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1. Quadratics and cubics

Today’s topic will be the geometry of equations.

1.1. Quadratics. We start with a simple example.

Example (Middle school). x2 + px + q = 0. Psychologically, this is a
quadratic equation for x the variable. This is a two-parameter family
with p, q varying.

Equally well, you can treat this is a linear equation in p, q with pa-
rameter x; this becomes then a one-parameter family of linear equations
in two variables. Consider the p, q plane and draw a few lines belonging
to this family. For instance, when x = 0, this is a horizontal line q = 0.
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When x = −1, this is q = p − 1. For x = 1, this is q = −p − 1. More
can be drawn; it’s too hard to do this on the computer in real time.
When x = −2, then this is q = 2p − 4. And so on, etc., etc. What
you’ll see is that there is a curve C that looks like a parabola, and such
that each line is tangent to this curve at one point. This curve is seen
visually when you draw a lot of such lines and is the envelope of this
whole family of lines.

Now this picture becomes a machine for solving quadratic eqations,
geometrically. Granted, we need to pick p, q somewhere—this is a point
in a plane. Now draw tangent lines from (p, q) to this curve C, say at
points x1, x2. I claim that x1, x2 are the roots of this equation.

This pictorial solution of equations used to be a serious topic before
computers existed. It also shows that there are points p, q where no
solution exists. For (p, q) ∈ C, then there is one solution. This shows
that the curve C must consist of points where p2 = 4q.

1.2. Envelopes of lines. Next, we discuss how to obtain the envelope
of a family of lines. This used to be standard knowledge covered in
college in the 1800s, but this is no longer the case.

In the above case, for instance, the family of lines is x2 + px+ q = 0
(family L(x) parametrized by x ∈ R). Suppose given a family of lines
L(x). Consider L(x + ∆x) and intersect them, then let ∆x → 0 and
hope that the intersection p(x,∆x) tends to a point p(x) ∈ R2 as
∆x→ 0. Then {p(x)} is the envelope of the lines L(x).

Example. Let L(x) = x2 + px + q. Then L(x + ∆x) = (x + ∆x)2 +
p(x+∆x)+q = 0; we ignore ∆x2 and get x2 +2x∆x+px+∆x+q = 0.
Subtracting this from the equation for L(x), and dividing by ∆x, we
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find
2x+ p = 0.

(In other words, we differentiated the equation for L(x) with respect
to x.) Then p = −2x, q = x2 forms a parametric representation for the
envelope of {L(x)}. We can in fact eliminate x, in an obvious manner.

1.3. Cubics.

Example. We now do another example involving singularities. Namely,
we consider x3 + px + q = 0. We treat this as a family L(x) of lines.
Draw these lines in the p, q plane, and sketch the envelope. I’m not
inclined to copy all this down (better to do this with a computer). The
envelope C has a sharp point at the origin, called a cusp. The curvature
at the point is infinite.

This picture, too, is a machine for solving cubic equations. Needless
to say, the formula for cubic equations is extremely complicated... The
picture C tells you the story qualitiatively. Picking a point in the p, q
plane, one can see how many solutions there are by drawing tangent
lines to C; the number of ways you can do that is the number of different
real roots (either one or three). Note that the number of solutions only
changes when you cross the curve C.

What about (p, q) ∈ C? The curve C, incidentally, has “generic”
points and “special” points (e.g. the cusp). In fact, the zero point
(p, q) = (0, 0) corresponds to the case where all three roots are the
same. The other points correspond to the case where there is a double
root and a single root.

Now, we need to figure out the equation of this curve. Indeed, we
can do this as was discussed before. The first way was to differentiate
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with respect to x, namely find the intersection of x3 + px+ q = 0 and
3x2 + p = 0, i.e. p = −3x2. It follows that q = x3 − 3x3 = −2x3.
(This parametric representation, incdientally, shows that there is a
singularity at x = p = q = 0.) It follows that 4p3 + 27q2 = 0. This is
the equation of the curve C. It is a semi-cubic parabola, because q is
p3/2 times a constant.

There is an alternative approach as well (or in other words, a re-
formulation of the same thing). Use the fact that the yellow curve C
corresponds to the place where x3 + px + q has multiple roots. When
is this the case? More generally, when does a polynomial P (x) have
multiple roots?

Lemma 1.1. a is a multiple root of P (x) iff P (a) = P ′(a) = 0.

This lemma is well-known and very easy.
In particular, the system f = f ′ = 0 is precisely the system we

obtained above in p, q (depending on x).

Remark. You might wonder why in the cubic equation, we didn’t have
an x2 term. The reason was that we can “complete the cube” to get
rid of the x2 term (parallel shift of x).

2. Duality

2.1. Point-line duality. Now consider the four-letter equation y +
px+q; this calls for two planes (xy and pq). ’Tis a remarkable equation.
In fact, we can treat points of one plane as lines of another—that is,
if we fix x, y, we get a line in p, q, and vice versa. (But, we have to
exclude nonvertical lines—this will be fixed below.)
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Note that this is completely symmetric in p, q and x, y. This is a
form of duality (point-line). We will use ′ to denote duality. Note
incidentally that if A lies on L, then L′ lies on A′.

Exercise 1. Convince yourself of this last fact.

So for instance, if you have three points A,B,C on a line L, then we
get three lines A′, B′, C ′ intersecting in a point L′.

Moreover, we can use duality with curves. Consider a curve γ in the
p, q plane. We can consider a dual curve γ∗. One way is to consider
the family of tangent lines γ̇; this is a one-parameter family of lines,
which corresponds to a family of points (a.k.a. a curve) in the dual
plane. We can also do something else. Namely, consider the curve γ as
a family of points, make it correspond to a family of lines in the dual
plane, and take the envelope in the dual plane. These turn out to be
equivalent.

Example. Consider the parabola y = xa; we shall compute the dual
curve. First, we must consider the famliy of tangent lines. At (t, ta),
the equation for the tangent line is y − ta = ata−1(x− t). We need to
rewrite this in the form y + px+ q = 0. Indeed, rewriting gives

y − ata−1x+ (a− 1)ta = 0.

This means that p = −ata−1, q = (a − 1)ta. This is a generalized
parabola in the (p, q) plane, with the conjugate exponent. For instance,
the usual parabola is dual to itself (ignoring constant coefficients).

Now suppose we have a curve C in one plane with a tangent line at
two points; then its dual must have self-intersection. Similarly, when
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there is an inflection point (e.g. cubic), then there is a cusp in the dual
picture. (In particular, you can’t avoid singularities, no matter how
hard you try. Unless you stick with algebra.)

Exercise 2. Do some examples of this, e.g. y = x4 − x2. Solution:

To call this duality, we have to show that it is an involution.

Theorem 2.1. The double dual γ∗∗ of a curve γ is γ itself.

Proof. To construct the dual (γ∗)∗, we have to construct the tangent
lines of γ∗. Now start by considering instead the secant lines in γ∗

intersecting at A,B. This corresponds to (by duality) two tangent
lines A′, B′ on γ. The line through AB corresponds to a point, which
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is where A′, B′ intersect. So as A→ B, the point where A′, B′ intersect
is on γ. This corresponds by duality to the tangent line on γ∗. N

This discussion is valid when we have a well-defined tangent line (not
necessarily to consider nonsingular curves only).

We now discuss an application of duality.

Theorem 2.2 (Pappus, 3rd century AD). Take two lines L1, L2 and
three points on each A1, B1, C1 ∈ L1, and A2, B2, C2 ∈ L2. Connect
each of the points on L1 with each of the points of L2. There are a
whole bunch of new points in this picture. Then three of them are
collinear.
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Remark. This “dead” theorem was revived fifteen years ago by some-
one at Brown. Basically, you iterate the construction in Pappus’s the-
orem.

Duality allows this theorem to yield a dual theorem.

2.2. The projective plane RP2. The projective plane RP2 has a
strange definition.

Definition 2.3. RP2 is the set of all lines through the origin in R3.

Projective geometry was created by a French architecht named De-
sargues, though his hobby was not taken seriously. The elements of RP2

are like rays of light emanating from the “sun” at the origin. Now, to
work in the projective plane, one has first of all homogeneous co-
ordinates obtained by choosing a vector in R3 − {0} along each line.
However, this is imperfect because the choice of homogeneous coordi-
nates isn’t unique. So, we have to work with equivalence classes via
the relation (x, y, z) ∼ (tx, ty, tz), t 6= 0. The quotient space is pre-
cisely RP2. We denote equivalence classes by (x : y : z) (note that one
coordinate is nonzero). This is what allows one to extend algebra to
the present setup.

Now, we define charts. When z 6= 0 (i.e. nonhorizontal lines), we can
use a horizontal screen to capture all the lines; that is, we can normalize
the triple (x : y : z) by dividing by z and it becomes (x/z : y/z : 1).
This set of triples of course, can be identified with points (a, b) of the
cartesian plane. However, this chart is insufficient. We also have to
consider the chart where y 6= 0, and the chart with x 6= 0. These three
charts together, each isomorphic to R2, cover RP2.

8



Restatement: Note that RP2 contains a copy of R2 (translated par-
allel to the origin). There are also “points at infinity.” The projective
plane is a closure of the real plane (a compactification). Granted, of
course, the choice of R2 ⊂ RP2 is not unique.

