H (which is also defined naturally via adjunctions).
Similarly, there is a quasi-coherent sheaf H′ = j∗(F) on X. There is a
diagram

H′

��
K // G // H

.

Here K as defined in the first paragraph is the inverse image in G of the
image Im(H′ → H), by construction. Thus, K is a quasi-coherent subsheaf
of G.

We would now be done if K were of finite type. This, however, is not nec-
essarily the case. Nevertheless, on an affine scheme, any quasi-coherent sheaf
is the direct limit of its quasi-coherent subsheaves of finite type. Indeed, any

4I.e., for each quasi-compact V ⊂ X, V ∩ U is quasi-compact. All hypotheses are
immediate when X is noetherian.
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quasi-coherent sheaf on SpecA corresponds to an A-module M ; it is of finite
type if M is finitely generated. But every A-module is the direct limit of its
finitely generated submodules, which correspond to quasi-coherent sheaves
of finite type.5

So there is a directed system of quasi-coherent subsheaves of finite type
Kλ ⊂ K whose restrictions to U are subsheaves of F . However, U is quasi-
compact, and F is the inductive limit (“union,” in this case) of the sheaves
Kλ|U . Since F is of finite type, it follows by Proposition 2.5 that there is λ
with Kλ|U → F surjective, hence an isomorphism. Taking this Kλ completes
the proof. N

Now we return to the general case U → X. We need to extend the sheaf
F bit by bit; we will do this inductively. Assume the hypotheses of the
theorem, including the data F ,G.

Pick a finite open affine cover Vi, 1 ≤ i ≤ n of X. Piece by piece, we will
extend F .

We already have the sheaf F on U . For j ∈ [1, n + 1], we will define a
subsheaf of G, called Hj , on Uj = U ∪

⋃
i<j Vi, which is quasi-coherent and

of finite type and satisfies Hj |U = F . For j = 1, we can take H1 = F . In
the end, we shall set H = Hn+1.

Assume we have Hj on Uj . Now Hj |Uj∩Vj is quasi-coherent and of finite
type. In addition, Uj is quasi-compact (as the finite union of quasi-compact
sets), and Vj is affine, so Uj ∩ Vj is quasi-compact by quasi-separatedness.
In particular, the inclusion Uj ∩ Vj → Vj satisfies the conditions of the
theorem with Vj affine. Thus, by the lemma, there is a quasi-coherent
finite-type subsheaf of G|Vj which restricts to Hj |Uj∩Vj . If we piece this with
Hj (allowable by the restriction condition), we get a quasi-coherent, finite
type subsheaf of G|Uj∪Vj = G|Uj+1 . Proceeding inductively, we can finally
get Hn+1 = G′. N

Corollary 3.12. If F is a quasi-coherent sheaf of finite type on the
open subset U of the quasi-compact, quasi-separated scheme X, then there
is a quasi-coherent sheaf H of finite type on X with H|U = F . In particular,
if X is noetherian and F coherent, we can take H coherent.

Proof. Indeed, this follows from the previous theorem with G = j∗(F).
N

Corollary 3.13. Let F be a quasi-coherent sheaf on the quasi-compact,
quasi-separated scheme X. Then F is the inductive limit of its quasi-
coherent subsheaves of finite type.

Proof. Let this inductive limit be F ′; there is an inclusion F ′ → F .
Let U ⊂ X be an open affine. We will show that F ′|U = F|U ; since U
was an arbitrary open affine, this will imply the result. But F|U is the
inductive limit of its finite type quasi-coherent subsheaves since U is affine.

5I should add something about direct limits of sheaves FIX.
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In particular, given a section s of F over some open subset, we can find a
finite type, quasi-coherent subsheaf H ⊂ F|U which contains this section.
But we can extend H to a finite type, quasi-coherent subsheaf of F by the
previous lemma; this contains s by construction. So F ′|U = F|U , proving
the result. N

4. Global finiteness conditions

We now couple the earlier finiteness conditions with topological restric-
tions.

4.1. Morphisms of finite type. The notion of finite type is a much
stronger size restriction on a morphism. For instance, a scheme of finite
type over a noetherian scheme is noetherian. In classical algebraic geometry,
one works with schemes of finite type over a field, which are automatically
noetherian.

Definition 4.1. A morphism f : X → Y is of finite type if it is locally
of finite type and quasi-compact.

In particular, a morphism is of finite type if and only if for each affine
U ⊂ Y, U = SpecA, we can cover f−1(U) can be covered by finitely many
affines SpecBi, where each Bi is a finitely generated A-algebra. This is easily
seen to be equivalent, and is the definition in Hartshorne.

We quickly jump through the sorite.

Proposition 4.2 (Le sorite for morphisms locally of finite type). (1)
A quasi-compact immersion is of finite type.

(2) The composite of morphisms of finite type is of finite type.
(3) Base change preserves the property of being finite type.
(4) If f : X → Y, f ′ : X ′ → Y ′ are morphisms of S-schemes of finite

type, then f ×S f ′ : X ×S X ′ → Y ×S Y ′ is f finite type.
(5) If f : X → Y, g : Y → Z satisfy g ◦ f is of finite type and g is

quasi-separated (or X is noetherian), then f is of finite type.

Proof. In all these cases, it is immediate (from le sorite for locally of
finite type morphisms) that the claimed morphism is locally of finite type.
Quasi-compactness follows from le sorite for quasi-compact morphisms in
each case. For the last item, we use REF to conclude quasi-compactness of
f . N

4.2. Morphisms of finite presentation.

4.3. Constructible sets and the Chevalley theorem. Let X be a
noetherian topological space.

Definition 4.3. A subset T ⊂ X is constructible if it is a finite union
of locally closed subsets.
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The complement of a locally closed subset U ∩F for U open, F closed, is
the union of U c∪F c, which is hence constructible. It follows more generally
that (in view of de Morgan’s laws) that constructible sets are closed under
boolean operations (i.e., finite intersection, union, complementation). In
particular, they form a boolean algebra.

Proposition 4.4. The boolean algebra of constructible sets is the small-
est boolean algebra containing the open sets.

Proof. Indeed, any boolean algebra containing the open sets must con-
tain the closed ones, hence the locally closed ones (which are intersections
of open and closed sets). Thus they must contain the constructible sets. N

The reason constructible sets are so important is the following theorem,
which we state:

Theorem 4.5 (Chevalley). Let f : X → Y be a morphism of finite
presentation. Then if C ⊂ X is constructible, then f(C) is constructible.

We shall prove this theorem in the special case of Y noetherian.6

Proof. The proof is basically making about thirty thousand reductions
to a statement of commutative algebra.

Suppose X,Y noetherian, and f of finite type. We shall prove that the
result is true by noetherian induction.

First of all, we can reduce to the case of X,Y affine. In fact, given a
subset D of a noetherian topological space Z and a finite open cover {Ui}
of X, then D is constructible in Z if and only if D∩Ui is constructible in Ui
for each Ui. So since Y is quasi-compact, we can assume that Y is affine (by
replacing f with the morphisms f−1(Vi)→ Vi for Vi an open affine cover of
Y ).

Next, we can reduce to the case of X affine. Indeed, we have a finite
open affine cover Ui of X. Then each C ∩ Ui is constructible as a subset
of Ui, and f(C) =

⋃
f(C ∩ Ui). So if we can show that the image of a

constructible set from Ui → Y is constructible, then the result is true for
X → Y .

So we are reduced to proving:

Lemma 4.6. Suppose f : X → Y is a morphism of finite type of noe-
therian affine schemes. Then if C ⊂ X is constructible, so is f(X).

Proof of the lemma. First, we can reduce to the case of C = X. In
fact, there is an open subset U ⊂ X such that C is closed in U . There is a
finite open affine cover {Ui} of U ; then C =

⋃
C ∩ Ui. Moreover, C ∩ Ui is

closed in Ui for each i because Ui ⊂ U . So each C ∩ Ui is actually an affine
scheme and the morphism C ∩Ui → Y is of finite type (as the composite of
a quasi-compact immersion and X → Y ). If we show that each f(C ∩ Ui)

6Maybe later I’ll add the general case.
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is constructible, then we will have proved that f(C) is constructible. So we
are reduced to the case where C = X.

We make two more reductions. First, we can assume that Y is irre-
ducible, because Y is a finite union of irreducible closed (and affine) sub-
sets; these have pre-images in X which are closed and affine. A set in X or
Y is constructible if and only if the intersections with each of these sets is
constructible. So we can assume Y , and similarly X, is affine. Moreover,
we can assume that X,Y are reduced.

In particular, we must prove the following statement:

If B is a finitely generated integral domain over a noether-
ian domain A, then the image of f : SpecB → SpecA is
constructible.

Write X = SpecA.
Let us call this image C. By REF, we have to prove the following.

Suppose Z is an irreducible closed subset of SpecA. Then the intersection
of Z ∩ C is either contained in a proper closed subset of Z or contains an
open subset of Z. Suppose this intersection is dense. Then we can replace
X = SpecA by Z and SpecB by the inverse image f−1(Z) of Z; these are
both affine schemes with the reduced induced structure. We need to show
that f(SpecB) contains an open subset of X.

We make one, last, reduction. SpecB is no longer necessarily irreducible,
but it is reduced; also, f(SpecB) is dense in X, i.e. SpecB = X. Now SpecB
can be written as the union of irreducible closed sets Wi, and f(SpecB) =⋃
f(Wi). So one of the f(Wi) is dense in X. But this Wi is the spectrum of

a finitely generated domain over A. So if we show that f(Wi) contains an
open s buset of X, we will be done.

So it is enough to prove that if B is a domain and a finitely generated
algebra over the noetherian domain A, and the image of SpecB → SpecA is
dense, it then contains an open subset of SpecA. Note that the hypotheses
imply that A→ B is injective, in view of Proposition 1.10.

In particular, we have to prove that if A→ B is an injective inclusion of
noetherian domains and B/A is finitely generated, then the image of SpecB
in SpecA contains an open subset. This result will follow directly from the
next result. N

Proposition 4.7. Let A be a noetherian integral domain, B a finitely
generated A-algebra. Suppose A→ B is injective. Then there is a ∈ A such
that every morphism φ : A→ K for K an algebraically closed field satisfying
φ(a) 6= 0 can be extended to a homomorphism B → K.

In particular, suppose p is a prime not containing a ∈ A. Then the map
A → A/p does not annihilate a, so it can be extended to B. Thus p is in
the image of SpecB, so this image contains the basic open set D(a).
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Proof. We shall follow [13] in the proof. Let b1, . . . , bk generate B/A.
A subset, say b1, . . . , bl, of these are algebraically independent over the quo-
tient field of A, while the rest of these (bl+1, . . . , bm) are algebraic. For each
j > l, there is a polynomial equation

(10) P0.j(b1, . . . , bl)bnj + P1,j(b1, . . . , bl)bn−1
j + · · ·+ Pn,j(b1, . . . , bl) = 0,

where the polynomials Pi,j are polynomials in variables X1, . . . , Xl (alge-
braically independent) b1, . . . , bl.

Choose constants cj ∈ A that occur as coefficients in P0,j for each l+1 ≤
j ≤ n. Then, set a =

∏
cj . I claim that this a works. Indeed, fix a

homomorphism φ : A → K for K algebraically closed that does not kill a.
Then the images φ(P0,j) ∈ K[X1, . . . , Xn] do not vanish. In particular, we
can choose values w1, . . . , wn ∈ K such φ(P0,j)(w1, . . . , wn) 6= 0 for each j.
In particular, P =

∏
P0,j doesn’t vanish on the wj .

Now we are going to extend A → K to A[b1, . . . , bl] by sending the
algebraically independent elements bj , 1 ≤ j ≤ l to wj . This was the easy
part, since the images of the bi can be chosen arbitrarily. Call this extension
φ′. One way to recast all this talk above is to say that P (b1, . . . , bl) ∈
A[b1, . . . , bl] is not annihilated by the homomorphism φ′ into K.

As a result, consider the localizationA[b1, . . . , bl]P (b1,...,bl). Since P (b1, . . . , bl)
is not killed by φ′, the homomorphism φ′ extends to a map

φ′ : A[b1, . . . , bl]P (b1,...,bl) → K.

However, the equations (10) show that B is integral over the localized ring
A[b1, . . . , bl]P (b1,...,bl). So, in view of the classical lying over theorem in com-
mutative algebra, the map φ′ : A[b1, . . . , bl]P (b1,...,bl) → K can be extended to
B and such that the image still lies in K (since it is algebraically closed). N

The proof of the Chevalley theorem is now complete.
N
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Projective space

1. The Proj of a ring

We now give another important example of a scheme.

1.1. Review of graded rings. We shall now review a few facts from
commutative algebra; for more details, cf. [2].

Definition 1.1. A graded ring R is a ring with a decomposition (as
abelian groups)

R = R0 ⊕R1 ⊕ . . .
such that RmRn ⊂ Rm+n for all m,n ∈ Z≥0, and where R0 is a subring. A
Z-graded ring is one where the decomposition is into

⊕
n∈ZRn. In either

case, the elements of the subgroup Rn are called homogeneous of degree
n.