Example. Consider the curve x2+y2 = 1 ⊂ R2. We will extend this to
the projective plane (considering R2 as the subspace of RP2 where the
third homogeneous coordinate is nonzero). In RP2 with homogeneous
coordinatesX, Y, Z, this becomesX2+Y 2 = Z2 (since the identification
was (X : Y : Z) = (X/Z, Y/Z) = (x, y)). So in the chart where y 6= 0,
this equation becomes x2 + 1 = z2, which is very different.

Incidentally, in projective geometry, all (nondegenerate) conics are
equivalent. What appears as a hyperbola in one chart is an ellipse in
another chart, etc. (Life would be even easier if you replace RP2 with
CP2.We stick to the real world generally.)

Topologically, we can use the sphere S2 ⊂ R3 to construct RP2;
namely, we identify antipodal points on the sphere. So RP2 is a quo-
tient space of S2 under the relation x ∼ −x. In other words, we are
identifying the upper and lower hemispheres. So we can get rid of some
redundance by just considering the upper hemisphere H2 ⊂ S2, where
we just glue antipodal points on the equator. In other words, if we
project H2 to the plane, we just have a disk with the opposite points
on the outer circle identified. Like a computer game when you hit the
boundary and come out the other side. Note that RP2 is nonorientable
because the map p→ −p is orientation-reversing.

Remark. Incidentally, if you cut out a small disk in the projective
plane, then you get a Moebius band (exercise).
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We now review these facts.1

Recall from yesterday that we were discussing the real projective
plane RP2. Reminder: this is the space of lines through the origin in
R3. This is slightly bigger than the standard affine space R2, but if you
choose any plane in three-space not containing the origin, then you
can consider it as a screen capturing line—and one gets an embedding
of R2 (the affine plnae) in the projective plane. You can do geometry
in RP2, where “points” are lines through the origin. “Lines” in RP2

correspond to lines in one of the “screens.” That is, fix an embedding
R2 → RP2, and a line in R2 is mapped to a line in RP2. Also, add
one point at infinity by adding the point in RP2 corresponding to the
line in R2 but translated so it passes through the origin. To make this
simpler, just consider ax+ by + cz = 0.

The projective plane has a nontrivial topology. It is not simply con-
nected. We won’t prove it, but I can try to convince you. Consider a
disk with the oposite points of the boundary identified. The curve con-
necting two opposite points of the boundary (which is a closed curve)
is not contractible. The fundamental group π1(RP2) = Z2.

2.3. Duality conceptually. The real goal with all this is to explain
duality, though. We want to establish a correspondence between points
and lines. Start by corresponding two spaces; start with V for a three-
dimensional space (without euclidean structure). Consider also V ∗,
its dual (the covector space). These two spaces V, V ∗ are isomorphic
because they have the same dimension, but there is no canonical iso-
morphism. (We didn’t go into category theory in the class, though...)

1A new day starts here.
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We can define the projective plane P(V ) = RP2 for the lines through
the origin in RP2. We get another projective plane P(V ∗) = RP2 for
lines in V ∗.

Pick a point in P(V ), i.e. a line in V . We consider the annihilator A
in V ∗; i.e. those covectors that vanish on the line in V . Since V is two-
dimensional, this becomes a two-dimensional space in V ∗, i.e. a line in
P(V ∗). Similarly, we can read this in the oposite direction. Namely,
we can assign a point in P(V ∗) to a line in RP2, again by considering
annihilators. Note that this is a legitimate duality, because V ∗∗ is
canonically (naturally!) isomorphic to V .

2.4. Introducing coordinates. Consider coordinates (x, y, z) for V
and (p, q, r) for V ∗; suppose they correspond to dual bases. The equa-
tion reads that px+qy+rz = 0 states that the covector with coordinates
(p, q, r) vanishes on the vector (x, y, z). This looks very similar to the
equation x+yq+r = 0 used to define duality in the affine plane yester-
day, which is a special case where p = 1—indeed, this is what happens
when you restrict to the chart where p 6= 1 and z 6= 0 (using the fact
that this is projective).

2.5. On the sphere. Now, let’s think of this more geometrically. Re-
call that RP2 is a quotient space of S2 with antipodal points identified.
We can think of S2 as being in one-to-one correspondence with oriented
lines through the origin (i.e. rays). This is a close relative of RP2, but
is more familiar.

There is a version of projective duality on the sphere.
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We are going to establish a correspondence between points on the
sphere and “lines” on the sphere. “Lines” here will refer to great circles
on the sphere, more specifically an oriented great circle.

points = oriented great circles.

Here’s how. Choose a point A ∈ S2 as a “pole” and an orientation
for the equator. There corresponds a unique great circle A′ with A as
the pole; to every oriented great circle, we choose a corresponding pole
as the point. The euclidean distance between A,B ∈ S2 corresponds to
the angle of intersection betwen A′, B′. This is not surprising: spherical
geometry uses angles as a key measurement of distance.

Now, let’s try to understand this for curves (smooth). Fix a smooth
curve γ ⊂ S2. How to construct the dual curve? Well, we should
construct the one-parameter family of tangent great circle, and then
their corresponding (polar) points. This collection of points will be the
dual curve. There is a very geometric way to do this. Given γ, move
each point π/2 degrees in the direction orthogonal to the curve. If you
do this twice, you get the same thing. This can be thought of using
optics.

Example. What is the dual curve about a circle of distance r from
the pole in S2? It is another circle of radius π/2− r in S2.

Example (Last one for this topic). Come back from the sphere to the
projective plane. Consider a spherical triangle in the plane. What does
its dual in RP2 look like? It should have three inflections corresponding
to the three cusps of the spherical triangle. Similarly, it should have
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no cusps because the triangle has no inflections. It was drawn on the
board, though I can’t sketch it here.

There is a theorem of Moebius that if you have a simple closed curve
in RP2, which is not contractible, then it has necessarily ≥ 3 inflection
points. (Note that one of the inflection points can be at infinity, e.g. if
you consider a hat curve. See the figure)

3. Return to polynomials (classification of quartics)

3.1. Quartics. Consider a three-parameter family of quartics, namely
x4 + px2 + qx + r = 0; this is equivalently a one-parameter family of
affine planes (not necessarily containing 0) in R3. Think of it in the
latter case. Consider this affine plane, call it π(x). Now intersect two
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nearby planes π(x)∩π(x+ ε) and take ε→ 0. This is a line. So we also
get a one-dimensional family of lines l(x) ⊂ R3. As x varies, this family
of lines spans a surface Σ in R4 (or equivalently, this family of planes
envelopes a surface), which is our object of study—it is, however, much
more complex and interesting. Now the surface Σ is built from straight
lines, i.e. it is a ruled surface.

An example of a ruled surface is x2 + y2 − z2 = 1, though it is
emphasized less than it should be. Another example is a saddle surface
xy = z. These are in fact doubly ruled surfaces.

Exercise 3. Show that these two surfaces—the hyperboloid and the
saddle—are ruled.

Now, let’s write down the equation of l(x); namely, we differentiate
with respect to x and get the two equations

(1) x4 + px2 + qx+ r, 4x3 + 2xp+ q = 0.

We will eliminate x from these eventually. Before the break, we will
describe points of this ruled surface. Namely, we should take three
infinitesimally close planes and intersect them: limε→0 π(x) ∩ π(x +
ε) ∩ π(x − ε). This is equivalent to intersecting the coplanar lines
l(x) ∩ l(x − ε). Namely, we need to differentiate again and get the
system of three equations

x4 + px2 + qx+ r(2)

4x3 + 2xp+ q = 0(3)

12x2 + 2p = 0.(4)

Now, after taking a short break, we’re going to attempt to draw
this huge surface—that is, the one defined by (1). Granted, it’s in
four-dimensional space, so we can think of it as a family of curves in
(p, q, r)-space parametrized by the points x ∈ R. The surface (called
the swallowtail) represents quartic polynomials that have multiple roots
in R.

The different regions determined by this surface correspond to the
number of roots. To find solutions of x4 + px2 + qx + r, with (p, q, r)
fixed, consider planes through (p, q, r) and find where they are tangent
to the surface Σ.

Go back to the system of three equations above; this does not de-
scribe the whole surface Σ, but only a subset. Namely, it describes
polynomials that have a triple root at x. This curve C also has a cusp.
I claim that the set of tangents to C is precisely the surface Σ (which
shows, as claimed above, that it is a ruled surface).
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3.2. Review of differential geometry. There was now a quick re-
view of differential geometry. Suppose γ(x) ∈ R3 is a smooth curve.
Consider the family of tangent lines and the surface generated; this is
a surface given parametrically by R(x, t) = γ(x) + tγ′(x).

What is the tangent plane to this surface at each line? In fact, the
tangent plnae is spanned by γ′(x) + tγ′′(x), γ′, or equivalently by γ′, γ′′

(if t 6= 0) and is in particular independent of t (which is to say, it
stays constant along each line in the ruling—in sharp contrast to what
happens for the paraboloid).

3.2.1. Digression: Gauss curvature. Consider a surface S ⊂
eR3 and the field of unit normal vectors along S, which we consider as a
map S → S2 mapping each point of S to the unit sphere (by translating
normal vectors so they start at the origin). The determinant of the
derivative of this map is called the Gauss curvature, and the result of
Gauss was that it doesn’t depend on the embedding.

I claim that the curvature of the surface generated by γ and the
tangent lines is zero. This is because the tangent plane is constant
across each ruling. So the Gauss map to S2 is constant across each
ruling. This means in particular that the image of the Gauss map can
have dimension at most 1; in particular, its Jacobian cannot have full
rank.

3.3. Return to the surface Σ. Recall that we claimed that the en-
velope of the tangent lines of the curve C filled the surface S. This
argument was sketched in the course today, but I was having trouble
following it.
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Now, let’s parametrize the surface Σ. Recall that this was given
by two equations in x, p, q, r. It can be solved using the theory of
resultants, which we’ll get to later. The answer is a very complicated
polynomial, whose coefficients are products of powers of 2, 3. (The
real calculation of these coefficients in general is an achievement of
twentieth-century mathematics.) Given

x4 + px2 + qx+ r, 4x3 + 2xp+ q = 0

let’s replace the first equation by one of degree 2, by Euclid’s algorithm
for polynomials, to get an equivalent system. One finds:

4x3 + 2px+ q = 0, R = 0

where R has degree 2; then repeat the euclidean algorithm again

R = 0;R′ = 0

where R′ has degree 1; keep dividing until the remainder has no x, and
one can get to the final (super-messy) polynomial. We did not go into
the rather painful details.

4. Resultant and discriminant

4.1. Resultants. Now, let’s discuss how to eliminate unwanted vari-
ables from systems of polynomial equations. The key topics are the
resultant and discriminant. The resultant answers the question of
whether two polynomials in one variable over a field F (say f(x) =∑n

i=0 aix
n−i, g(x) =

∑m
j=0 bjx

m−j have a common factor (i.e. a com-

mon root in the algebraic closure).
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If f, g have a common factor, we can write

f = vw, g = uw, u, v, w ∈ F [X].

It follows that

fu = gv

where u, v are polynomials of degrees smaller than those of f, g. This
becomes a system of linear equations in the coefficients of u, v, so linear
algebra can be used to check whether there is a solution.

In fact, if they can be solved, they can just be solved recursively
(first solve for the highest power, ...). Moreover, linear algebra says
when there is a solution: specifically, the relevant system must have
nonzero determinant. The system as a matrix is built out of the a’s
and b’s and 0’s; there exists a common factor of f, g when the determi-
nant is nonzero. The matrix is called the Sylvester matrix and the
determinant is called the resultant.

The structure is as follows. The Sylvester matrix is of size m+ n by
m+ n. 

a0 a1 . . . an 0 . . . 0
0 a0 a1 . . .
...

...
. . .

−b0 −b1 . . .
−b0 −b1 . . .

. . . . . .


We now resumed the discussion of the Sylvester matrix and the re-

sultant. Recall the structure of the Sylvester matrix of two polynomials∑
aix

n−i,
∑
bjx

m−j:

a0 a1 . . . an 0 . . . 0
0 a0 a1 . . .
...

...
. . .

−b0 −b1 . . .
−b0 −b1 . . .

. . . . . .


Now consider a polynomial of degree 4: namely p(x) = x4 + px2 +

qx+ r, and its derivative 4x3 + 2px+ q. We can compute the resultant;
it is a rather unpleasant computation, but one obtains the polynomial
giving the variety in p, q, r parametrizing polynomials p(x) as above
that have a common factor. This is the surface obtained from Σ as in
the previous lecture, when one eliminates x.
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In addition, the general problem of deciding whether polynomials in
one-variable f(x), g(x) has a common factor can also be solved using
Euclid’s algorithm.

Example. To emphasize the usefulness of resultants and this kind of
thing, we make a few remarks. For instance, we can use resultants to
find the intersection of two plane curves P (x, y) = 0, Q(x, y) = 0. To
do this, we would treat these both as polynomials in y with coefficients
in C[x]; we use the resultant in C(x) to find the values of x where there
are common roots of P (x, y) = Q(x, y) = 0. From this, we can fix
these values of x and find the corresponding values of y. This was very
useful in classical algebraic geometry (pre-Grothendieck).

4.2. Another interpretation of the resultant. We now work over
the complex field C, because it is algebraically closed. At some point
we will discuss proofs of this result, but now we just accept this fact.

Let f ∈ C[x] have roots x1, . . . , xn, and g ∈ C[x] have roots y1 . . . ym.
The resultant R(f, g) can in fact be written as an expression in the
roots.

Theorem 4.1.

R(f, g) = am0 b
n
0

∏
i,j

(xi − yj).

From this it is super-clear that the resultant is zero precisely when
a constant factor (i.e. common root) exists. Yet another intepretation
is that

Corollary 4.2.

R(f, g) = am0
∏
i

g(xi) = bn0
∏
j

f(yj).

Proof. This is immediate from the theorem. N

We shall prove the theorem. Recall that if f is a polynomial with
roots xi, then f(x) = a0

∏
i(x − xi); this can be expanded into the

canonical form
∑
aix

i where the ai are the “elementary symmetric
polynomials” in the roots {xi}. This should be a review, and hence I
am not copying all of this down.2

Proof of the theorem. This only relies on a bit of degree-comparison.
In fact, R(f, g) is clearly a polynomial in the roots x1, . . . , xn and
y1, . . . , ym, because the coefficients of f, g are, as well as in a0, b0. It

2It’s in Lang’s Algebra.
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is easy to see that we can reduce (by a homogeneity argument) to the
case where a0, b0 = 1.3

Moreover, it can be shown that R(f, g) for a0, b0 = 1 is a homoge-
neous polynomial of degree mn in the variables x1, . . . , xn, y1, . . . , ym.
This was an argument given by Tabachnikov in the talk, and it follows
from the usual expansion of the determinant as a sum of products. The
idea is that the matrix for the resultant is full of symmetric functions
σk in the roots, and we can compute their degrees.

Now the polynomial R(f, g) is of degree mn, by the preceding ar-
gument. (We don’t actually need homogeneity.) Moreover, it vanishes
whenever f, g have multiple roots—in particular, whenever some xi
equals some yj. This means that the resultant is divisible by each
xi− yj, hence by their product (they are relatively prime). Whence, it
follows that

R(f, g) = cam0 b
n
0

∏
(xi − yj)

where c is a fixed nonzero constant. I claim that c = 1; for this we
consider specific examples. N

4.3. Discriminant. This is another classical topic that has vanished
from the secondary school curriculum. The discriminant answers the
following question:

Question. Given a polynomial f(x) =
∑
aix

n−i of degree n, when
does it have multiple roots?

Answer: if and only if it has a common root with its derivative, i.e.
iff

R(f, f ′) = 0.

We now make:

Definition 4.3. The discriminant of f is

D(f) = a2n−2
0

∏
i<j

(xi − xj)2.

Remark. This is a symmetric expression in the roots, hence it is a
polynomial in the elementary symmetric polynomials—that is, in the
coefficients of f .

Example. The discriminant of ax2 + bx+ c is the familiar b2 − 4ac.

There is a close relationship between the resultant and discriminant:

Theorem 4.4.
R(f, f ′) = ±a0D(f).

3I’m omitting some details given here.
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Proof. Exercise. N

Exercise 4. Consider the familiar polynomial

fn(x) = 1 + x+
x2

2!
+ · · ·+ xn

n!
.

Compute the discriminant of this polynomial. You should get

D(n!fn(x)) = (−1)(
n
2)(n!)n.

4.4. A brief philosophical interlude. We’ve spent about five hours
talking about the swallowtail and various surfaces and hypersurfaces
that partition polynomials according to the number of roots, and so
on.

There is a general approach. Whenever you have a family of objects—
and polynomials are a very good family, since they depend on coefficients—
it is useful and important to consider “degenerate” cases. The picture
to have in mind is a space of objects, which contains hypersurfaces
of such degenerate object (e.g. polynomials with multiple roots). A
lot of information is contained in the hypersurface and the geome-
try/topology of the complement of hypersurface.

We saw some examples of this approach with polynomials. Now,
we mention a much more recent example of this approach in topology.
This is knot theory. Recall that a knot is a closed curve in R3 with no
self-intersections (i.e. embedded).

There is the question of classification of knots. The subject is rel-
atively new, but it became an object of study in the late nineteenth
century for totally silly reasons. There was a famous physicist Thomp-
son who thought that knots could explain natural phenomena (e.g.
periodic table of elements), basically because knots were diverse and
elements are diverse.

In the mid 1980s, there was an explosion of knot theory because
knots are intimately related to mathematical physics. The number of
papers and books devoted to knots has been exponentially growing
since. What happened in knot theory about 1990 was the Vassiliev
approach:

What’s the idea? So, a knot is a smooth curve in R3 which is simple.
Now allow all curves in R3, potentially with intersections (but say still
smooth). This bigger space is much easier to analyze—it is a vector
space, without much of interesting topology. There is a hypersurface
in this bigger (infinite-dimensional) space consisting of knots with self-
intersections. (The “generic” curve is non-selfintersecting.) The knots
are in the complement of this intersection. So, to classify knots, one
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enumerates components of this complement. This notion was extremely
fruitful in knot theory.

5. Fundamental theorem of algebra

Theorem 5.1. Every nonconstant complex polynomial has a root in
C.

The theorem has a long history and a whole lot of proofs. The first
published proof was due to d’Alembert in the mid eighteenth century;
Gauss was very much interested in this, and devoted his dissertation to
criticizing previous proofs and making his own proof. The standards
of proof change with time, and this is why previous proofs have been
criticized—it is not they were wrong. Gauss later on ended up revising
his first proof and giving other proofs.