Let M be an R-module. Then M is called a graded S-module if there
is a decomposition

M =
⊕
k∈Z

Mk

as abelian groups, such that RmMn ⊂Mm+n for all m ∈ Z≥0, n ∈ Z.

Since we shall focus on positively graded rings, we shall simply call them
graded rings; when we do have to consider rings with possibly negative
gradings, we shall highlight this explicitly. Note however that we allow
modules with negative gradings freely. In fact, given a graded module M ,
we define the twists M(n) as the same S-module but with the grading

M(n)k = Mn+k.

Example. The polynomial ring A[x1, . . . , xn] is graded by the total de-
gree. The homogeneous elements of degree n are the homogeneous polyno-
mials of degree n.

Example. If R is a graded ring, then R is a graded module over itself.

Definition 1.2. Fix a graded ring R. Let M be a graded R-module
and N an R-submodule. Then N is called a graded submodule if the
homogeneous components of anything in N are in N . If M = R, then a
graded ideal is also called a homogeneous ideal.

Lemma 1.3. (1) The sum of two graded submodules (in particular,
homogeneous ideals) is graded.

127
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(2) The intersection of two graded submodules is graded.

Proof. Immediate. N

If N ⊂M is a graded submodule, then M/N can be made into a graded
module, namely via the isomorphism of abelian groups

M/N '
∑
k∈Z

Mk/Nk.

Also, if a, b are homogeneous ideals, then so is ab. Justification: if we have
resolutions into homogeneous components a =

⊕
ai, b =

⊕
bi, then

ab =
∑
i+j=k

aibj .

We now prove a result about homogeneous prime ideals specifically.

Lemma 1.4. Let p ⊂ R be a homogeneous ideal. In order that p be prime,
it is necessary and sufficient that whenever x, y are homogeneous elements
such that xy ∈ p, then at least one of x, y ∈ p.

Proof. Necessity is immediate. For sufficiency, suppose a, b ∈ R and
ab ∈ p. We must prove that one of these is in p. Write

a = a0 + a1 + · · ·+ ak, b = b0 + · · ·+ bm

as a decomposition into homogeneous components, where ak, bm are nonzero.
We will prove that one of a, b ∈ p by induction on m+ n. When this is

zero, then it is just the condition of the lemma. Suppose it true for smaller
values of m+n. Then ab has highest homogeneous component akbm, which
must be in p by homogeneity. Thus one of ak, bm belongs to p. Say for
definiteness it is ak. Then we have that

(a− ak)b ≡ ab ≡ 0 mod p

so that (a− ak)b ∈ p. But the resolutions of a− ak, b have a smaller m+ n-
value. By the inductive hypothesis, it follows that one of these is in p, and
since ak ∈ p, we find that one of a, b ∈ p. N

1.2. Finiteness conditions. There are various finiteness conditions
that we often want to impose on projective schemes, so it is necessary to
review their counterparts for graded rings.

For a graded ring R, write R+ = R1 ⊕ R2 ⊕ . . . . Clearly R+ ⊂ R is a
homogeneous ideal.

Proposition 1.5. Suppose R = R0 ⊕ R1 ⊕ . . . is a graded ring. Then
if a subset of R+ generates R+ as R-ideal, it generates R as R0-algebra.

The converse is clear. Indeed, if S ⊂ R+ generates R as an R0-algebra,
clearly it generates R+ as an R-ideal.
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Proof. Let T ⊂ R be the R0-algebra generated by S. We shall show
inductively that Rn ⊂ T . This is true for n = 0. Suppose n > 0 and the
assertion true for smaller n. Then, we have

Rn = RS ∩Rn by assumption

= (R0 ⊕R1 ⊕ . . . Rn−1)(S) ∩Rn because S bumps the deg

⊂ (R0[S])(S) ∩Rn by inductive hypothesis

⊂ R0(S).

N

Corollary 1.6. R is noetherian if and only if R0 is noetherian and R
is finitely generated as R0-algebra.

Proof. One direction is clear by Hilbert’s basis theorem. For the other,
suppose R noetherian. Then R0 is noetherian because any sequence I1 ⊂
I2 ⊂ . . . of ideals of R0 leads to a sequence of ideals I1R ⊂ I2R ⊂ . . . , and
since these stabilize, the original I1 ⊂ I2 ⊂ . . . must stabilize too. Since
R+ is a finitely generated R-ideal, it follows that R is a finitely generated
R0-algebra too. N

The basic condition we will often need is that R is finitely generated as
an R0-algebra. We may also want to have that R is generated by R1, quite
frequently—this will imply a bunch of useful things about certain sheaves
being invertible. However, sometimes we have the first condition and not
the second. Then the next idea comes in handy.

Definition 1.7. Let R be a graded ring and d ∈ N. We set R(d) =⊕
k∈Z≥0

Rkd. If M is a graded R-module and l ∈ {0, 1, . . . , d− 1}, we write

M (d,l) =
⊕

k≡lmoddMk. Then M (d,l) is an R(d)-module.

One of the implications of the next few results is that, by replacing R
with R(d), we can make the condition “generated by terms of degree 1”
happen. But first, we show that basic finiteness is preserved if we filter out
some of the terms.

Proposition 1.8. Let R be a graded ring and a finitely generated R0-
algebra. Let M be a finitely generated R-module.

(1) Each Mi is finitely generated over R0, and the Mi become zero when
i� 0.

(2) M (d,l) is a finitely generated R(d) module for each d, l. In particular,
M itself is a finitely generated R(d)-module.

(3) R(d) is a finitely generated R0-algebra.

Proof. Choose homogeneous generators m1, . . . ,mk ∈M . Then every
nonzero element of M has degree at least min(degmi). This proves the last
part of (1). Moreover, let r1, . . . , rp be generators of R over R0. We can
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assume that these are homogeneous with positive degrees d1, . . . , dp > 0.
Then the space Mi is spanned as an R0-module by the elements

ra1
1 . . . r

ap
p ms

where
∑
ajdj + degms = i. Since the dj > 0 and there are only finitely

many ms’s, there are only finitely many such elements. This proves the rest
of (1).

To prove (2), note first that it is sufficient to show that M is finitely
generated over R(d), because the M (d,l) are R(d)-homomorphic images. Now
M is generated as R0-module by the ra1

1 . . . r
ap
p ms for a1, . . . , ap ≥ 0 and

s = 1, . . . , k. In particular, by the euclidean algorithm in elementary number
theory, it follows that the ra1

1 . . . r
ap
p ms for a1, . . . , ap ∈ [0, d − 1] and s =

1, . . . , k generate M over R(d), as each power rdi ∈ R(d).
When we apply (2) to the finitely generated R-module R+, it follows

that R(d)
+ is a finitely generated R(d)-module. This implies that R(d) is a

finitely generated R0-algebra by Proposition ??. N

In particular, R is integral over R(d). This can easily be seen directly.
The dth power of a homogeneous element lies in R(d).

Remark. Part (3), the preservation of the basic finiteness condition,
could also be proved as follows (with S = R(d)).

Lemma 1.9. Suppose R0 ⊂ S ⊂ R is an inclusion of rings. Suppose R
is a finitely generated R0-algebra and R/S is an integral extension. Then S
is a finitely generated R0-algebra.

Proof. Indeed, let r1, . . . , rm be generators of R/S. Each satisfies an
integral equation rnkk + Pk(rk) = 0, where Pk ∈ S[X] has degree less than
nk. Let S′ ⊂ S be the subring generated over R0 by the coefficients of all
these polynomials Pi. Then R is, by definition, integral over S′; so is S, as a
result. But S′ is a finitely generated R0-algebra and S is a finitely generated
S′-module. Therefore, S is a finitely generated R0-algebra. N

This result implies, incidentally, that if a finite group acts on a polyno-
mial ring R[X1, . . . , Xn], the ring of invariants is finitely generated.

We next show that we can have R(d) generated by terms of degree d (i.e.
“degree 1” if we rescale) for d chosen large.

Lemma 1.10. Hypotheses as above, there is a pair (d, n0) such that

RdMn = Mn+d

for n ≥ n0.

Proof. Indeed, select generators m1, . . . ,mk ∈ M and r1, . . . , rp ∈ R
as in the above proof; use the same notation for their degrees. Let d be the
least common multiple of the dj . Consider the family of elements

si = r
d/di
i ∈ Rd.
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Then suppose m ∈ Mn for n > ld + sup degmi. We have that m is a sum
of products of powers of ri and the mi, each term of which we can assume
is of degree n. In this case, since at least one of the ri must occur to power
≥ d

di
, we can write each term in the sum as si times something in Mn−d.

In particular,
Mn = SdMn−d.

N

Proposition 1.11. Suppose R is a graded ring and finitely generated
R0-algebra. Then there is d ∈ N such that R(d) is generated over R0 by Rd.

Proof. Suppose d′ is as in the previous lemma (replacing d, which we
reserve for something else), and choose n0 accordingly. Let d be a multiple
of d′ which is greater than n0.

Then we have RdRn = Rd+n if n ≥ d since d is a multiple of d′. In
particular, it follows that Rnd = (Rd)n for each n ∈ N, which implies the
statement of the proposition. N

As we will see below, taking R(d) does not affect the Proj, so this is
useful.

We next show that taking the R(d) always preserves noetherianness.

Proposition 1.12. If R is noetherian, then so is R(d) for any d > 0.

Proof. If R is noetherian, then R0 is noetherian and R a finitely gen-
erated R0-algebra. The previous result, Proposition , now implies that R(d)

is also a finitely generated R0-algebra, so it is noetherian. N

The converse is also true, since R is a finitely generated R(d)-module.

1.3. Localization of graded rings. Next, we include a few topics that
we shall invoke later on. First, we discuss the interaction of homogeneity
and localization.

If S ⊂ R is a multiplicative subset of a graded (or Z-graded) ring R
consisting of homogeneous elements, then S−1R is a Z-graded ring. We
write R(S) for the subring of elements of degree zero; there is thus a map
R0 → R(S). If S consists of the powers of a homogeneous element f , we
write R(f) for RS .

We shall show that R(f) is a special case of something familiar.

Proposition 1.13. Suppose f is of degree d. Then R(f) ' R(d)/(f −1).

Proof. The homomorphism R(d) → R(f) is defined to map g ∈ Rkd
to g/fd ∈ R(f). This is then extended by additivity to non-homogeneous
elements. It is clear that this is multiplicative, and that the ideal (f − 1) is
annihilated by the homomorphism. Moreover, this is surjective.

We shall now define an inverse map. Let x/fn ∈ R(f); then x must be a
homogeneous element of degree divisible by d. We map this to the residue
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class of x in R(d)/(f − 1). This is well-defined; if x/fn = y/fm, then there
is N with

fN (xfm − yfn) = 0,

so upon reduction (note that f gets reduced to 1!), we find that the residue
classes of x, y are the same, so the images are the same.

Clearly this defines an inverse to our map.
N

Corollary 1.14. Suppose R is a graded noetherian ring. Then each of
the R(f) is noetherian.

Proof. This follows from the previous result and the fact that R(d) is
noetherian (Proposition 1.12). Alternatively, we could use the fact that R(f)

is the subring of degree zero in a (necessarily noetherian) normal localization
of R, hence is noetherian. N

More generally, we can define the localization procedure for graded mod-
ules.

Definition 1.15. Let M be a graded R-module and S ⊂ R a multi-
plicative subset consisting of homogeneous elements. Then we define M(S)

as the submodule of the graded module S−1M consisting of elements of de-
gree zero. When S consists of the powers of a homogeneous element f ∈ R,
we write M(f) instead of M(S).

Then clearly M(S) is a R(S)-module. This is evidently a functor from
graded R-modules to R(S)-modules.

We next observe that there is a generalization of Proposition 1.13.

Proposition 1.16. Suppose M is a graded R-module, f ∈ R homoge-
neous of degree d. Then we have an isomorphism

M(f) 'M (d)/(f − 1)M (d)

of R(d)-modules.

Proof. This is proved in the same way as Proposition 1.13. Alter-
natively, both are right-exact functors that commute with arbitrary direct
sums and coincide on R, so must be naturally isomorphic by a well-known
bit of abstract nonsense.1 N

In particular:

Corollary 1.17. Suppose M is a graded R-module, f ∈ R homogeneous
of degree 1. Then we have

M(f) 'M/(f − 1)M 'M ⊗R R/(f − 1).

1Citation needed.
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1.4. Definition. Let R = R0 ⊕R1 ⊕ . . . be a graded ring.

Definition 1.18. Let ProjR denote the set of homogeneous prime ideals
of R that do not contain the irrelevant ideal R+.2

We can put a topology on ProjR by setting, for a homogeneous ideal b,

V (b) = {p ∈ ProjR : p ⊃ b}
. These sets satisfy

(1) V (
∑

bi) =
⋂
V (bi).

(2) V (ab) = V (a) ∪ V (b).
(3) V (rada) = V (a).

Note incidentally that we would not get any more closed sets if we allowed
all ideals b, since to any b we can consider its “homogenization.” We could
even allow all sets.

In particular, the V ’s do in fact yield a topology on ProjR (setting the
open sets to be complements of the V ’s). As with the affine case, we can
define basic open sets. For f homogeneous of positive degree, define D′(f)
to be the collection of homogeneous ideals (not containing R+) that do not
contain f ; clearly these are open sets.

Let a be a homogeneous ideal. Then I claim that:

Lemma 1.19.
V (a) = V (a ∩R+).

Proof. Indeed, suppose p is a homogeneous element such that a ho-
mogeneous element of positive degree in a belongs to p. We will show that
a ⊂ p.

Choose a ∈ a ∩ R0. It is sufficient to show that any such a belongs to
p since we are working with homogeneous ideals. Let f be a homogeneous
element of positive degree that is not in p. Then af ∈ a ∩ R+, so af ∈ p.
But f /∈ p, so a ∈ p. N

Thus, when constructing these closed sets V (a), it suffices to work with
ideals contained in the irrelevant ideal. In fact, we could take a in any
prescribed power of the irrelevant ideal.

Proposition 1.20. We have D′(f) ∩D′(g) = D′(fg). Also, the D′(f)
form a basis for the topology on ProjR.

Proof. The first part is evident, by the definition of a prime ideal. We
prove the second. Note that V (a) is the intersection of the V ((f)) for the
homogeneous f ∈ a ∩ R+. Thus ProjR − V (a) is the union of these D′(f).
So every open set is a union of sets of the form D′(f). N

We shall now show that the topology is actually rather familiar from the
affine case, which is not surprising, since the definition is similar.

2Recall that an ideal a ⊂ R for R graded is homogeneous if the homogeneous compo-
nents of a belong to a.
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Proposition 1.21. D′(f) is homeomorphic to SpecR(f) under the map

p→ pRf ∩R(f)

sending homogeneous prime ideals of R not containing f into primes of R(f).

Proof. Indeed, let p be a homogeneous prime ideal of R not containing
f . Consider φ(p) = pRf ∩ R(f) as above. This is a prime ideal, since pRf
is a prime ideal in Rf by basic properties of localization, and R(f) ⊂ Rf is
a subring. (It cannot contain the identity, because that would imply that a
power of f lay in p.)

So we have defined a map φ : D′(f) → SpecR(f). We can define its
inverse ψ as follows. Given q ⊂ R(f) prime, we define a prime ideal p = ψ(q)
of R by saying that a homogeneous element x ∈ R belongs to p if and only
if xdeg f/fdeg x ∈ q. It is easy to see that this is indeed an ideal, and that it
is prime by Proposition 1.4.

Furthermore, it is clear that φ ◦ ψ and ψ ◦ φ are the identity. This is
because x ∈ p for p ∈ D′(f) if and only if fnx ∈ p for some n.

We next need to check that these are continuous, hence homeomor-
phisms. If a ⊂ R is a homogeneous ideal, then V (a) ∩D′(f) is mapped to
V (aRf ∩R(f)) ⊂ SpecR(f), and vice versa. N

We shall now make ProjR into a locally ringed space. More generally,
given a graded R-module M , we define a sheaf (of abelian groups) M̃ on
ProjM ; applying this to M = R itself will yield the structure sheaf.

To do this, fix a graded R-module M and consider the sheaf M̃(f) on
SpecR(f). This is the sheaf associated to the R(f)-module M(f), which we
recall is the submodule of Mf consisting of elements of degree zero. This
yields a sheaf on D′(f) ⊂ ProjR, which is homeomorphic to SpecR(f). It
is easy to see that these sheaves glue and form a sheaf M̃ on ProjR. In
fact, a section of M̃ over an open set U ⊂ ProjR assigns to each p ∈ U an
element of the degree zero localization M(p). Moreover, locally (say in some
neigborhood V ) a section has to be of the form m/s for m, s homogeneous
elements of M,R, respectively, and s not lying in any prime ideal of V . This
gives the description of sections and shows that M̃ is indeed a well-defined
sheaf.

Note that the stalk of M̃ at a homogeneous prime p ⊂ R is the homo-
geneous localization M(p).

Another way to see this, incidentally, is that the restriction of the sheaf
M̃(f) to D′(fg) ⊂ D′(f) is the same thing as the sheaf M̃(fg) on SpecR(fg).
When M is an R-algebra, then M̃ is a sheaf of rings; in particular, R̃ is a
sheaf on ProjR.

Definition 1.22. We regard X = ProjR is a ringed space with the sheaf
of rings R̃ = OX .
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This is in fact a locally ringed space, because the stalk Op is just R(p),
which is a local ring.3

It is now easy to see that if M is a graded R-module, then M̃ is a sheaf
of OX -modules. It is in fact quasi-coherent, because it is quasi-coherent on
the basic open sets D′(f) ' SpecR(f).

Proposition 1.23. ProjR is a scheme.

Proof. Indeed, the previous discussion has shown that the basic open
sets D′(f) are each isomorphic as locally ringed spaces to SpecR(f), which
are affine schemes. N

Proposition 1.24. Suppose R is a graded ring. Then ProjR is a sepa-
rated scheme.

Proof. We have a cover of ProjR by open affine sets D′(f). The in-
tersections D′(f)∩D′(g) = D′(fg) are themselves open affines. So to check
that ProjR is separated, it suffices by Proposition 1.7 to show that the map

Γ(D′(f),OX)⊗Z Γ(D′(g),OX)→ Γ(D′(fg),OX)

is surjective for any f, g. In other words, the images of R(f), R(g) in R(fg)

generate the full ring R(fg). This, however, is easy to see. Let x/(fg)m be
an element of R(fg), where x is a homogeneous element in R.

First, recall how the homomorphisms R(f) → R(fg), R(g) → R(fg) are de-
fined. For definiteness, consider the first. The map sends y/fm to ygm/(fg)m ∈
R(fg).

Let deg f = a,deg g = b. We have:

x

(fg)m
=
(

x

(fg)m

(
f b

ga

)m)(
ga

f b

)m
.

The first product lies in the image of R(g). The second term lies in the image
of R(f). This completes the proof. N

2. Sheaves on ProjR

We have shown that a graded R-module M yields a quasi-coherent sheaf
M̃ on X = ProjR. Several questions arise:

(1) How does the tensor product M ⊗R N or hom HomR(M,N) of R-
modules match the sheaf tensor product M̃⊗OX Ñ or homHomOX (M̃, Ñ)?

(2) Do all quasi-coherent sheaves arise in this way?
(3) When are two sheaves M̃, Ñ isomorphic?

We shall now attempt to answer these questions, and shall obtain other
results as well. One common theme is that having R generated by elements
of degree one is highly useful. This is one reason that the d-uple embeddings
R(d) ⊂ R can be so useful.

3Indeed, the unique maximal ideal is generated by p.
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2.1. The tensor product and sheaf hom. Let R be a graded ring,
f a homogeneous element, and M,N graded R-modules. Then M ⊗R N is
a graded R-module. Indeed, M ⊗R N can be regarded as the quotient of
M ⊗Z N (which is a graded group) by the graded subgroup generated by
{sm⊗n−m⊗sn} for m,n, s homogeneous. As a result, we can consider the
homogeneous localizations (M ⊗RN)(f), just as we can consider M(f), N(f).

There is a map M(f) × N(f) → (M ⊗R N)(f) defined in the obvious
manner: m/fa×n/f b → (m⊗n)/fa+b. It is R(f)-bilinear, so it follows that
there is a natural map

(11) M(f) ⊗R(f)
N(f) → (M ⊗R N)(f).

These maps induce a map, functorial in M,N ,

(12) M̃ ⊗OX Ñ → M̃ ⊗R N.

Proposition 2.1. Suppose R is generated by R1 as an R0-algebra. Then
the natural map of (12) is an isomorphism.

Proof. Indeed, to see this, we shall show that the maps of (11) are
isomorphisms when f has degree one.

But indeed, when f has degree one, then the functor M → M(f) is the
same as tensoring with R/(f −1) ' R(f) by Proposition 1.16. Moreover, we
have that

(M ⊗R R(f))⊗R(f)
(N ⊗R R(f)) ' (M ⊗R N)⊗R R(f)

by elementary algebra. This isomorphism gives the inverse to the natural
map of (11). N

Next, we interpret the Hom functor. Let M,N be R-modules. Recall
that a homomorphism of R-modules M → N is said to be of degree k or
homogeneous if it sends Mn → Nn+k.

Proposition 2.2. If M is finitely presented, HomR(M,N) is graded
in the above fashion. In other words, each homomorphism of R-modules
M → N is a sum of homomorphisms of various degrees.

Proof. Fix N . Consider the following two functors F1, F2 from the
category of graded R-modules to the category of abelian groups. F1(M) is
defined to be HomR(M,N). F2(M) is defined to be the direct sum over
k ∈ Z of R-homomorphisms M → N of degree k. Both are additive, left-
exact functors since homming is always left-exact. Also, there is clearly a
natural transformation F2 → F1, which is pointwise an injection.

Consider the graded R-module R. Then F2(R) ' F1(R) via the natural
injection. Indeed, any morphism R→ N is determined by where it sends 1,
and is of degree k if the image is of degree k. So we can split any f : R→M
into a sum f1 + · · · + fl of homogeneous morphisms R → N based on the
splitting of f(1) into homogeneous elements. The same is true when R(k)
is used to replace R, for the same reason.
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Now let M be finitely presented. Then there is an exact sequence of
graded modules ⊕

i∈I
R(ni)→

⊕
j∈J

R(mj)→M → 0,

where the ni,mj are some integers, and I, J are finite. There is thus a
diagram of exact sequences

0 // F2(M) //

��

F2

(⊕
j∈J R(mj)

)
��

// F2

(⊕
i∈I R(ni)

)
��

0 // F1(M) // F1

(⊕
j∈J R(mj)

)
// F1

(⊕
i∈I R(ni)

)
.

Since the two rightmost vertical maps are isomorphisms, the leftmost one is
too, proving the result. N

Let M,N be R-modules. There is a map

(13) HomR(M,N)(f) → HomR(f)
(M(f), N(f))

which we could define directly (which we shall not do), or as follows when f is
of degree one. Indeed, for rings A,B and A-modules M,N , there is a natural
map (in view of the functoriality of the tensor product) HomA(M,N) ⊗A
B → HomB(MB, NB), where ()B is the functor ⊗AB. Since ()(f) can be
interpreted as a tensor product for a graded module, it follows that the
above map exists naturally. There is thus a map

(14) ˜HomR(M,N)→ HomOX (M̃, Ñ)

when M is finitely presented.

Proposition 2.3. Suppose M is finitely presented and R is generated
by R1 as R0-algebra. Then the map (14) is an isomorphism.

Proof. Indeed, for f of degree one, we will show that (13) is an iso-
morphism. But we know that it is true for M a direct sum of R(ni). We
also know that ...uhh N

2.2. The sheaves OX(n). Let R be a graded ring and X = ProjR.
Then for n ∈ Z, R(n) is a graded R-module. We write OX(n) or O(n) for
the associated sheaf

O(n) = R̃(n).

This will be extremely important in the future. We shall also frequently
consider their tensor products with other sheaves.

Definition 2.4. Let F be an OX -module. Then we write F(n) for
F ⊗O(n).
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Proposition 2.5. Suppose R is generated by R1 as R0 algebra. Then
we have

O(0) = 0,O(m)⊗O(n) ' O(m+ n)

for all m,n ∈ Z. In particular, each O(m) is an invertible sheaf.

Proof. Indeed, the first part is clear. For the second, note by Propo-
sition 2.1 that O(n) ⊗ O(n) is the sheaf associated to R(n) ⊗R R(m) '
R(n+m), i.e. O(n+m). N

We can give another argument that the O(n) are invertible sheaves if R
is generated by elements of degree one:

Proposition 2.6. Suppose n is a multiple of d and f ∈ Rd. Then
O(n)|D′(f) ' O.

So if the D′(f) for f of degree one cover ProjR, then each O(n) is covered
by open sets on which it is free of rank one.

Proof. Indeed, given a section of O(n) over an open subset of D′(f),
we divide by the appropriate power of f (namely, n/d) to get a section of
O over D′(f). This is clearly an isomorphism since we are on D′(f).

Alternatively, observe thatO(n)|D′(f) ∼ R̃(n)(f). ButR(n)(f) ∼ R(d)(n)/(f−
1)R(d)(n), which is the same as R(d)/(f − 1)R(d) because n is a multiple of
d. N

2.3. The functor Γ∗. We shall now shift gears slightly. Fix a quasi-
coherent sheaf of modules F ∈ Mod(OX) on X = ProjR, where R is a
graded ring. We now return to the question of whether F can be represented
as M̃ for some graded R-module M ; we shall show that the answer is, in
many interesting cases, yes.