One can classify proofs: topological proofs, algebraic proofs, analytic
proofs, etc. Today, we will discuss three topological proofs, because this
course is on geometry. Two of them will be somewhat similar; one of
them is the original Gauss’ proof. The third one will use the previous
section of our course on the swallowtail and all that.

We now devote the next few sections to giving proofs of this result.

Remark. It is very easy to see that a real polynomial of odd degree
has a real root; this is easy (and follows from the intermediate value
theorem in elementary calculus).

5.1. Folklore proof. This is known in Russia as the lady with the dog
proof, and is a piece of mathematical folklore (it was popular in the
1930s there). Who knows who invented it.

The notion of interest is the winding (or rotation) number of a
clsoed oriented curve with respect to a point.

Definition 5.2. Let γ be a continuous, closed, oriented curve in R2,
adn x ∈ R2 − γ. We associate to this data a number R(γ, x), namely
the number of turns the curve makes around this point. This can be
thought of geometrically.

This number changes continuously when you change the curve and
the point continuously. If you wiggle the curve a bit and the point a
bit (as long as the point doesn’t cross the curve during the wiggling),
the number—which is an integer—doesn’t change. In particular, the
number R(γ, x) is constant for x ∈ each component of R2 − γ.

Remark. For those of you who like rigor, you may wonder what the
real definition is. (A strong mathematician would be able to produce
a real definition from this intuition...)
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The curve γ is a continuous image of the circle f : S1 → R2. To each
t ∈ S1, we associate the direction from x to f(t); this direction is a unit
vector starting from x and pointing in some direction. In particular,
there is a “Gauss” map S1 → S1. Now, we can use the topological
notion of “degree” of a map S1 → S1 to take the degree of the Gauss
map, and call it the winding number.

Hopefully there is a combinatorial way to compute the winding num-
ber. Indeed, there is, and we describe it now.

Lemma 5.3. When x ∈ R2−γ crosses the curve γ, its winding number
changes by ±1.

This can be seen intuitively. It can be used to compute examples
easily.

We now go back to our goal, proving the fundamental theorem of
algebra.

Proof. Write the polynomial

f(z) = zn + a1z
n−1 + · · ·+ an

normalized to be monic (wlog).
Assume n > 1 and there is no root of f . Consider the family

{Cr}, r ≥ 0 of concentric circles centered at 0. Consider the family
of images {f(Cr)}, which do not touch the origin.

The family of numbers R(f(Cr), 0) must vary continuously and are
therefore constant. Since f(C0) is a constant, it follows thatR(f(Cr), 0) =
0 for all r. We will derive a contradiction from this by showing that
R(f(Cr), 0) = n for some really large r.
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When r is very large, f is dominated on Cr by zn plus something
small relative to it (easy estimate). This means (see paragraph below)
that R(f(Cr), 0) = R((Cr)

n, 0) = n since the map z → zn simply
turns around the origin n times when z varies around S1. This is a
contradiction and will establish the theorem after we have verified the
fact about winding numbers.

Here, zn is “the lady” while the remaining smaller terms a1z
n−1 +

. . . an are “the dog.” The lady is walking around a tree at the origin,
while the dog is on a leash whose length is very small (always less than
the length fo the lady from the origin). Then the number of times the
dog walks around the tree is the same as the number of times that the
lady walks around the tree. More formally:

Lemma 5.4. Let Γ, γ be closed curves that do not touch the origin.
Suppose |Γ− γ| < Γ for all points. Then R(Γ, 0) = R(γ, 0).

(Here Γ is the lady, γ the dog.) Indeed, we use the homotopy t →
Γ + t(γ − Γ) that does not pass through the origin. This establishes
the lady with the dog result and hence the fundamental theorem of
algebra. N

5.2. Gauss’s proof (from the dissertation). Consider a complex
polynomial f(z). We need to solve the equations

<f(z), =f(z) = 0

simultaneously in z. These are two plane curves in x, y (with z =
x + iy). Assume they are nonsingular and distinct. If not, we can
approximate f with a “generic” polynomial where they are nonsingular,
and use the roots of this to approximate the roots of f .

Consider these two plane curves. The nearby curves <zn = 0,=zn =
0 are just straight lines through the origin as a simple application of
polar coordinates shows. This is very simple, but the general <f(z) = 0
may be more complicated. However, when we make a perturbation
<f(z) = 0, the curve looks rather similar when z is far from the origin.

Now take a large circle Cr(0) and look at hte set S of points where
<f(z) = 0 exits the disk Dr(0), i.e. where the curve intersects the
boundary. This deserves a figure.

Let us group the points of S in pairs such that two points are in a
pair if and only if a branch of the curve (which we call yellow) connects
both of them. These branches do not intersect—indeed, we assumed
the associated curve <f = 0 was nonsingular.

Remark. This is a combinatorial object: namely, a set of points on
a circle, various pairs connected by curves that do not intersect. The
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number of such possible configurations is described by the Catalan
numbers

Cn =
1

n+ 1

(
2n

n

)
.

(These also describe the number of ways you can triangulate a polygon
by diagonals.)

We also have a complementary picture for the curve =f(z) = 0, a set
of points T ⊂ Cr(0) equal to the intersection of the curve =f(z) = 0
with the circle. These two can be connected by appropriate green
curves. Note that as you go around the circle, the points of S and T
alternate.

We are interested in where the yellow and green curves intersect.
(These configurations of sets S, T , and yellow and green curves, with
precisely n intersections, are called basketballs. It is an interesting
question of how many basketballs exist. The answer is 1

3n+1

(
4n
n

)
.4)

Claim. There are at least n intersections.

Proof omitted.

Remark. These remarks may help clarify the proof. Consider a monic
polynomial f(z) = zn+ c1z

n−1 + · · ·+ cn with complex coefficients. We
are interested in whwat happens to the curves {=f(z) = 0} at large
modulus, in particular we look at

{=f(z) = 0} ∩ {|z| = r}.

By writing in trigonometric form z = reiα, one checks that

f(z) = rneinα + c1r
n−1ei(n−1)α + · · ·+ cn;

dividing by rn, which scales the imaginary part, one gets

=f(z)/rn = einα + c1r
−1ei(n−1)α + · · ·+ c1r

−n.

Taking the imaginary part yields that everything is a trigonometric
polynomial of sinnα plus something very small, a tiny perturbation.
This means that this trigonometric polynomial has roots very close to
the points kπ

n
, k = 0, 1, . . . , 2n− 1.5

4This is somewhat similar to the formula for Catalan numbers. However, it is
not that easy to prove. In fact, it is a special case of a general problem about
noncrossing partitions.

5If f has a simple root at a point, then a small perturbation means that the
perturbed f still has a simple root nearby. This is a general fact about transversality
(or follows from Newton’s method).
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Vista 5.5. A Gauss curve like =f(z) = 0 does not have ovals6 (though
this is not necessary to the proof of the fundamental theorem of alge-
bra).

To do this, we will need a bit of complex function theory. Let
f(z) = u(x, y) + iv(x, y) where u, v are real harmonic functions (poly-
nomials) and z = x + iy. Now ux = vy, uy = −vx, the Cauchy-
Riemann equations, which immediately implies that the Laplacians
∆u = ∆v = 0 (which is what I just said about harmonicity7).

Now, more generally, if u(x, y) = 0 is a plane curve for u har-
monic, then there are no ovals in this plane curve; this implies that
Gauss’s curves do not have ovals. The reason is the maximum modu-
lus principle. Here is an elementary approach. Now ∆ = divgrad (in
fact, on any Riemannian manifold); this means that the gradient of
u is a divergence-free vector field. This means that gradu is volume-
preserving. The gradient of u is normal to the level curve u = 0. Along
the curve, it must point either inside our outside; this means that the
area must shrink, a contradiction.

Historical note 5.6. Gauss was very cautious of complex numbers,
since they were not mainstream at the time. The theorem was stated
in terms of real polynomials, in particular that they decompose into
linear and quadratic factors.

Gauss also avoids pictures in general, but when he does draw one, he
apologizes profusely to the reader for doing something “non-rigorous.”

6I.e., bounded components.
7This relates to the physics of music, hence the name.
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5.3. A swallowtail approach. There is another approach that we
will discuss here, which will paint a very different picture.

When Tabachnikov went up to Arnold to get a thesis problem, the
first thing he was asked was whether he could draw a swallowtail curve
(parametrizing cubic polynomials with multiple roots).

The swallowtail hypersurface still makes sense for complex polynomi-
als, and it is still given by the same set of equations. There is, however,
a dramatic topological difference. A hypersurface in Rn can separate
the space into components. Over the complex numbers, a hyper-
surface has complex codimension one, i.e. real codimension
two; this means that the complement is connected.

This suggests the following approach to the fundamental theorem of
algebra. Consider the space of monic polynomials of degree n, which is
equivalently an affine space An

C. There is the hypersurface of polynomi-
als with multiple roots, and is given by the vanishing of the discriminant
polynomial. This does not separate An

C. Now pick a polynomial P not
in the hypersurface. Pick another polynomial Q which we know to
have n distinct roots. There is a path γ from P to Q not hitting the
hypersurface.

We will show that the roots of the polynomial change continuously
along the path. This implies that Q also has n roots, and proves the
fundamental theorem of algebra.