Suppose throughout the following that R is generated over R0 by ele-
ments of degree one. Then the O(m) are invertible sheaves. Consider the
abelian group

Γ∗(F) =
⊕
m∈Z

Γ(X,F ⊗O(m))

The association F → Γ∗(F) is clearly a functor.
Recall now that given global sections s, t of F ,G, s⊗ t is a global section

of F ⊗ G. In particular, consider Γ∗(OX) =
⊕

Γ(X,O(m)); the preceding
observation implies that this is a ring, which we call S; it is in fact graded.
Moreover, by the same reason, Γ∗(F) is a graded S-module.

Suppose first M is a graded R-module. Then if x ∈ Mm, it follows
that x is an element of degree zero in M(m). Thus it is a global section

of M̃(m) ' M̃ ⊗ O(m) ' M̃(m). In particular, there is a homomorphism,
functorial in M ,

M → Γ∗(M̃)
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and, for example, a (graded!) ring-homomorphism

R→ S = Γ∗(OX).

In general, these are not isomorphisms. However, the latter shows us that
Γ∗(F) is always a graded R-module.

We will now shift back to the original case, of F a quasi-coherent sheaf,
and define a map of OX -modules, functorial in F ,

(15) Γ̃∗(F)→ F .
The map is as follows. It is sufficient to define maps Γ∗(F)(f) → Γ(D′(f),F)
for each homogeneous f that glue, for these will then fit together into a map
of sheaves. An element of Γ∗(F)(f) is represented by a sum of elements of
the form s/fd, where s ∈ Γ(D′(f),F(ddeg f)). But there is an isomorphism
of sheaves O(ddeg f)|D′(f) → O|D′(f) based on division by fd. So there is a
map Γ∗(F)(f) → Γ(D′(f),F). We need to show that these glue, i.e. for f, g
homogeneous, the following diagram commutes:

Γ∗(F)(f)
//

��

Γ(D′(f),F)

res

��
Γ∗(F)(fg)

// Γ(D′(fg),F)

.

Then we will have the map of sheaves (15). Suppose s/fd is an element
of Γ∗(F)(f). Then s is a section of F(ddeg f), which we divide by fd (i.e.,
multiply by f−d ∈ O(−d deg f)) and restrict to go around the diagram right
and down. To go down and right, we first send s/fd to sgd/(fg)d, and then
use the isomorphism O(ddeg f + ddeg g)D′(fg) → O|D′(fg) by dividing the
numerator by (fg)d. It is easy to see that these two are the same.

These two maps form an adjunction, and in fact one can prove:

Proposition 2.7.˜and Γ∗() are adjoint functors between the categories
of graded R-modules and quasi-coherent sheaves on ProjR.

In the affine case, we had functors˜and Γ which were inverses. Here, we
only have adjointness. Nonetheless, there is a certain weak uniqueness of
the module to which a sheaf is associated (if it exists, and we do not have
any reason yet to think it necessarily does).

Suppose that R is generated by a finite number of elements of degree one
as R0-algebra. Note, first of all, that the functor˜is exact, since localization
(even homogeneous localization!) is an exact functor. In particular, it com-
mutes with kernels and cokernels. If we want to know when a map M → N

of graded R-modules induces an isomorphism M̃ → Ñ , it is sufficient to find
conditions when˜kills something.

Proposition 2.8. Let N be a finitely generated R-module. Then Ñ = 0
if and only if Nm = 0 for m sufficiently large.
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Proof. Indeed, if Nm = 0 for m sufficiently large, it is easy to see that
all the homogeneous localizations vanish, so Ñ = 0. Conversely, suppose
N(f) = 0 for each homogeneous f . This means that if n ∈ N is homogeneous
of degree d, then n/fd = 0 for each f of degree one. In particular, n is
annihilated by a power of each homogeneous element of degree one.

Let f1, . . . , fr be generators of R as R0-algebra whose degree is one.
Let n1, . . . , nq be homogeneous generators of M as R-module. Then if A is
chosen large enough, we have fAi nj = 0 for any i, j. If B = rA, we have
then that Rk for k ≥ B annihilates each nj , hence all of N . If we take
C = B + max deg fj , then the module N must vanish in degrees greater
than C, because anything in such high degrees must come from high powers
of the fi. N

2.4. Classification. We shall now prove the following important re-
sult, which states that the functor˜ is essentially surjective in many inter-
esting caess:

Proposition 2.9. Suppose R is a graded ring, generated over R0 by
finitely many elements of R1. Suppose F is a quasi-coherent sheaf on ProjR.
Then the map (15)

Γ̃∗(F)→ F
is an isomorphism.

Proof. This will follow from the following lemma.

Lemma 2.10. Suppose X is a quasi-compact, quasi-separated scheme.
Let F be a quasi-coherent sheaf on X, and L an invertible sheaf. Suppose
f ∈ Γ(X,L). Then:

(1) If a section s ∈ Γ(X,F) is zero on Xf (the set of points x where
f ∈ mxLx), then s⊗ fN ∈ Γ(X,F ⊗ LN ) is zero for N large.

(2) Suppose t ∈ Γ(Xf ,F). Then there is an integer N such that t ⊗
fN ∈ Γ(Xf ,F ⊗ LN ) extends to a global section of F ⊗ LN .

Before proving the lemma, let us indicate how it applies to the propo-
sition. We take L = O(1), X = ProjR. Then, since R is generated by R1

over R0, the sets Xf , f ∈ Γ(X,L) cover X. We restrict ourselves to the case
of f ∈ R1 (which maps injectively into Γ(X,L), of course). Then part (1) of
the above lemma says that if an element s of Γ(Xf ,F) is given, we can find
some element t of Γ∗(F)N (for N sufficiently large) that t⊗f−N ∈ Γ(Xf ,F)
is s. This implies that the map (15) is a surjective map of sheaves, since
the sets Xf are affine, and if a map of quasi-coherent sheaves A → B is
surjective on the Xf -sections, it is a surjective map of sheaves.

It remains to prove that the map of sheaves is monic. Indeed, we can do
this on the Xf -sections, since Xf is affine. Suppose s ∈ Γ(X,F(n)) is such
that s⊗ f−n = 0 on D′(f), i.e. s/fn ∈ Γ∗(F)(f) is in the kernel of (15) on
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the Xf -sections.4 Then the lemma implies that there is a power fN with
s⊗ fN ∈ Γ(X,F(n+N)) = 0. This states that s/fn = 0 in Γ∗(F)(f) by the
definition of localization. So we have injectivity as well.

Proof of the lemma. We start with (1). Suppose s restricts to zero
on Xf . Cover X by finitely many open affines Ui. Then s maps to zero in
Γ(Ui,F)f because Ui is affine (regarding f as an element of OX(Ui) via the
isomorphism L|Ui → OX(Ui)). So there is a power of f that annihilates s on
Ui. Translated back, this says that s⊗ fNi = 0 on Ui. Taking N = maxNi,
we find that s⊗ fN is zero on all of X. This proves (1).

Now for (2). By quasi-separatedness, the intersections Ui∩Uj of the open
affine cover {Ui} are themselves quasi-compact. For each i, we know that t⊗
fNi extends to a section over all of Ui because Ui is affine and taking sections
over basic open subsets corresponds to localization. Take M = maxNi.
Then s ⊗ fM extends to sections ti ∈ Γ(Ui,F ⊗ LM ). The problem is that
the ti do not necessarily glue on Ui∩Uj . However, (ti−tj)|Ui∩Uj∩Xf = 0 since
they are extending something defined on Xf . The first part (1) implies that
there are powers Mij such that (ti− tj)⊗fMij = 0 ∈ Γ(Ui∩Uj ,F⊗LM+Mij .
Taking N = M + maxMij will do the trick; then the ti ⊗ fmaxMij will glue
and extend s⊗ fN . N

N

3. Functoriality of Proj

3.1. Maps between Proj. Let R,S be graded rings and let φ : R→ S
be a homomorphism preserving the grading. In general, the map p→ φ−1(p)
does not give a map ProjS → ProjR. The problem is that φ−1(p) may
contain the irrelevant ideal R+ even if p does not.

Following Grothendieck, we write G(φ) for the collection of prime ideals
p ⊂ S that do not contain φ(R+), in particular, such that φ−1(p) is in ProjR.

3.2. Scheme-theoretic properties.

3.3. Proj of a sheaf of algebras.

4. Projective morphisms

4Although the homogeneous localization was initally defined via the sum of such
elements s/fn, we can always collect denominators.
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Cohomology on schemes

We shall study the cohomology of quasi-coherent sheaves on many im-
portant schemes.

1. Cohomology of affine schemes

The result could not be simpler.

Theorem 1.1 (Serre). Let X = SpecA be an affine scheme, F a quasi-
coherent sheaf. Then H i(X,F) = 0 for i ≥ 1.

We shall prove this result following [10]. The idea is that X has a very
nice basis: namely, the family of all sets D(f), f ∈ A. These are themselves
affine, and moreover the intersection of any two elements in this basis is still
in this basis. For D(fg) = D(f) ∩D(g).

1.1. A lemma of Kempf. First, we set up some notation, following
Kempf. Given V ⊂ X open and a sheaf F on X, define V F to be the sheaf
i∗(i−1F) on X, where i : V → X is the inclusion. This is equivalently the
sheaf U → F(V ∩ U). There is a natural map F → V F , which of course
induces maps on cohomology.

The elementary result that Kempf proves is:

Lemma 1.2 (Kempf). Let X be a topological space and let A be a basis
for X which is closed under finite intersections. Suppose n ∈ N is fixed.

Suppose F ∈ Sh(X) for X a topological space is such that H i(U,F|U ) =
0 for all 0 < i < n and U ∈ A. Suppose α ∈ Hn(X,F). Then there is a
covering of X by open sets V ∈ A such that the image of α in Hn(X, V F)
is zero for each V .

Proof. We will prove this result by induction on n. First, suppose
n > 1, and that the result is valid for n− 1. The base case will be handled
next. We can embed F in a flabby sheaf G, and let H be the cokernel. There
is an exact sequence

(16) 0→ F → G → H → 0

and by the long exact sequence for cohomology (and since n > 1), it follows
that

(17) 0→ F(U)→ G(U)→ H(U)→ 0

143
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is exact for every U in the open basis A. Now fix V ∈ A and consider the
complex of sheaves

(18) 0→ V F → V G → VH → 0.

In general, we know that i−1 is exact, by looking at the stalks, but only that
i∗ is left-exact. From this alone we get that (18) is exact except perhaps
at the last step. But we also know that for any U ∈ A, we have that the
sequence of sections

(19) 0→ V F(U)→ V G(U)→ VH(U)→ 0

is exact in view of the definition of V and exactness of (17). Consequently,
since A is a basis, we can pass to the direct limit to the stalks, and we see
that (18) must be exact at the last step too.

But V G is also flabby and consequently has trivial cohomology. As a
result, we find that for any V ∈ A, there is an isomorphism

Hn−1(X, VH) ' Hn(X, V F).

Moreover, since G is flabby and thus has trivial cohomology on X, we get
isomorphisms from the long exact sequence of (16):

Hn−1(X,H) ' Hn(X,F).

This means that H satisfies the conditions of the proposition with n−1, and
we have assumed inductively that the result is valid for n− 1. So α maps to
some β ∈ Hn−1(X,H); this means there is an open cover of X by various
V ∈ A such that β maps to zero in Hn−1(X, VH). This means that α maps
to zero in these Hn(X, V F) by naturality. This completes the proof of the
inductive step.

The base case remains, i.e. n = 1. Fix α ∈ H1(X,F). We can still
embed F in a flabby sheaf and obtain an exact sequence as in (16). So we
get an exact sequence:

0→ Γ(X,F)→ Γ(X,G)→ Γ(X,H)→ H1(X,F)→ 0.

However, exactness of (19) is now no longer valid, so we cannot conclude
that (18) is exact. We do, however, have an exact sequence 0 → V F →
V G → K(V ) → 0 exact for some cokernel K(V ), and we can fit these into an
exact commutative diagram

0 // F //

��

G //

��

H //

��

0

0 //
V F //

V G // K(V ) // 0



1. COHOMOLOGY OF AFFINE SCHEMES 145

Let α ∈ H1(X,F). Then α lifts to some β ∈ Γ(X,H). We have a commu-
tative diagram of exact sequences

G(X) //

��

H(X) //

��

H1(X,F) //

��

0

V G(X) // K(V )(X) // H1(X, V F) // 0

.