Justification 5.7. To make this justification about the path of poly-
nomials, draw Cn.8 For each point (z1, . . . , zn) ∈ Cn, we get an element
of An

C corresponding to the polynomial (z−z1) . . . (z−zn). This defines
a map T from the space of n-tuples of roots to polynomials.

Now Q was picked to be in the image of T . The goal is to lift the
whole path γ to Cn under T . We start by doing this infinitesimally. In
fact, this is a very explicit problem, and we can solve it.

Specifically, let f(z) be a polynomial with n distinct roots α1, . . . , αn,
and an infinitesimal perturbation f + εg, where g has degree n − 1
(because we don’t ever want to change the leading term). I claim that
there are roots α1− εβ1, . . . , αn− εβn of f + εg. This is a nice algebraic
exercise.9

We want to solve

f + εg =
n∏
i=1

(z − α + εβi).

8Admittedly, this is just another copy of An
C.

9In fancy language, we will show that T restricted to the open set zi 6= zj , i 6= j,
is a submersion.
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Let’s equate linear terms and ignore higher ones (where ε2 or higher
powers occurs):

g =
n∑
i=1

βi
∏
j 6=i

(z − αj).

We can solve this for the βi by substituting αi into each side of the
last equation, where all but one of the terms on the right vanishes. In

particular, βi = g(αi)Q
j 6=i(αj−αi)

. It is easy to check that this solves the

problem (up to ε2 and higher terms). This reduces to checking that

g(z) =
n∑
i=1

g(αi)
∏

j 6=i(z − αj)∏
j 6=i(αi − αj)

.

This in turn follows from the fact that g has degree n−1 and both sides
are equal at α1, . . . , αn. In particular, we have solved our problem.

Now, return to the original situation. We have our path γ in An
C. By

the above argument, we can lift γ locally (because T is a submersion).
Now the roots of the polynomials along γ can’t jump off to infinity,
because these are monic polynomials with bounded coefficients. Also,
they can’t collide into each other, because γ doesn’t intersect the hy-
persurface. In this way, it is possible to show that entire γ can be lifted.
This ends our sketch.

5.4. Topological interpretation of the FTA. We assume that you
know a little bit of topology; those who don’t should try to play along.

One way to restate the fundamental theorem of algebra is to say
that any monic polynomial can be decomposed into a product of linear
terms. Consider the nth symmetric power Sn(C) of n-tuples of C
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complex numbers where the order doesn’t matter; it is the quotient
space

Sn(C) = Cn/Sn

for Sn the symmetric group. We have a map Sn(C) → Cn sending an
unordered n-tuple of roots into the corresponding monic polynomial
(which we represent as an element of Cn by taking the coefficients).

The fundamental theorem of algebra states that this map

Sn(C)→ Cn

is a homeomorphism. (This in particular means bijective.)

Remark. Consider a configuration spaceM. For instance, it could
correspond to the set of configurations of a robot arm, e.g. the angles
in which it points, etc. Another example would be a set of n points
in some space. There are different definitions in different case. Here,
Sn(C) is the configuration of the roots, because we don’t care if some
points coincide, and if some points are reordered.

We can define symmetric powers of a topological space by taking
quotients.

Example (Symmetric powers). (1) S2(R) is geometrically a half-
plane, since it is the set of coordinates (x, y) where (x, y) is
identified with (y, x); this means that symmetric square is a
plane folded on itself.

(2) S2(S1) is a Moebius band. Here is an argument. Given two
points x, y on the circle, we can pick the shortest arc between
them, and a midpoint α. The two points x, y can be written
as α + β, α − β. Here |β| ≤ π

2
. Now (α, π

2
) is identified with

(α+π,−π
2
). So, α runs through the circle with antipodal points

identified, and β runs through the interval [0, π
2
]. Given the

identifications, one can check that this is homeomorphic to a
Moebius band. (Live TEXing is hard to do with geometrical
stuff.)

Problem 1 (Unsolved). Suppose you want to make a Moebius band
out of a strip of paper. If you take a long, narrow rectangle, you
can physically do it. With a square, you can’t do it without self-
intersections. The point is, paper is non-stretchable. There is some
borderline ratio of length to width—nobody knows what it is.

More formally, what flat rectangles can be isometrically embedded
into R3 as a Moebius band?
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Now, return to our original case of the fundamental theorem of al-
gebra. Consider the space of all polynomials of degree n+ 1, i.e. Cn+1

mapped by

a0z
n + a1z

n−1 + · · ·+ an

with the zero polynomial excluded, and polynomials identified if they
are proportional. This is CPn.10

Consider also the space of factorizations∏
i

(βiz − αi)

where multiplying βi, αi by the same nonzero scalar doesn’t change the
associated polynomial in CPn. In addition, permutations of the pairs
(βi, αi) doesn’t change the associated polynomial. In other words, we
want to consider the space of factorizations as

Sn(CP1).

and the map

Sn(CP1)→ CPn.
This is way cooler topologically than the map Sn(C)→ Cn.

Proposition 5.8. CP1 is the Riemann sphere S2, i.e. the one-point
compactification of C.

Proof. CP1 is C together with the point (0, 1) at “infinity” which cor-
responds to ∞ in the Riemann sphere (namely, the north pole). N

10Projective space can be defined over any field, by the analogous definition.
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5.5. A real statement. The next question to ask if there is a real
statement like this. In fact, we get a map:

Sn(RP1)→ RPn.

Here RP1 is homeomorphic to the unit circle S1. However, this is not
a homeomorphism; for n = 2, we get one one side the Moebius band,
and on the other side the real projective plane. Maybe, however, we
can still say something, since the fundamental theorem of algebra still
says something for R. We quote a topological theorem:

Theorem 5.9.

Sn(RP2) ' RP2n.

We now switch gears. We shall prove a theorem in analysis that ba-
sically means the theorem above. We shall briefly paint the picture in
wide strokes, and fill out some details tomorrow. This is a picture that
belongs to mathematical physics, and has to do with harmonic poly-
nomials and spherical functions. One of the problems in mathematical
physics is to describe oscillations of membranes. One of the important
cases is when the membrane is a sphere S2 ⊂ R3.

Consider the space of polynomials of a given degree on R3 which are
harmonic, and their restrictions to the sphere. These are eigenfunc-
tions of the spherical Laplacian. The projectivization of the space of
harmonic polynomials of degree n of a given degree will be RP2n. The
symmetric space Sn(RP2) will be interpreted via a theorem of Maxwell.

Start with the function 1
r

in R3. This is harmonic, and differentiate
it along some direction, and repeat; restrict to the sphere. You get a
restriction of a harmonic polynomal. In fact, you get every harmonic
polynomial via this process of differentiation and restriction—this is
the theorem of Maxwell (which is false in higher dimensions).

6. Real harmonic polynomials

Note: today, S applied to a vector space denotes the symmetric
power in the linear algebra sense, not in the topological sense.

We now present some of the motivation for this topological fact,
which resembles the fundamental theorem of algebra. The theorem of
analysis that we will prove is, however, very different, and has to do
with harmonic functions and is motivated by mathematical physics.
We will give a survey, omitting some (or many) of the proofs, but
nevertheless explaining a bunch of ideas (because there are too many
and this is not a course on PDE).

Fix n-space Rn. So, recall first of all:
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Definition 6.1. ∆ is the Laplacian
∑

i
∂2

∂x2
i
; this is an operator on

functions on Rn. Functions in the kernel of the Laplacian are called
harmonic.

Next, recall that we have the unit sphere Sn−1 ⊂ Rn, and we shall
restrict functions on the whole space to the sphere. As a result we can
consider the Laplacian operator on the sphere. We do this by recalling
the formula

∆f = divgradf.

This formula makes sense in a more general situation, because grad
relies only on a metric, while div only relies on a volume element—
indeed, div measures infinitesimally how the volume element changes.
This formula is much better because it doesn’t depend on a choice of
coordinates.

Now, Sn−1 is a Riemannian manifold, so in particular it makes sense
to define the Laplacian on it.

Definition 6.2. ∆̃ denotes the Laplacian on the sphere as just dis-
cussed .

Example. We consider the two-dimensional case.
First of all, note that the Laplacian ∆ preserves homogeneity—when

you apply the Laplacian to a polynomial homogeneous in degree d, you
get something of degree d− 2.

Harmonic polynomials in R2 decompose into homogeneous harmonic
components. We tabulate the dimensions of the vector spaces of ho-
mogeneous harmonic polynomials of a given degree:

degree dimension
0 1
1 2
2 2 (spanned by x2 − y2, xy)
3 2 (spanned by x3 − 3xy2, y3 − 3yx2)

Remark. I don’t know if this is relevant to the following discussion,
but I just want to show that I can live TEXtables in real time.

Remark. In the three-dimensional case, a bit of linear algebra can be
used to compute the kernel of ∆.

Remark. Note that the polynomials mentioned are just the real and
imaginary parts of the holomorphic function zd; this is standard, be-
cause we know that real and imaginary parts of a holomorphic function
are automatically harmonic. It follows that all the dimensions (after
constant polynomials) are precisely 2.
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Now, when you restrict these polynomials to the unit circle S1 ⊂ R2,
with angular coordinate α, we have zd = eidα = cos(dα) + i sin(dα).
It turns out that ∆̃ on S1 is just second derivative with respect to
α. In particular, it follows that the basis of the harmonic polynomial
functions on the plane—namely, the real and imaginary parts of zd—
are actually eigenfunctions of the spherical Laplacian.

That was easy. We now look at the (less easy) three-dimensional
case.

Lemma 6.3 (Exercise to the interested reader who’s into analysis type
stuff). We write down the relation between the two Laplacian operators.
Fix a sphere of radius 1, Sn−1 ⊂ Rn with corresponding operators ∆̃
and ∆. Let f be a homogeneous polynoial of degree k. Then

∆̃f = r2∆f −
(
k2 + k(n− 2)

)
f

where r = |x|.
This should be explained. So first to define the left side, we restrict

f to the sphere Sn−1, apply this spherical version of the Laplacian,
and extend the resulting function by homogeneity (of degree k) to the
whole plane.11

Note also that the spherical Laplacian doesn’t mean the same thing
as the regular Laplacian; there is a correction factor. Also, that cor-
rection factor can be checked to jibe with the previous example—it
implies that harmonic homogeneous polynomials in R2 are eigenfunc-
tions of the Laplacian on S1. More generally, homogeneous harmonic
polynomials are always eigenfunctions of the spherical Laplacian.

Definition 6.4. A spherical function is an eigenfunction of the
spherical Laplacian.

Theorem 6.5. Any spherical function (in any dimension) is obtained
by restricting a homogeneous harmonic polynomial to the sphere.

Proof. Omitted. N

This result in particular tells you that the only eigenvalues allowed
for the spherical Laplacian are of the form −(k2 + k(n − 2)). ’Tis a
fundamental theorem in PDE, but a proof would take us too far afield,
so we don’t prove it.

Finally, we describe an analog of the earlier table in dimension 3, be-
fore moving on to the Maxwell theorem. It will be harder, but doable—
an application of linear algebra.

11In this footnote, we note that a function on the sphere can be extended by any
degree of homogeneity to the whole plane.
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Example (The slightly harder but not that much harder dimension 3
case). Here is the table:

degree dimension
0 1 (constant)
1 3 (all linear polynomials)
2 5
3 7
4 9
. . . . . .

k
(
k+2

2

)
−
(
k
2

)
= 2k + 1

We give an explanation for the story. The Laplacian induces a map

Sk(R3)→ Sk−2(R3)

where we use the symmetric powers to denote polynomials.12 Now the
dimension of Sk(R3) is

(
k+2
k

)
. This is one of those silly tricks that you

learn by doing math competitions, but a good mathematician should
be able to come up with it anyway.

Exercise 5. Find and prove the general formula for the dimension of
Sk(Rn) (which should be a binomial coefficient).

S’anyway, the map ∆ is a map between spaces of dimension
(
k+2

2

)
,
(
k
2

)
.

The next lemma allows us to compute the dimension kernel.

Lemma 6.6. The Laplacian is surjective on polynomials.

Proof. Let x stand for the first coordinate and y for all others. Write
any polynomial as xpyq + xp−1(smaller stuff), where q is really a
multi-index since y stands for a bunch of variables. This is an abuse of
notation and can lead to confusion.

Induction on q.
I claim that (first case, q = 0) xp is in the image of the Laplacian.

This is trivial (I mean, actually trivial, not “trivial”), because we just
apply it to xp+2 over some constant.

Now consider the general case xpyq. It’s tempting to start with the

monomial u = xp+2yq

(p+2)(p+1)
. When we apply the Laplacian to u, we’ll get

xpyq plus a bunch of things with smaller q coordinates. Hence, by the
inductive hypotheses, that bunch of things with smaller q coordinates
is itself in the image of ∆. So the whole thing xpyq is in the image of
∆. N

12I swear I’ve seen this before in representation theory.
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Anyway, what we should like about the number 2n+ 1 is that this is
the dimension of the vector space corresponding to RP2n. Recall that
we are trying to interpret analytically the topological homeoorphism
Sn(RP2) = RP2n. So this is Good.

However, we need another result that gives a recipe for constructing
spherical functions in dimension 3. Start with 1

r
for r =

√
x2 + y2 + z2;

this is a harmonic function.13 Choose v ∈ R3 and the directional de-
rivative Lv(

1
r
), which is also harmonic—this is because the differential

operators commute. More generally, we build new harmonic functions
by taking k vectors v1, . . . , vk and considering Lv1 . . . Lvk

(1
r
). Restrict-

ing these functions to the unit sphere—which allows one to ignore the
denominator, a power of r—yields a polynomial on the unit sphere,
and in fact a spherical function. It is easy to do examples of this—I’m
too tired to copy this down.

Theorem 6.7 (Maxwell, Sylvester14). The map from Sk(R3) to the
space of spherical functions of degree k on R3 sending v1, . . . , vk (un-
ordered k-tuple) to the restriction of Lv1 . . . Lvk

(1
r
) to the sphere is an

isomorphism of vector spaces.

Proof. Omitted. N

As promised:

Corollary 6.8. Sn(RP2) = RP2n.

This contrasts with the topological interpretation of the fundamental
theorem of algebra Sn(CP1) = CPn. It doesn’t, incidentally, work in
other dimensions—at all. Low dimensions have many cool properties
that disappear in higher dimensions.

Which concludes our brief foray into the world of harmonic polyno-
mials.

7. Chebyshev polynomials

7.1. Motivation and examples. Chebyshev was a famous nineteenth-
century Russian mathematician whose name is spelled in many differ-
ent ways, according to the language dominant at the time. This is a

13

Exercise 6. Prove this.

If this is not an exercise in every calculus textbook, it really should be.
14Sylvester said (in a footnote) he can’t fix some of the fine points in his paper

because he was leaving to the U.S. on a steamer; there was an appendix to the
paper written on the ship.
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beautiful and very simple chapter in the theory of polynomials, if such
a theory exists; we will share this today.

The problem that was attacked by Chebyshev was rather natural;
consider monic real polynomials of a fixed degree xn+a1x

n−1 + · · ·+an.
Choose a segment on which the question will be asked—the best choice
is [−2, 2]; it makes the formulas the prettiest.

Definition 7.1. The deviation from zero of a polynomial f on a
segment S is supS |f |. It is also the L∞ norm.

Question. Among all monic polynomials of a fixed degree, which has
the smallest deviation?

The solution is very nice and unexpected. Henceforth, take S =
[−2, 2].

Example (Easiest possible). Degree 1. Such polynomials are of the
form x+c, c ∈ R. Clearly this is a baby case; take c = 0. The deviation
is 2.

Example (Second easiest). Degree 2. We consider x2 + px+ q, whose
graph is an upward pointing parabola. It is easy to convince oneself
that the best way is to make the origin the axis of symmetry and such
that the polynomial f has f(0) = ±f(±2); it’s easy to check that this
polynomial is x2−2, and that the minimal deviation is 2. This intuitive
guess can be confirmed by a bit of inequality analysis, which we now
do.

Let d be the deviation of f(x) = x2 + px + q. Then clearly d ≥
|f(−2)| = |4 − 2p + q|; also d ≥ |f(2)| = |4 + 2p + q|. In addition,
d ≥ |f(0)| = |q|. Adding the first two and twice the third, it follows
that

4d ≥ |4− 2p+ q|+ |4 + 2p+ q|+ 2 |−q| ≥ |8|
by the triangle inequality. It follows that d ≥ 2 always. This is,
however, rather un-fun.

Example (Third easiest). Degree 3. Here the polynomial is of the
form x3 + px2 + qx+ r, and its graph is a cubic parabola restricted to
[−2, 2]. Intuitively it seems that the polynomial should be chosen such
that it passes through the origin and f(−2) = f(2) = 0; the polynomial
in question is x3 − 3x, and the deviation is (again) 2. To verify this
actually would be painful though. So we look at the general case.

7.2. Solution. This is a course on geometry. Hence, we shall present
a geometric solution to this problem, for a general degree n. The idea
is very simple. Suppose you can find a polynomial of deviation d whose
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graph from −2 to 2 is contained in the box [−2, 2]× [−d, d]. We want
the polynomial to go from the upper to lower ends of the boxes n + 1
times, alternating from the minimum to the maximum and back and
forth. We don’t yet know that such a polynomial exists. But:

Lemma 7.2. If such a polynomial exists, it is the best possible—any
other polynomial has deviation greater than d.

Proof. Divide the box [−2, 2] into n boxes corresponding to the points
where the maxima and minima occur; that is, if x0 = −2, x1, . . . , xn = 2
are the points of alternating maxima and minima, then we consider the
boxes [xi, xi+1] × [−d, d]. Let g be a monic polynomial of smaller or
equal deviation; its graph from [−2, 2] is contained in the same box
[−2, 2]× [−d, d].

I claim that the graphs of f, g intersect in each box.15 This is clear
geometrically since the graph of f goes from the bottom to the top.
This implies that f−g, which is of degree n−1, has at least n roots—oh
wait, that means it’s zero. N

We now show that such polynomials exist. Recall that 2 cos 2α =
(2 cosα)2 − 2. Also, 2 cos 3α = 2(4 cos3 α − 3 cosα) = (2 cosα)3 −
3(2 cosα). We pause for a lemma.

Lemma 7.3. For any n, 2 cosnα is a monic polynomial of degree n in
cosα, i.e. Pn(cosα).