So to say that α is killed by the map to H1(X, V F) is the same as saying
that the image of β in K(V ) lifts to something in V G(X). But if V is small,
surjectivity of G → H implies that we can lift β to something in V G(X). So
we can cover X by such sets V in A, completing the proof. N

1.2. Proof of the vanishing theorem. We now apply the lemma.

Proof of the vanishing theorem. Induction on n.
Let X = SpecA be an affine scheme. Consider the basis A of open

sets D(f) = SpecAf ; this is obviously closed under intersection, as D(fg) =
D(f)∩D(g). Now if M̃ is the (quasi-coherent) sheaf onX associated to an A-
module M , then the pull-back to D(f) is the sheaf associated to M⊗AAf =
Mf . So the direct image D(f)M̃ to A is just M̃f . In particular, these are
quasi-coherent on X.

We will now apply the previous lemma. Suppose that n is fixed and
H i(X,F) = 0 for any quasi-coherent sheaf on X and 0 < i < n. Then,
this is true for M̃ , so the previous lemma says that given α ∈ Hn(X, M̃),
there is an open cover {D(fi)} of X such the cohomology class of α in
Hn(X,D(fi)M̃) is zero. Now there is a map M →

⊕
Mfi which is injective,

since the fi generate the unit ideal; this induces a map of sheaves

0→ M̃ →
⊕

D(fi)M̃ → K → 0

where K is also quasi-coherent. There is thus a long exact sequence, of which
we write a piece:

Hn−1(X,K)→ Hn(X, M̃)→ Hn(X,
⊕

D(fi)M̃).

Since α is in the kernel of the second map, it is in the image of Hn−1(X,K).
But, if n > 1, inductively we assumed Hn−1(X,K) was zero. This means

α = 0. If n = 1, then we write out a bit more of the exact sequence:

Γ(X,
⊕

D(fi)M̃)→ Γ(X,H)→ H1(X,F)→ H1(X,
⊕

D(fi)M̃)

As before, we find that α is in the image of Γ(X,H). But since Γ is exact
on quasi-coherent sheaves, it follows that the first map is surjective, and the
map out of Γ(X,H) is zero. So again we find that α = 0. This proves Serre’s
vanishing theorem. N
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1.3. A converse. It is interesting that there is a converse. This gives
in fact another criterion of affineness.

Theorem 1.3. Suppose X is a noetherian scheme such that H1(X, I) =
0 for every quasi-coherent sheaf of ideals I. Then X is affine.

Proof. The proof relies on the criterion for affineness, Proposition 2.3.
Let x ∈ X be a closed point and U an open affine neighborhood of X. Let
Z = X − U with the reduced induced subscheme structure. Then Z comes
from a sheaf IZ of ideals, which is all of the structure sheaf at points of U ,
but not on Z.

Now Z ∪ {x} is also closed and has a sheaf of ideals IZ∪{x}. There is an
exact sequence (for κ(x) the skyscraper sheaf)

0→ IZ∪{x} → IZ → κ(x)→ 0.

Indeed, (IZ∪{x})x corresponds to the ideal of regular functions whose value
in κ(x) is zero, i.e. is mx; the condition ”a germ at x vanishes on Z” is
vacuous since a neighborhood of x doesn’t intersect Z. (IZ)x, by contrast,
is just Ox, for the same reason.

Then there is an exact sequence

0→ Γ(X, IZ∪{x})→ Γ(X, IZ)→ Γ(X,κ(x))→ 0

because H1(X, IZ∪{x}) = 0.
But κ(x) is a skyscraper sheaf, and consequently from this we see that

there is f ∈ Γ(X, IZ) that does not vanish on x, i.e. is not in the maximal
ideal mx. Thus it does not vanish on an open affine neighborhood Ux of x.
But we can say more. Xf is indeed affine: since f vanishes on Z, it is just
U ∩Xf , which is a basic open subset of U , hence affine.

We start with a lemma from general topology:

Lemma 1.4. Let X be a noetherian T0-space.
(1) Every closed subset of X contains a closed point.
(2) Suppose to each closed point x ∈ X, there is an open Ux containing

x. Then a finite number of the Ux cover X.

Proof. Let Z be a closed subset of the noetherian T0-space X. Then
if Z consists of at least two points, then I claim that Z contains a proper
nonempty closed subset. Indeed, let x, y ∈ Z. Then one of x, y is not
contained in the closure of the other. Say x /∈ {y}. Then {y} is a proper
closed subset of Z which is nonempty.

We can now prove (1). Let Z be closed. Then, by the noetherian axiom,
every descending sequence of closed subsets stabilizes, so Z has a minimal
closed subset. But the previous paragraph implies that Z necessarily consists
of one point.

For (2), recall that every collection of open subsets of X has a maximal
element. So the union U =

⋃
x Ux can be represented as a finite union

Ux1 ∪· · ·∪Uxn . Let its complement be Z. Then Z contains a closed point z,
which is contained in some Uz ⊂ U . But then Z ∩U 6= ∅, contradiction. N
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It follows from the lemma that we have finitely many fi ∈ Γ(X,OX), 1 ≤
i ≤ n such that the Xfi are affine and cover X. We will now need to show
that the fi generate the unit ideal in Γ(X,OX). Now the map of sheaves

n⊕
i=1

OX → OX

sending (g1, . . . , gn) →
∑
figi, is surjective because at each x ∈ X, one of

the fi is a unit. If we show that the map on global sections is surjective, we
will be done. Then an appeal to Proposition 2.3 will prove the result.

Lemma 1.5. Let X be a scheme. Suppose H1(X, I) = 0 for every quasi-
coherent sheaf of ideals I on X. Then if OnX → G → 0 is a surjective
map of sheaves for G quasi-coherent, the induced map on global sections is
surjective.

Proof. Indeed, it suffices to show that if F is the kernel, thenH1(X,F) =
0. But F ⊂ OnX and F is quasi-coherent. There is a filtration 0 ⊂ OX ⊂
O2
X ⊂ · · · ⊂ OnX ; we have the sequence of intersections Fi = F ∩OiX . Their

quotients are isomorphic to subsheaves of Oi+1
X /OiX = OX so to quasi-

coherent sheaves of ideals. In particular, H1(X,F1) = 0.
Now there are exact sequences

0→ Fi → Fi+1 → I → 0

for some sheaf of ideals I (which depends on i), of course. A piece of the
long exact sequence of cohomology

H1(X,Fi)→ H1(X,Fi+1)→ H1(X, I)

and the assumptions of the lemma shows that, inductively, H1(X,Fi) = 0.
In particular, H1(X,F) = 0, which implies the lemma. N

N

1.4. Two applications. Here we give another proof of a previously
proved result1 using cohomology.

Proposition 1.6. Suppose X is a noetherian scheme and Xred its re-
duction. Suppose Xred is affine. Then X is affine.

Proof. Recall2 the definition of Xred. Namely, we consider the quasi-
coherent sheaf N of nilpotent elements of OX , and take Xred to be the same
underlying topological space as X, but with the sheaf OX/N .

We need to prove that if F is any sheaf on X, then H i(X,F) = 0.
By the cohomological criterion for affineness (Theorem 1.3), this will prove
affineness.

1I should put in the previous proof sometime.
2FIX
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But if F is quasi-coherent on (X,OX), then F/NF is quasi-coherent
on Xred = (X,OX/N ); this is in fact the inverse image sheaf under the
inclusion (X,OX/N )→ (X,OX). Now we have a descending filtration

F ⊃ NF ⊃ N 2F ⊃ . . .

of quasi-coherent sheaves ofOX -modules, whose quotients are quasi-coherent.
However, by noetheriannness this filtration eventually hits zero: there is a
power NN which is zero.

Now, since Xred is affine and the quotients OXred
-modules, the first co-

homology of these quotients (which depends only on the topological space
X!) is zero. Climbing up the filtration and using the exact sequence for co-
homology, as usual, we see that the cohomology H i(X,F) = 0. This proves
the result. N

Proposition 1.7. Let X be a reduced noetherian scheme covered by
finitely many closed sets Zi, 1 ≤ i ≤ n, each of which considered as a scheme
with some induced structure. Suppose the Zi are affine. Then X is affine.

In particular, this applies to the case where the Zi are the irreducible
components of X (in which case it is an exercise in Hartshorne).

Proof. As usual, it is enough to show that H1(X,F) = 0 for a quasi-
coherent OX -module F . (We could even restrict F to be a sheaf of quasi-
coherent sheaf of ideals, which is automatically coherent.) Also, the previous
result implies that we can reduce to the case of each Zi reduced, so with the
reduced induced structure.

Consider the sheaf Ii of ideals associated to the closed subscheme (with
reduced induced structure) Zi In particular, G/IiG is a quasi-coherent sheaf
of OZi-modules whenever G is a quasi-coherent OX -module.

Also, I1 . . . InG = 0 because I1 . . . In = 0. Indeed, I1 . . . In is a coherent
sheaf of ideals whose stalk at every point x is properly contained in Ox. In
particular, if SpecA is an open affine subset and I the associated A-ideal
yielding I1 . . . In on U , we have that I is contained in the intersection of all
primes of A—in particular, is zero.

So we have the finite filtration

G ⊃ I1G ⊃ I1I2G ⊃ · · · ⊃ 0;

the i-th successive quotient is a module over OX/Ii = OZi , so has trivial
cohomology in dimension one.3 Thus by the familiar long-exact sequence
argument, we successively that I1 . . . In−1G, I1 . . . In−2G, and eventually G
itself, all have vanishing H1. This proves the result. N

1.5. Cech cohomology. As usual, we can define Cech cohomology of
a quasi-coherent sheaf on a scheme. There is an important case in which it
coincides with usual (derived functor) cohomology.

3And really in all dimensions.
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Proposition 1.8. Let X be a separated scheme and A a cover of X by
affine open sets. Then H i(A,F) ' H i(X,F) for any quasi-coherent sheaf
on X.

Proof. Indeed, this follows directly from the theorem of Leray. The
intersection of a finite number of open affines is affine since X is separated,
so if U1, . . . , Uk ∈ A, then F has trivial cohomology on U1∩· · ·∩Uk by quasi-
coherence and Theorem 1.1. Then we can apply Theorem 3.6 to complete
the proof. N

We shall give another proof of:

Corollary 1.9. Let f : X → Y be an affine morphism of schemes and
let F be a quasi-coherent sheaf on X. Then we have H i(X,F) ' H i(Y, f∗F).

Proof. Indeed, by separatedness, we can compute cohomology using
Cech cohomology, since both F and f∗F are quasi-coherent (thanks to
Proposition ??. So let A = {Ui} be an affine open cover of Y . Then
B = {f−1(Ui)} is an open cover of X. The Cech complex C(B,F) of F
with respect to B is isomorphic to C(A, f∗F); thus the cohomology is the
same. By the previous proposition, these are the derived functor cohomolo-
gies of F , f∗F , respectively. N

1.6. A characterization of affine morphisms. The theorem of Serre
characterized affine schemes among the noetherian ones by the vanishing
of quasi-coherent cohomology. There is a similar characterization of affine
morphisms.

Theorem 1.10. Let f : X → Y be a morphism of noetherian schemes.
Then the following are equivalent:

(1) f is affine
(2) R1f∗(F) = 0 for any quasi-coherent sheaf F ∈Mod(OX).
(3) f∗ is an exact functor from Mod(OX)→Mod(OY ).

1.7. Application: a theorem of Chevalley. We now prove:

Theorem 1.11 (Chevalley). Let f : X → Y be a finite and surjective
morphism of noetherian schemes. Suppose X is affine. Then Y is affine.

Proof. This will be an application of the cohomological criterion of
affineness, Proposition ??. We start with a long series of reductions.

Consider the map
fred : Xred → Yred;

then Xred is still affine, and the map fred is still finite in view of Propo-
sition ??. Furthermore, by Proposition ??, Yred is affine if and only if Y
is. So we can assume that both schemes X,Y are reduced. We make this
assumption.

Next, we note that the hypotheses of the theorem are stable if we re-
place Y with a closed subscheme and X its preimage (fibered product). By
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noetherian induction, we may assume that the theorem is valid for proper
closed subschemes of Y . In particular, any proper closed subscheme of Y is
thus affine. We make this assumption.

Third, if we can show that Y is covered by a finite number of closed
subsets which are themselves affine schemes, then we will be done by Propo-
sition ??. In particular, we need only show that the irreducible compo-
nents of Y are affine. Since the theorem’s hypotheses are unchanged under
X → f−1(Z), Y → Z for Z ⊂ Y a closed subscheme, we reduce to case
where Y is in fact integral.

We have one more reduction to make. Namely, consider a decomposition
into irreducibles X = X1 ∪ · · · ∪ Xk. Then one of the Xi has image dense
in Y because Y is irreducible. Since a finite map is closed, this means that
f(Xi) = Y . But Xi is affine since it is a closed subscheme of an affine
scheme. Also, Xi → X → Y is the composite of two finite morphisms,
hence finite.

So we are in the following situation. f : X → Y is a finite surjective
morphism of integral schemes with X affine, and every proper closed subset
of Y is affine.

We will now prove the following lemma, which implies the theorem.

Lemma 1.12. Suppose f : X → Y is a finite surjective map of noetherian
integral schemes with X affine. Suppose Y is such that every proper closed
subset is affine. Then if G ∈ Coh(OY ), we have

H1(Y,G) = 0.

In particular, Y is affine.

Proof of the lemma. If supp(G) 6= Y , then we can consider G as a
sheaf on a proper closed subscheme (recall that G is coherent and has closed
support), and then affineness implies that H1(Y,G) = 0 (cf. Proposition ??).
So assume G has full support. Since G is coherent, we have that Gy 6= 0 for
all y ∈ Y .

Indeed, let ξ0, ξ1 be the generic points of X,Y , respectively. The local
rings Oξ0 ,Oξ1 are fields, and, since f(X) = Y , there is a morphism of fields

Oξ1 → Oξ0 .

This is an integral morphism of finite type, so Oξ0 is a finite field extension
of Oξ1 .

Now Gξ1 is a module (i.e, vector space) over Oξ1 . Thus there is a finite
free Oξ0-module M = Onξ0 which is isomorphic to a finite direct sum of Gx1

as Ox1-modules.
Consider the sheaf M = OnX on X. I claim that the natural map

(f∗M)ξ1 →Mξ0 is an isomorphism. This is because an element of the first
stalk is represented by a section of (M)(f−1(V )) for V ⊂ Y a (nonempty)
open set, while an element of the second is represented by a section of
(M)(U) for U an open set of X. However, the f−1(V ) form a basis at ξ0:
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indeed, if Z ⊂ X is a proper closed subset, then f−1(Y − f(Z)) is an open
neighborhood of the generic point ξ0. This is because f |Z : Z → Y cannot
be surjective.4

Let N = f∗(M), which is a coherent sheaf on Y .5 We know that N
has trivial cohomology on Y since M does and f is affine. Moreover, N
differs from G only on a proper closed subset. More precisely, there is an
isomorphism Nξ1 ' Gnξ1 . By basic facts about coherence REF, there is an
isomorphism

N|U ' Gn|U
for U a nonempty open subset of Y .

Consider the sheaf A = N ⊕ Gn ∈ Coh(OY ). There is a coherent
subsheaf of A|U consisting of points whose N -coordinate maps to the Gn-
coordinate in view of the above isomorphism. By REF, there is a coherent
subsheaf B on of A (on all of X) extending this sheaf. So we have maps
B → N ,B → Gn, which are isomorphisms at the generic point. The next
lemma will imply that the cohomology of B,N ,Gn are all isomorphic. In
particular,

H i(X,Gn) = 0, i > 0
which will imply affineness of Y and complete the proof.

Lemma 1.13. Hypotheses as above, suppose C → C′ is a morphism of
coherent sheaves on Y which is an isomorphism at the stalk of the generic
point. Then the maps H i(Y, C)→ H i(Y, C′) are all isomorphisms.

Indeed, let I be Im(C → C′) and K = ker(C → C′). There is an exact
sequence

0→ K → C → I → 0.
Now K is coherent, but its support is a proper closed subset of Y . The long
exact sequence in cohomology now shows that the mapsH i(Y, C)→ H i(Y, I)
are all isomorphisms. Similarly, let K′ = coker(C → C′); this is a coherent
sheaf supported on a proper closed subset of Y . The exact sequence

0→ I → C′ → K′ → 0.

and its long exact cohomology sequence now show that the maps H i(Y, I)→
H i(Y, C′) are isomorphisms. Together, these two observations imply the
lemma. N

N

2. Cohomology on projective space

4Suppose it were. Pick an open affine V ⊂ Y and consider the map Z ∩ f−1(V ) →
f−1(V )→ V ; all these are affine schemes, say in order SpecA/I, SpecA, SpecB. Now the
composite B → A → A/I is injective. This means that B ∩ I = (0). But B is integral
over A, and this gives a contradiction by a well-known result in commutative algebra.

5Push-forwards by finite morphisms of noetherian schemes preserve coherence.





APPENDIX A

Another proof that sheaves have enough injectives

It is known that the category of modules over a ring has enough injec-
tives, i.e. any object can be imbedded as a subobject of an injective object.
This is one of the first things one learns about injective modules, though
it is a nontrivial fact and requires some work. Similarly, when introducing
sheaf cohomology, one has to show that the category of sheaves on a given
topological space has enough injectives, which is a not-too-difficult corollary
of the first fact. I recently learned, however, of a much more general result
that guarantees that an abelian category has enough injectives (which I plan
to put to use soon with some more abstract nonsense posts). I learned this
from Grothendieck’s Tohoku paper, but he says that it was well-known.

We will assume familiarity with basic diagram-chasing in abelian cate-
gories (e.g. the notion of the inverse image of a subobject).

1. Preliminaries

Let C be an abelian category. An object I ∈ C is called injective if the
functor A → HomC(A, I) is exact; it is always left-exact. This is the same
as saying that if A is a subobject of B, then any A→ I can be extended to
a morphism B → I.

Let us consider the following conditions on an abelian category C. First,
assume C admits all filtered colimits. So, for instance, arbitrary direct sums
exist.

Moreover, if the Ai, i ∈ I are subobjects of A, then the sum
∑
Ai makes

sense; it is the image of
⊕

iAi → A, and is a sub-object of A.
We start with the condition

(A) (
∑

Ai) ∩B =
∑

(Ai ∩B)

for any family of subobjects Ai, B of A. Note that there is always a canonical
monomorphism

∑
(Ai ∩B)→ (

∑
Ai) ∩B because each Ai ∩B injects into

(
∑
Ai) ∩B. We want this to be an isomorphism. This is really a condition

on the lattice of subobjects of A.
Note that (A) is always satisfied for modules over a ring. In addition,

it is satisfied for sheaves on a topological space. Moreover, suppose it is
satisfied for the abelian category C. Then for any category Z, it is satisfied
for the functor category ZC; this is because intersections, direct sums, etc.
are calculated “pointwise” in a functor category.

153
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Let us analyze some of the consequences of (A). In the lattice of sub-
objects of A, the sum

∑
Ai now corresponds to the taking the sup. So

the lattice admits sups. Indeed, suppose (in this subobject lattice) that
B ≥ Ai for each i in some index set I. Then B ∩

∑
Ai =

∑
B ∩Ai =

∑
Ai.

In particular, B dominates
∑
Ai. Conversely, if B dominates

∑
Ai, then

obviously B dominates each Ai.
Next, suppose given a morphism X → Y . There is an order-preserving

map f−1 from the subobject lattice of Y to the subobject lattice of X. I
claim that:

Proposition 1.1. f−1 commutes with the operator
∑

(i.e., sups). More
precisely, I claim that

f−1(
∑

Yi) =
∑

f−1(Yi)

for any family {Yi} of subobjects of Y .

This follows directly from the characterization of
∑

as supremums in
the lattice of subobjects. Indeed, let Z be a subobject of X. Then Z
dominates f−1(

∑
Yi) if and only if f(Z) dominates

∑
Yi, or if and only if

f(Z) dominates each Yi. Similarly, Z dominates
∑
f−1(Yi) if and only if Z

dominates each f−1(Yi), i.e. if and only f(Z) dominates each Yi.
So the same objects dominate f−1(

∑
Yi) and

∑
f−1(Yi). This means

that they must be equal. (Indeed, the first dominates itself, hence dominates
the second, so we have the relation ≥; and vice versa.)

The general result then follows from the interpretation of arbitrary sums
as a sup.

2. Generators

In the category of A-modules, any module M admits a surjection AI →
M for some index set I. There is a generalization of this to abelian cate-
gories.

Definition 2.1. Let C be an abelian category with inductive limits.
Then U ∈ C is called a generator if to every A ∈ C, there is an index set I
and an epimorphism

U I → A.

Any nonzero free module is a generator in the category of A-modules.
In the category of sheaves on a topological space, the direct sum

⊕
U ZU of

constant sheaves ZU for U an open set is a generator. Indeed, by homming
out of such sheaves into some sheaf F , you can have each section over each
open set covered in the image—so you get an epimorphism of sheaves.

3. The main result

The main result is as follows:
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Theorem 3.1. Suppose C is an abelian category admitting inductive lim-
its which satisfies (A) and admits a generator. Then C has enough injectives.

The proof of this is a bit messy, but not terrible. The first idea is to
show that being injective can be reduced to a statement that involves only
the generator (as opposed to every object in the category). The next is to
use some set-theoretic messiness that is made possible by only having to
consider the generator.

4. The main lemma

Lemma 4.1. Suppose I ∈ C. Suppose whenever V is a subobject of U ,
then any morphism V → I can be extended to some U → I. Then I is
injective.

So in other words, we just have to check the meaning of injectivity on
the subobjects of U . To prove this, suppose I satisfies the condition of the
lemma, and A is a subobject of B. We have a morphism A → I that we
want to extend to B → I.

Consider the set of pairs (B′, u) of subobjects B” of B containing A
such that A → I extends to u : B′ → I. We can make this into a poset in
the obvious manner, and every chain has an upper bound since the category
admits inductive limits. To show that A→ I extends to B, we have to show
(by Zorn’s lemma) that any element (B′, u) can be extended to a bigger
subobject. This will imply that the maximal element in this poset is a
morphism out of B.

OK. So, we have u : B′ → I; we will extend it to a bigger subobject.
Choose U → A whose image is not contained in B′; this must be possible,
since U is a generator. Let V ⊂ U be the pre-image of B′.

Then we have a map V → B′, so a map V → I. By assumption, there is
an extension U → I. We now want to piece together the extension U → I
with B′ → I.

There is a map U ⊕ B′ → A coming from U → A,B′ → A. The image
of this is precisely the sum B′′ = Im(U → A) + B′, which is a proper
superobject of B′, and which we will extend u to. First, however, we need
to understand the kernel. Then, to hom out of B′′ will be the same thing
as homming out of U ⊕B′ while annihilating the kernel.

I claim that the kernel is precisely the image of V , via the inclusion
V → U and the map V → B′ (restricting U → A). In other words, the
sequence

0→ V → U ⊕B′ → A

is exact, where we are given that V → U and B′ → A are monomorphisms.
This will follow now from the next lemma.

Lemma 4.2. Let C be an abelian category. Suppose given objects V ⊂ U ,
B′ ⊂ A. Suppose there is a morphism U → A such that V is the pre-image
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of B′ in U . The sequence

0→ V → U ⊕B′ → A

is exact (where V → U ⊕B′ is the combination of the inclusion V → U and
the restriction of V → A).

For this, we note that one can reduce to the category of abelian groups.
Indeed, for each object X ∈ C, we have to show that 0 → Hom(X,V ) →
Hom(X,U)⊕Hom(X,B′)→ Hom(X,A) is exact. Moreover, Hom(X,V ) is
a subgroup of Hom(X,U), and Hom(X,V ) is the preimage of Hom(X,B′)
under Hom(X,U) → Hom(X,B′). So we have the exact same hypotheses
of the lemma but in the category of abelian groups and with hom-sets as
the new objects. (This is a special case of a standard “Yoneda trick.”) In
particular, we just have to consider the category C = Ab of abelian groups.

So let A,B′, U, V be abelian groups. Suppose (u, b′) ∈ U ⊕ B′ is anni-
hilated. Then, first of all, the image of u in A must be −b′, so u lies in V .
Moreover, b′ must be the image of u under V → B′, so it follows that (u, b′)
is in the image of V . (This is basically immediate.) Thus, the lemma is true
for abelian groups, hence for all abelian categories.

So, return to the proof of the main lemma. We know that B′′ is the
quotient of U ⊕ B′ by V . Now consider the map U ⊕ B′ → I piecing
together U → I (remember that this is V → B′ → I extended) and B′ → I.
These patch on V by assumption, so it extends to (U ⊕B′)/V → I But this
is just B′′; thus we get an extension of B′ → I to B′′. And, by previous
remarks, the lemma is proved.

5. Proof of the theorem

Fix an object A ∈ C. We have to embed A in an injective object I.
First, we construct I. Note that to prove that I is in fact injective, we just
need to show (by the previous lemma) that any map into I from a subobject
of the generator U extends to all of U .

We shall define a sequence M1(A),M2(A), . . . as follows—in fact, we will
define Mα(A) for any ordinal number α. First, we define M1(A). We will
do so in such a way that any map of a subobject V ⊂ U into A extends to
a map U →M1(A).

Consider the set I of all mappings of subobjects Vi ⊂ U into A, for all
subobjects of U . There is a map⊕

i∈I
Vi → A⊕

⊕
i∈I

U

that sends vi ∈ Vi to the combination of its image in A and the inclusion
in U (at the i-th factor). Consider the quotient; we call this M1(A). There
is obviously a map A → M1(A) from the inclusion on the first factor (and
then the quotient). Then, if f : V → A is a map for V ⊂ U , we can extend
it to U → M1(A) by using the appropriate U factor in the second part of
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the sum. (This is why the quotienting was necessary—to make sure that
this procedure indeed gives an extension.)