Proof by high school trigonometry. Induction on n. This follows from
the identity

cos(n+ 1)α + cos(n− 1)α = 2 cosα cosnα

It follows that

Pn+1(x) = xPn(x)− Pn−1(x)

does the trick. N

Remark. None of us in the REU (except those from Russia) could
actually remember this stuff, since the American high school system
doesn’t exactly teach all this. In the olden days, mathematicians would
remember all this.

Lemma 7.4. Pn(x) satisfies the conditions of the previous lemma and
thus minimizes the deviation (which is 2).

15There is a small flaw if the intersection occurs at a corner of the box; this
should be fixed. I will do so as an exercise so as not to embarrass myself mightily
when I post these online.

36



Proof. Almost tautological—as α goes from 0 to π, 2 cosα goes from 2
to −2 while cosnα does so n times. It follow that Pn(α) is the one. N

Exercise 7. Do this for other intervals replacing [−2, 2]—that is, find
the smallest deviation.

7.3. Further remarks. We will discuss some explicit formulas for
Chebyshev formulas, which are useful, since they tend to crop up across
the vast rolling fields of mathematics. For instance, Chebyshev polyno-
mials also solve a much harder problem. Suppose P (x), Q(x) are two
monic polynomials. Their compositions P (Q(x)), Q(P (x)) have higher
degrees.

Question. Is it possible that P (Q(x)) = Q(P (x)), i.e. they commute?

For instance, there is the trivial case of powers of x. More generally,
there are the iterations R(x), R(R(x)), .... The next answer is much
more interesting though.

Exercise 8. Chebyshev polynomials commute.

Up to change of coordinates, the preceding examples are actually the
only ones—this is a highly nontrivial theorem.

Anyway, return to the problem of explicit formulas. This will be
pure algebra and combinatorics.

Theorem 7.5.

Pn(x) = xn − n

n− 1

(
n− 1

1

)
xn−2 ± · · ·+ (−1)j

n

n− j

(
n− j
j

)
xn−2j.

Proof. There is the technique of generating functions. Namely, we cre-
ate a new function

F (x, z) = 2 + zx+ z2(x2 − 2) + · · · =
∑

znPn(x).

(Note that P0 = 2 for the recursion to work.) We can treat this as a
formal series in z, x, and can manipulate with this using analysis-like
operations, though we don’t care about convergence. The recurrence
identity can be translated into a single identity for F . Namely, it is

F (x, z) = 2 + xz + z2(xP1 − P0) + z3 + (xP2 − P1) + . . .

= 2 + xz + xz[zP1 + z2P2 + . . . ]− z2[P0 + zP1 + . . . ]

= 2 + xz + xz(F (x, z)− 2)− z2F (x, z)

= 2 + xz + (xz − z2)F (x, z).

We can now see that F is a rational function in x, z, namely

F (x, z) =
2− xz

1− xz + z2
.
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Expansion of this into a series in z yields coefficients which are the
Chebyshev polynomials Pn(x). Applying the formula (1−q)−1 =

∑
qn,

one finds:

F = (2− xz)(1 + (xz − z2) + (xz − z2)2 + . . . ).

Applying the binomial formula to this, namely (xz−z2)k =
∑

(−1)j
(
k
j

)
xk−jzk+j,

and equating coefficients, one finds the formula as stated in the theo-
rem. N

Exercise 9. Do the final computation in the above theorem.

We state without proof two more formulas:

Theorem 7.6.

x− 1

x− 1

x−
... 1

x− 2
x

=
Pn
Pn−1

.

This is a continued fraction, of course. The formula is quite elegant
and very compact (well...closed, albeit not bounded), though useless.
The next formula involves large determinants. Let

Dn(x)


x 1
1 x 1
0 1 x 1
...

...
. . .


where the matrix is n by n, and has x’s on the main diagonal, and
one’s one the diagonals above and below.

Theorem 7.7. Pn(x) = Dn(x)−Dn−2(x).

8. Trigonometric polynomials

Trigonometric polynomials probably should be considered in the
framework of Fourier theory, which is a very important part of analy-
sis in one variable, just as usual polynomials are related to the Taylor
expansion of nice functions. We shall, however, avoid infinite sums in
the sequel.

Definition 8.1. A trigonometric polynomial is a (finite) sum of
the form

f(α) = c+a1 cosα+b1 sinα+a2 cos 2α+b2 sin 2α+· · ·+an cosnα+bn sinnα.

The number n is called the degree (if we assume that an or bn is
nonzero).
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The space of trigonometric polynomials of degree ≤ n clearly forms
a vector space of dimension 2n+ 1.

Exercise 10 (To test your memory of high school trigonometry).
Prove that the product of trigonometric polynomials of degree m,n
is a trigonometric polynomial of degree m+ n.

We start by discussing how many roots a trigonometric polynomial
of degree n may have, in one period [0, 2π). The second, much lesser
known, question that we consider is the opposite statement (which has
no analog for usual polynomials): suppose we have a trigonometric
polynomial starting with sufficiently high harmonics (i.e. ai, bi = 0
if i ≤ k). Then, there is a lower bound on the number of roots of
the function—this is a theorem of Sturm-Hurwitz, and we give three
different proofs. We next give geometric applications.

8.1. Upper bounds. We now prove the following simple result:

Proposition 8.2. A trigonometric polynoial of degree n has no more
than 2n roots on [0, 2π).

Clearly, this result is the best possible (consider e.g. sin 2nα).

Proof. We relate trigonometric polynomials to usual polynomials. Given
f(α) of degree n, we construct a complex polynomial of degree 2n, F (z),
such that

F (z)

zn
|S1 = f(α).

(Obviously, we map α → S1 via the exponential map.) This clearly
implies that f(α) has at most 2n roots in the interval [0, 2π).

The construction is very simple, because everything is linear. This
follows immediately from the formulas

cosφ =
eiφ + e−iφ

2
, sinφ =

eiφ − e−iφ

2i
,

because we express each sinnα, cosnα in this form and add the asso-
ciated polynomials. N

We shall give another proof of this result.

Proof. Given a trigonometric polynomial f(α), we construct a complex
polynomial G(z) of degree n such that f(α) = <G(z)|S1 . This can be
done by a simple linearity argument and the fact that it is possible for,
say cos kα using the Euler formulas.

Then, the set of roots of f(α) corresponds to the intersection of the
plane curves <G(z) = 0 and |z|2 = 1. The intersection of two plane
curves of degrees m,n without common components has at most mn
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points by Bezout’s theorem below.16 So, since G has degree n, there
are at most 2n points on the circle where <G(z) = 0. N

Theorem 8.3 (Bezout’s theorem). Given two plane algebraic curves
Γn,Γk of degrees n, k respectively, then if they have no common com-
ponent:

#(Γn ∩ Γk) ≤ nk.

8.2. Lower bounds. We now move on to the lesser known part of the
story, namely lower bounds on the number of roots of trigonometric
polynomials. In more generality, reasonable periodic functions on the
real line can be written in the form∑

an cosnα + bn sinnα

via the Fourier expansion. Then it is a theorem that the number of
roots in [0, 2π) is at least that of the lowest harmonic.

Theorem 8.4 (Sturm-Hurwitz). Suppose the smooth periodic function
f : R→ R has Fourier expansion

f(α) =
∑

an cosnα + bn sinnα.

Suppose k is the smallest index such that ak or bk is nonzero. Then
f(α) has at least 2k zeros on [0, 2π).

This implies that when one starts with a trigonometric monomial
sin kα, cos kα, and adds higher frequencies, one can only increase the
number of zeros. The result has many different proofs using different
ideas; we discuss three.

Proof—Most recent. This proof only uses Rolle’s theorem, namely that
for any reasonable function, the derivative must have a root between
any of two roots of the function. We will give another formulation.

Let f be a 2π-periodic function and let Z(f) be the number of roots
on the unit circle (which by abuse of notation we identify with [0, 2π).
Then the usual statement of Rolle’s theorem becomes:

Theorem 8.5 (Rolle). Z(f ′) ≥ Z(f).

Let D be the differentiation operator and D−1 the indefinite integral.
D−1 may not be well-defined, however we have:

Exercise 11. Given a 2π-periodic function f(α), there is a 2π-periodic

g iwth f = g′ if and only if
∫ 2π

0
f(α)dα = 0.

16We do not prove this.
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Thus, we define D−1 only on such functions as in the exercise, and
such that the indefinite integral is taken from zero. By Rolle’s theorem,
we find:

Z(f) ≥ Z(D−1f).

We now iterate this inequality an even number of times. Note that
D−2(sin kα) = − 1

k2 sin kα and D−2(cos kα) = − 1
k2 cos kα.

Now, consider f as above, and apply (−k2D−2) a large number of
times. The above observation means that

(−k2D−2)mf = ak cos kα + bk cos kα + o(1).

In particular, if we show that ak cos kα+ bk cos kα has at least 2k sim-
ple roots, then (−k2D−2)mf will have at least 2k roots (by the famil-
iar transversality argument—or Newton’s method). As a consequence,
Rolle’s theorem iterated means that f has at least 2k roots.

The fact that ak cos kα + bk cos kα has 2k simple roots on the circle
follows from writing this as ck cos(kα + θ). N

Remark. This approach can be used to prove the upper bound as
well. Let P = c + a1 cosα + b1 sinα + · · · + an cosnα + bn sinnα be
a trigonometric polynomial of degree n. Apply D2 a whole bunch of
times to get a polynomial Q. Then this can only increase the number
of roots, and after iteration the highest degree term dominates; since
this has 2n roots, the whole thing Q has 2n roots.