Moreover, A→M1(A) is a monomorphism, because fibered coproducts
preserve monicness in any abelian category. Note that M1(A) is the push-out
of A,

⊕
i Vi, and

⊕
i Vi → U I is monic. (I’m skipping a few nontrivial details

here—this can be seen by diagram-chasing, or by invoking the Freyd-Mitchell
embedding theorem, though this is deprecated.) So we have embedded A in
a suitable object M1(A), but it is not injective in general.

Define inductively M2(A) = M1(M1(A)), and so on. We define Mα(A)
for an ordinal α by transfinite induction. Assume that Mκ(A) for κ < α is
defined and there are monomorphisms Mκ(A) → Mκ′(A) for κ < κ′ < α.
We will now construct Mα(A).

If α has an immediate predecessor β, then set Mα(A) = M1(Mβ(A)). If
α is a limit ordinal, then note that the set {Mγ(A), γ < α} of objects is an
inductive system and we can take the inductive limit of these to be Mα(A).

Now, choose Ω to be the smallest infinite ordinal whose cardinality is
strictly greater than the cardinality of the set of subobjects of U . Then Ω
is a limit ordinal; it has no immediate predecessor. There is an injection
A→MΩ(A).

I claim now that MΩ(A) is injective. Indeed, let V ⊂ U , and consider
f : V →MΩ(A). There is the sequence of subobjects Vκ = f−1(Mκ(A)) for
κ < Ω. We have that MΩ(A) is the union (inductive limit) of the subobjects
Mκ(A). The axiom (A) implies that V is the union of the Vκ, since inverse
images commute with sups.

But the sequence Vκ must stabilize before VΩ = V since there are less
than Ω subobjects of U . In particular, the image of V is contained in a
subset Mκ(A) for κ < Ω. But we know that V can be extended to a map
from U into M1(Mκ(A)) = Mκ+1(A) by construction. So it can be extended
from a map of U into MΩ(A). This proves injectivity.

Moreover, A can be embedded in each Mκ(A). This completes the proof.





APPENDIX B

Spectral sequences

One of the points of a spectral sequence is that it lets you express the
homology of a filtered complex in terms of the homology of the associated
graded. If we have a complex C which decomposes as a complex into a direct
sum C0 ⊕C1 (of complexes), then the homology of C is just the direct sum
of that of C0 and C1. If there is an exact sequence of complexes

0→ C0 → C → C1 → 0

then, of course, we can write the homology of C in terms of that of C0, C1

via the canonical exact sequence.
Spectral sequences allow you to generalize this to an arbitrary (reason-

ably nice) filtered complex. This has many applications. One of the spec-
tacular results is that you can express the derived functor of a composite
FG of left-exact functors F,G in terms of the derived functors of F and
G—well, not quite, but there’s a spectral sequence between Rp+q(FG) and
RpF,RqG. This is precisely the general Grothendieck spectral sequence.

The Leray spectral sequence is a special case of the Grothendieck spectral
sequence on certain categories of sheaves. Specifically, we have a map of
topological spaces f : X → Y ; we let F = f∗ (push-forward from sheaves
on X to sheaves on Y ) and G to be global sections. We thus get a relation
between the cohomology of a sheaf F on X and its pushforward f∗F (in
terms of the derived functors of f∗).

Nevertheless, the approach that many books take is to define spectral
sequences initially via a family of messy two-dimensional diagrams. I will
follow Eisenbud’s Commutative Algebra in starting with exact couples. And
now that I’ve whetted your appetite, let us plunge into the details.

1. Definition of an exact couple

Fix an abelian category C. All “objects” mentioned in the future will
take values in this category. We really do need to do this for general abelian
categories, because one of the basic applications of this whole machinery
will be to sheaves.

159
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Definition 1.1. An exact couple is an exact diagram

A
α // A

g��~~~~~~~

E

f

__@@@@@@@

.

Exactness, of course, means that the three short sequences A→ A→ E,
A→ E → A, E → A→ A obtained by going clockwise around the triangle
are all exact.

Here is an example of how might construct an exact couple. Let E be a
differential object, i.e. an object equipped with an endomorphism d : E → E
with d2 = 0. Suppose α : E → E is a monomorphism that commutes with
d (i.e., is a morphism of differential objects); then the exact sequence

0→ E → E → E/α(E)→ 0

leads to an exact triangle in homology

HE // HE

||xxxxxxxx

HE

bbFFFFFFFF

,

which, by definition, is an exact couple.

2. The derived couple

Fix an exact couple

A
α // A

g��~~~~~~~

E

f

__@@@@@@@

.

We shall construct another exact couple from it.
First, we shall make E into a differential object. let d = g ◦ f . In

general d is not zero, since g does not come immediately after f . However,
d ◦ d = g ◦ (f ◦ g) ◦ f = 0 since g ◦ f = 0 by assumption. In this way, it
makes sense to define HE = ker d/Imd.

Proposition 2.1. There is an exact couple (meaning to be elucidated
in the proof)

αA
α // αA

gα−1||yyyyyyyy

HE

f

bbEEEEEEEE

.

This exact couple is called the derived couple.
Let us briefly explain what’s going on. The bottom object is the ho-

mology of E. The top objects are the images α in A, as in the diagram.
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However, the result states more: it tells us what the maps going around the
diagram are in terms of the original diagram.

Let us first check that these maps are well-defined. First, f induces a
map ker d→ A. If a ∈ ker d, then da = g(f(a)) = 0, so by exactness f(a) is
in the image of α. Moreover, if a ∈ Imd ⊂ Img, then f(a) = 0. So the map
f : E → A leads to a map f : HE → αA, as claimed.

The map α : αA→ αA is obviously well-defined.
Consider now the map gα−1 : αA → HE. The meaning is clear: if you

pick a ∈ αA, then lift to a′ ∈ A with αa′ = a, and map a to g(a′). Since
Img ⊂ ker d, it is clear that this map has the appropriate image; we still
need to check that this does not depend on the choice of the lifting a′. If we
had two different liftings a′, a′′, then a′− a′′ is annihilated by α, so is in the
image of f . And then the difference

g(a′)− g(a′′)

is in the image of g ◦ f = d. So g(a′), g(a′′) are equal in homology. Thus all
the maps are well-defined.

We can easily check that the composites of maps around the diagram
are each zero. First, α ◦ f = 0 by assumption. Next, (gα−1) ◦ α = 0 on αA
because g vanishes on αA. Similarly, f ◦ g ◦ α−1 = 0.

Exactness is now a routine exercise, and it is probably best not to bore
the reader with the details, so I will pick one point. Let us show that there is
exactness at the upper-right corner, i.e. αA→ αA→ HE is exact. Suppose
a ∈ αA with lifting a′ such that αa′ = a. Suppose (gα−1)a = ga′ goes to zero
in HE, i.e. is equal to de for some e ∈ E. This means that ga′ = g(f(e))
for some e ∈ E. In particular, a′ − f(e) ∈ ker g. By exactness of the initial
diagram, we can write

a′ − f(e) = α(a′′)
for some α′′ ∈ A. In particular, a = α(a′) = α(α(a′′) + f(e)) = α(α(a′′))
since α ◦ f = 0. We thus find that a is in the image of αA under α, proving
exactness at this corner. This completes the proof (excluding the remaining
details of exactness which we left to the reader).

So, start with an exact couple given by E,A,A as above. This leads to
E having a differential endomorphism d : E → E. We then have a derived
exact couple HE,A′, A′, a derived couple of this, and so on. This sequence
of exact couples is what leads to a spectral sequence, which we define next.

3. Spectral sequences without (many) indices

As usual, we continue to work in a fixed abelian category.

Definition 3.1. A spectral sequence is a sequence of differential ob-
jects (Er, dr) such that Er+1 ' H(Er).

Where are the myriad indices? Well, the usual notion of a spectral
sequence (the one with a mess of subscripts and subscripts) is a special case
of this one if you forget about the grading. Right now, we are simply thinking
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of differential objects such that the homology of each one is isomorphic to
the next object.

Let E1 be the first object in the sequence. Then we can write Z1 for
the d1-cycles and B1 for the d1-boundaries. To be precise (since we’re in an
abelian category), we have Z1 = ker d1, B1 = Imd1. Then E2 ' Z1/B1, since
E2 is a subquotient of E1. Similarly, we can choose Z2, B2 as subobjects of
E1 with

HE2 ' E3 ' Z2/B2

and Z2 ⊂ Z1, B2 ⊃ B1. This is because E3 is a subquotient of E2. Induc-
tively, we get subobjects

Z1 ⊃ Z2 ⊃ Z3 ⊃ . . .

and

B1 ⊂ B2 ⊂ B3 ⊂ . . . .

The point is, given Zn, Bn and dn+1 : Zn/Bn → Zn/Bn, we choose Bn+1 to
be a subobject mapping to the kernel of dn+1 and Zn+1 a subobject mapping
to the image. We have En+1 = Zn/Bn.

Suppose now that our abelian category allows for limits and colimits.
We can then define

Z∞ =
⋂
Zi, B∞ =

⋃
Bi.

The quotient E∞ = Z∞/B∞ is said to be the limit term of the spectral
sequence {Ei, di}.

Definition 3.2. We say that the spectral sequence converges to E∞.
If Er is any term in the spectral sequence, we write (by abuse of notation)
Er =⇒ E∞.

4. The spectral sequence of an exact couple

We shall now associate a spectral sequence to an exact couple

A
α // A

g��~~~~~~~

E

f

__@@@@@@@

.

Indeed, for i ≥ 0, we let Ei be the bottom term of the i-th derived couple.
So then we have that each Ei is a differential object and H(Ei) = Ei+1 by
construction of the derived couple.

So we have a way of getting a spectral sequence from an exact couple.
We shall now compute the terms Zi, Bi.



5. THE SPECTRAL SEQUENCE OF A FILTERED DIFFERENTIAL OBJECT 163

Let us recall what the derived couple looks like. By construction (and
induction), it follows that the i-th derived couple is

αiA
α // αiA

g◦α−iwwoooooooooooo

Ei = Zi−1/Bi−1.

f

ggOOOOOOOOOOOO

.

Proposition 4.1. We have Zi = f−1(Imαi) and Bi = g(kerαi).

Indeed, if we assume this for i − 1, then it is easy to see it for i by
induction and the exact sequence of the derived couple.

So we now have a fairly good idea of what the spectral sequence of
an exact couple looks like. We now move towards the examples of use in
algebra.

5. The spectral sequence of a filtered differential object

5.1. Construction. Let (X, d) be a filtered differential object with fil-
tration . . . X−1 ⊃ X0 ⊃ X1 ⊃ . . . . By this we mean that each Xi is a
subobject of X and is preserved by d. Then each Xi/Xi+1 is a differen-
tial object with a differential induced by d. In particular, the associated
graded object

gr(X) =
⊕

Z
Xi/Xi+1

has a differential naturally induced on it. We would like to relate the ho-
mology H(X) with the homology of the associated graded.

To do this, start by considering the object F =
⊕

ZX
i. There is an

endomorphism α : F → F that shifts the degree based on the natural
inclusions Xi → Xi−1. There is an exact sequence

0→ F → F → F/α(F ) = gr(X)→ 0.

In particular, we have an exact couple

H(F ) α // H(F )

gyyssssssssss

H(gr(X))
f

eeKKKKKKKKKK

.

Here the map g is just reduction, i.e. the sum of the maps induced on
homology by the natural maps Xi → Xi/Xi+1. We shall describe the map
f , because we want to compute the later terms of the spectral sequence. It
is, however, merely the coboundary map. In particular, given a sequence
xi ∈ Xi/Xi+1 which is a cycle (i.e. maps into H(gr(X))), we lift it to a real
sequence xi ∈ Xi, and consider dxi ∈ Xi. The images lie in Xi+1, so we
shift it appropriately to get the image in H(X).

So the filtered differential object has given us an exact couple. We can,
of course, apply the general procedure above and get a sequence of derived
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couples, thus a spectral sequence, out of it. The E1 term, as described, is
the homology of the associated graded. We want to know that the higher
Zj , Bj are.

First of all, the Zj , Bj are each graded, since the F and H(gr(E)) are
graded. By what we have already shown, Zj = f−1(Imαj).

So consider an element xi ∈ Xi with dxi ∈ Xi+1. It has an image
in Xi/Xi+1 and also in H(gr(X)); we want to know when this image is
contained in Zj . Now f(xi) corresponds to the image of dxi ∈ Xi+1 in
H(F ). If dxi ∈ Xi+1+j , then we will have that f(xi) ∈ Im(αj) and xi ∈ Zj .
Conversely, if f(xi) ∈ Im(αj), we must have that dxi is at least (modulo
Xi+1) cohomologous to something in Xi+1+j . In other words, xi ∈ Zj if and
only if dxi is cohomologous to something in Xi+1+j .

In particular, we find that Zj is the direct sum over i⊕
i

(
{
x ∈ Xi : dx ∈ Xi+j+1

}
+Xi+1)/(dXi +Xi+1).

Similarly, xi is in Bj if and only if xi is Xi-cohomologous (modulo Xi+1)
to something whose image in H(F ) is annihilated by αj , i.e. is a boundary
from Xi−j . In particular

Bj =
⊕
i

((dXi−j ∩Xi) +Xi+1)/(dXi +Xi+1)

We have thus obtained the desired expressions for Zj , Bj . But they are
messy.

5.2. The limit terms. We shall now relate the limit terms to the
associated graded of H(X).

Let now j →∞. The condition dx ∈ Xi+j+1 in the Zj becomes stronger
and stronger. Suppose, for example, that the filtration Xj is finite in both
directions—i.e., to the left it eventually becomes X, whiel to the right it
eventually becomes zero. Then it is clear that

Z∞ =
⊕
i

(
{
x ∈ Xi : dx = 0

}
+Xi+1)/(dXi +Xi+1)

and
B∞ =

⊕
i

((dX ∩Xi) +Xi+1)/(dXi +Xi+1).

So, in particular, let Z denote ker d and B denote Imd; these are ordinary
cycles and boundaries in X. Then the limit term is the graded object

E∞ =
⊕

(Z ∩Xi +Xi+1)/(B ∩Xi +Xi+1).

Let us now shift gears to consider the associated graded of the homology.
We can consider the homologies H(Xi) for each j and the images in H(X).
The images H i are (Z ∩Xi)/(B ∩Xi). In particular, these are subobjects
of H(X).
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Proposition 5.1. If the filtration is finite and exhaustive, then the as-
sociated graded of H(X) with the above filtration is the limit term E∞.

Indeed, let us consider H i/H i+1; by the formula above, this is

(Z ∩Xi)/(Z ∩Xi+1 +B ∩Xi)

However, the terms in E∞, namely

(Z ∩Xi +Xi+1)/(B ∩Xi +Xi+1)

can be written as

((Z∩Xi)+(B∩Xi+Xi+1))/(B∩Xi+Xi+1) = (Z∩Xi)/(Z∩Xi+1+B∩Xi)

in view of elementary algebra. We have thus obtained the requisite isomor-
phism.

It is also clear that finite and exhaustive was not the condition actually
needed, but a stronger version of it. From the formal description of Zj as
the direct sum of (

{
x ∈ Xi : dx ∈ Xi+j+1

}
+Xi+1)/(dXi+Xi+1), it follows

that Z∞ in any case is equal to the direct sum over i of⋂
j

({
x ∈ Xi : dx ∈ Xi+j+1

}
+Xi+1

) /(dXi +Xi+1).

Similarly, B∞ is the direct sum over i of⋃
j

(
(dXi−j ∩Xi) +Xi+1

) /(dXi +Xi+1)

Proposition 5.2. Suppose we have the conditions:
(1)

⋂
j

({
x ∈ Xi : dx ∈ Xi+j+1

}
+Xi+1

)
=
{
x ∈ Xi : dx = 0

}
+Xi+1

(2)
⋃
j

(
(dXi−j ∩Xi) +Xi+1

)
= (dX ∩Xi) +Xi+1.

Then the associated E∞ term of the spectral sequence is the associated graded
of H(X).

This is now clear from the above arguments.
Note that condition (2) is always satisfied if the filtration is exhaustive,

i.e.
⋃
Xi = X. Condition (1) is the one which takes effort to establish.

Let us give an application of the following machinery. Suppose X is a
filtered complex with a finite filtration.

Proposition 5.3. If the associated graded gr(X) is exact, then X is
exact.

Indeed, we have a spectral sequence converging to H(X) that starts with
H(gr(X))—but this means it starts at zero, and hence can’t go anywhere
besides zero. Thus H(X) = 0 and X is exact.

There is something rather trivial about this proposition. Indeed, it could
have been established simply using induction and repeatedly using the long
exact sequence for homology. Nonetheless, this is kind of slick.
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6. The spectral sequence of a double complex

For convenience, all complexes in the following will have boundary maps
that increase the degree.

6.1. Definition. Alright, so we now know how a filtered differential
object yields a spectral sequence. Now, we will tackle the fundamental
example that we will need in the sequel, that of a double complex.

Definition 6.1. A double complex is an assignment of an object Cij
for each i, j ∈ Z together with horizontal boundary maps dh : Cij → Ci+1,j

and vertical boundary maps dv : Cij → Ci,j+1 for each i, j. The following
conditions are required:

(1) dh ◦ dh = 0.
(2) dv ◦ dv = 0
(3) dh ◦ dv = −dv ◦ dh (anticommutativity).

The first two conditions say that each row and each column is a complex
via the horizontal (resp. vertical) boundaries. The sign convention is useful
in making a single complex out of a double complex. If instead we had
dh ◦ dv = dv ◦ dh at all points (which is to say that we had a complex of
complexes), then we could replace dh by the system of maps (−1)jdh to get
anticommutativity. And vice versa. This is a useful sign trick.

Example. We can construct a double complex from a two single com-
plexesK,L. Indeed, the family {Ki ⊗ Lj} has vertical and horizontal bound-
ary maps induced from those of L,K, i.e. dK ⊗ 1, 1 ⊗ dL. These commute
and do not anticommute, however, so we use the sign trick above to get a
double complex.

6.2. The total complex. Suppose C = {Cij} is a double complex.

Definition 6.2. The total complex Tot(C) is defined such that

Tot(C)k =
⊕
i+j=k

Cij

and such that the boundary map d is dh + dv.

Note that anticommutativity implies that (dh+dv)2 = 0. Note also that
because dh increases the horizontal degree by one and leaves the vertical
degree fixed, it maps Tot(C)k into Tot(C)k+1, and similarly for dv.

It is of interest to know what the homology of the total complex looks
like in terms of the vertical and homology of the complex C. For instance,
if the rows of C and the columns of C are exact, is Tot(C) exact? This is
one of the questions that spectral sequences can answer.
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6.3. The filtration. To do this, we start by introducing a filtration on
the complex X = Tot(C) for a double complex C. Namely, given l, we filter
out to consider only the rows higher than l. So

X l
k =

⊕
i+j=k,j≥l

Cij .

Since dv increases j by one, each X l =
⊕

kX
l
k is indeed a subcomplex of X.

We let the reader draw the appropriate picture, but the point is simply
to cut out the rows below a given point in C, and take the total complex of
that. This is called the vertical filtration.

In the same way, we can introduce a horizontal filtration on X =
Tot(C) by only considering points where the column is sufficiently far to
the right, i.e. Cij for i ≥ l at the l-th step of the filtration. We leave the
analogous details to the reader.

Return to the horizontal filtration
{
X l
}

on X. Let us compute the
homology of the quotients X l/X l+1. Note that this quotient complex is just

X l/X l+1 =
⊕
i

Ci−l,l

because all Cij for j > l disappear out. The boundary maps on the quotient
complex are just the horizontal maps dh. So taking the homology of the
associated graded of Tot(C) is the same as taking the homology of the rows.

6.4. The spectral sequence. We now have a (descending) filtration{
X l
}

on the complex X = Tot(C). Let Y =
⊕

ZX
l and α : Y → Y the

map induced by all the inclusions X l → X l−1. Y is a differential object and
the map α is a morphism of differential objects. Then the exact sequence

0→ Y → Y → Y/α(Y ) = gr(X)→ 0

of differential objects leads to an exact couple and a spectral sequence, as
before. For instance, here is the exact couple:

H(Y ) α // H(Y )

gyyssssssssss

H(gr(X))
f

eeKKKKKKKKKK

.

Before proceeding further, we define a grading on these objects. Write
Hp,q(Y ) = Hp+q(Y q) = Hp+q(Xq), since the q-th part of Y is Xq. Sim-
ilarly, let Hp,q(gr(X)) = Hp+q(Xq/Xq+1). This indexing convention will
make things slightly more convenient in the future. In particular, note that

Hp,q(gr(X)) = Hp+q(
⊕
i

Ci−q,q),

which is precisely the horizontal homology at Cp,q. We denote this by
Hp,q
h (C).
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In the exact couple, α has degree (1,−1) because it is a shift by one but
keeps the homology at the same level. Similarly, g has degree (0, 0). Also,
f has degree (0, 1) because it shifts both the homology level and the point
in the filtration; this is because it is the coboundary map in 0→ Y → Y →
Y/α(Y )→ 0 and α shifts the point in the filtration by one.

Given this bigrading of E1 = H(gr(X)) and the bigrading of the maps
around the triangle, it follows that each term Er is bigraded, Epqr . Moreover,
the differential dr is defined as g ◦ α1−r ◦ f , so it has degree (1− r, r).

This type of bigraded spectral sequence is the usual definition of a “spec-
tral sequence,” which we give below.

Definition 6.3. A (bigraded) spectral sequence is a sequence of ob-
jects Epqr for r ∈ Z≥0 and p, q ∈ Z together with differentials of bi-degree
(1− r, r):

dr : Epqr → Ep−r+1,q+r
r

such that Epqr+1 is the homology of dr:

Epqr+1 = ker(Epqr → Ep−r+1,q+r
r )/Im(Ep+r−1,q−r

r → Epqr ).

Suppose we have a sequence of differential objects (Er, dr) such that
each Er is bigraded, dr : Er → Er is of bidegree (1 − r, r), and H(Er) is
isomorphic as a graded object to Er+1. Then the bigraded decomposition
gives a bigraded spectral sequence as in the definition.

In particular, returning to the example of the double complex, we have
a bigraded spectral sequence {Epqr } such that Epq1 = Hpq

h (C), i.e. the first
term is the horizontal homology. The first differential d1 is of bidegree (0, 1).
I claim it is induced precisely by the vertical differentials.

To be more precise, we make a definition:

Definition 6.4. Let C be a double complex. We have already defined
the family Hpq

h (C) consisting of the horizontal homology at each point; sim-
ilarly, there is Hpq

v (C). We can regard this family as a double complex
Hh(C) as follows. The horizontal maps are zero. The vertical maps are
induced by the vertical differentials (−1)idv, multiplied by a sign to make
them morphisms of the row complexes.

The vertical homology of this new complex will be denoted Hp,q
v Hh(C).

So we know that E1 is precisely Hh(C). I claim that E2 is precisely
HvHh(C). Indeed, this will follow if we show that d1 is the map induced by
the vertical differential.

Pick x ∈ Epq1 = Hp+q(Xq/Xq+1). We shall describe dx = g(f(x)). First,
the quantity f(x) ∈ Hp+q+1(Xq+1) is obtained by picking a representative
x ∈ Xq with dx ∈ Xq+1 and dhx = 0, and taking dx ∈ Xq+1 as the
representative of some homology class in Xq+1. The map g then sends this
into Hp+q+1(Xq+1/Xq+2). So d1x is the image of dhx + dvx in Ep,q+1

1 .
However, dhx = 0.
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In particular, working through this has made it clear that the map d1 is
just the map induced by the vertical differential dv on Hh(C).

Our ramblings above have established the following:

Proposition 6.5. Let C be a double complex. Then there is a spectral
sequence {Epqr } with

Epq1 = Hpq
h (C)

and
Epq2 = HvH

pq
h (C).

There is a dual result for the horizontal filtration:

Proposition 6.6. Let C be a double complex. Then there is a spectral
sequence {F pqr } with

F pq1 = Hpq
v (C)

and
F pq2 = HhH

pq
v (C).

There is one wrinkle in this proposition. The differentials dr here are
no longer of bidegree (1 − r, r), but rather of (r, 1 − r). Indeed, it is clear
that the differentials in E1 have to be horizontal. So, strictly speaking, this
is a slightly different type of bigraded spectral sequence than given in the
definition, but the formalism is analogous.

6.5. Convergence. Given a bigraded spectral sequence, all the objects
Zj , Bj are bigraded. It is possible to speak of “convergence” of a spectral
sequence to a bigraded object in the same manner.

Convergence is particularly nice in a certain case:

Definition 6.7. A first quadrant spectral sequence is one where Epq1 =
0 if p < 0 or q < 0.

This clearly implies that if p, q is fixed and r is large, the differentials dr
coming into and going out of Epqr are both zero, since they start at or end
in someplace outside the first quadrant. This in particular implies that for
large r, Epqr = Epqr+1. Thus each graded part of E∞, say Epq∞ is actually just
the same as Epqr when r is large.

More generally, we define convergence to a family {Xj} of objects, or
equivalently a graded object X =

⊕
Xj . We say that Epqr =⇒ X if for

each j, there is a filtration Xi
j on Xj such that the successive quotients are

precisely the Epq∞ on the diagonal p+ q = i. In particular, we must have

X

We shall now explore the question of when the spectral sequence asso-
ciated to a double complex converges to something nice.

Theorem 6.8. Let C be a first-quadrant double complex, i.e. Cij = 0 if
i < 0 or j < 0. Then the spectral sequences {Epqr } , {F pqr } associated to C
converge to the homology H(Tot(C)).
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