Second proof, via heat equation methods. This proof is studied via math-
ematical physics. We present it using the level of rigor of physics, which
is to say that we skip an important step while giving a physical reason.
We shall fit the trigonometric polynomials into a family; we did this is
in the previous proof, but it was a discrete family. Now we will have a
continuous family, labelled by time.

For simplicity, let f be a trigonometric polynomial now, though the
proof would work more generally.

In particular, consider f as a temperature function—the initial func-
tion. Turn on time, and we consider how heat propagates from the
initial data f . Call this F (t, α) where α is the space variable, and t is
time; the inital condition means that F (0, α) = f(α).

Recall that the heat equation is

∂F

∂t
=
∂2F

∂α2
.

We want to say two things: how the number of zeros of F (t, ·) changes
with time t, and how it behaves for t very large.

41



Claim. The number of roots of F (t, ·) on the unit circle only describes
with time.

This is obvious physically. Suppose one has a warm ocean and an
iceberg—a “zero point”; over time, the iceberg will melt and the zeros
will disappear. However, an iceberg will not appear in a warm ocean.
Heat is an “averaging” operator.

Mathematically, this is called the “maximal principle,” and is not
hard to prove, but we shall omit it.

Now, we return to the question of what happens when t → ∞.
For trigonometric polynomials, we can actually determine F explicitly;
namely,

F (α, t) =
∑
j≥k

e−j
2t(aj cos kα + bj sin jα).

It is easy to check that this is a solution of the heat equation.
The higher the harmonic, the faster the corresponding term in F (α, ·)

decays as t→∞. In particular, ek
2tF (t, α)→ ak cos kα + bk sin kα. It

follows that the number of roots of F (t, ·) for t large is at least 2k by
the same argument as in the earlier proof; hence the same is true for f
by the nondecreasing property. N

It is clear that there is an analogy between the two proofs, with the
heat equation playing the continuous role of the integration operator.

A third proof, via integration. This argument has the benefit of being
able to generalize to other families of functions. The idea is to use an
elementary fact about integration, specifically the L2 scalar product.
For periodic functions f, g, define the scalar product

〈f, g, 〉 =

∫ 2π

0

fgdα.

As is well-known, and easy to check via elementary calculus, the har-
monics sinnα, cosmα are orthogonal to each other.

The argument is by contradiction. Suppose f is a trigonometric
polynoimal

∑
j≥k(aj cos jα + bj sin jα) with less than 2k sign changes;

this means ≤ 2k − 2 sign changes because the number is even. This
means that there are points α1, . . . , α2k−2 ∈ S1 which are roots of this
polynomial f and f has constant sign on each segment (αi, αi−1).

We will construct below a trigonometric polynoimal g(α) of degree
≤ k − 1 which vanishes at the points αi, 1 ≤ i ≤ 2k − 2. Then g can
have no more roots than those by the degree bound.17 In particular,
f, g change sign at the same places—namely, the αi, so the integral

17Note that g has simple roots at αi, so it actually changes sign there.
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∫
fg 6= 0; but g is of degree ≤ k−1, so f, g are orthogonal with respect

to the L2 scalar product, a contradiction.
We now have to construct the polynomial g. First, we give an ex-

ample.

Example. Suppose we just have two points α1, α2, and we want to
construct g. Then we want c + a cosα1 + b sinα1 = 0, c + a cosα2 +
b sinα2 = 0. These are two linear equations on three variables, so we
can find a nontrivial solution.

In the same way, we can argue in this way for the general case, by
counting dimensions. One can also give an explicit example of the
polynomial. Namely

g(α) = sin
α− α1

2
sin

α− α2

2
. . . sin

α− α2k−2

2
.

Exercise 12. Using trigonometric identities, show that this is a trigono-
metric polynomial, and that it satisfies the conditions needed in the
proof.

N

8.3. An analogy to spherical geometry. We briefly digress to men-
tion a few interesting geometrical results, without proofs.

It is of interest to construct spherical analogs of many results in
elementary geometry. Consider a curve γ in the sphere S2, and the
following operation. Move every point γ(t) on γ a distance π

2
along the

tangent vector γ′(t) in a semi-great circle.

Definition 8.6. The resulting curve is called the derivative γ′.

One should think of closed, smooth spherical curves as analogs of 2π-
periodic real functions. There is an analogy which we now give. Recall
that a smooth 2π-periodic function is a derivative of a 2π-periodic
function if and only if its integral over [0, 2π) is zero.

We state the following analogy without proof:

Proposition 8.7. A curve on the sphere is the derivative of a spherical
curve if and only if it splits the area into two pieces of equal area.

If a 2π-periodic function has an antiderivative, the antiderivatives
form a one-parameter family.

Proposition 8.8. If a curve on the sphere has an “antiderivative,”
then it has a one-parameter family of antiderivatives obtained by de-
forming the curve along its normal vectors.
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9. The four-vertex theorem

This is a very simple statement that should have been discovered
much earlier than it was. Recall:

Definition 9.1. An oval is a closed, convex, smooth curve in the plane.
A vertex is a local maximum (or minimum) of curvature.

Remark (Review). The curvature of a plane curve is given as follows:
parametrize γ by unit speed, and consider the magnitude |γ′′(t)| of the
acceleration vector. There are many formulas, which should be familiar
from multivariable calculus (or have been forgotten).

Theorem 9.2 (S. Mukhopudhyaya, 1909). Any oval has at least four
vertices.

Obviously, there is a global maximum and a global minimum, which
yields the “two-vertex theorem.” The four-vertex theorem is less trivial.
It in fact generated hundreds of papers in the literature and many
books. Recently, it was found to be related to knot theory.

Proof. We will show that the curvature has no first harmonics, and the
previous results will then imply the theorem.

First, we remark that the arc length parametrization is useless practically—
for instance, it is unsolvable using elementary functions for the ellipse.
We can think of curves using support functions.

Definition 9.3. Fix an oval γ and an origin O inside the oval. For
every angle (i.e., unit vector) α, construct the tangent line to the oval γ
which is orthogonal to α; this is called the support line. The distance
from O to that support line is a function of α, and is called the support
function.

Denote the support function by p(α); it is 2π-periodic. Given a
support function, we can construct the curve γ by constructing the
one-parameter family of support lines and taking their envelope. The
support function has to satisfy certain conditions if the associated curve
is to be an oval, though.

Example. If O is the center of a circle γ, then the support function is
clearly constant.

We shall characterize local extrema of curvature in terms of the sup-
port function. Start with the following question:

Question. How does p(α) depend on the choice of O?

This is answered by the following lemma.
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Lemma 9.4. The new support function p̄(α) associated to the origin
O′ satisfies

p̄(α) = p(α) + a cosα− b sinα

where (a, b) = O −O′.

Exercise 13 (Elementary geometry). Prove the above lemma.

The lemma implies the next corollary, in view of the above example.

Corollary 9.5. The support function of a circle with respect to any
origin (not necessarily at the center) is of the form c+a cosα+ b sinα.

We now need another notion from Calculus III, namely that of an
osculating circle.

Definition 9.6. The osculating circle of a plane curve γ and a point
p ∈ γ is the circle that passes through the point p and approximates γ
near p better than any other circle.

The osculating circle is constructed by picking points q, r infinitesi-
mally close to p, and drawing the unique circle passing through through
p, q, r. The limit as q, r → p is the osculating circle. The osculating
circle in fact has the same curvature as γ at that point.

Secret. Osculating circles through an arc of monotonic curvature are
disjoint and nested. This is a little-known theorem.

The next part of the proof will be rather sketchy.
Now, we can consider support functions of both a curve and its

osculating circle at P . Let p(α) be the support function of the curve,
and q(α) that of the circle (with respect to the same fixed origin O).
Then if θ corresponds to the point P ,

p(θ) = q(θ)(5)

p′(θ) = q′(θ)(6)

p′′(θ) = q′′(θ)(7)

At a vertex, things are different—then the osculating circle is actually
stationary. In fact, it is also true at a vertex that there is another
condition:

(8) p′′′(α) = q′′′(α).

In particular, at a vertex, the osculating circle approximates the curve
up to third order. It is also true (but we will omit the proof) that the
converse is true: if the four relations above hold, then there is a vertex
at α.

We will show that:
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Lemma 9.7. For every sufficiently smooth p (2π-periodic), there are at
least four points where p is approximated up to third-order by a unique
trigonometric polynoial of degree 1.

This will then imply the four-vertex theorem.

Proof. Consider the differential operator f → f ′′′ + f ′. It kills linear
harmonicsc+ a cosα + b sinα.

I claim that if p′′′(α) + p′(α) = 0, then it can be approximated up
to third derivatives at α by linear harmonics. (The converse is clear in
view of the preceding observation.)

This is because we have three degrees of freedom in a, b, c for the
linear harmonic, and thus we can choose the linear harmonic to coincide
with p up to second order. The fact that they coincide up to fourth
order follows from p′′′(α) + p′(α) = 0 and the corresponding analog for
linear harmonics.

The lemma then follows in view of the following analytic result. N

Proposition 9.8. Given a smooth 2π-periodic function, there are at
least four points α at which p′′′(α) + p′(α) = 0.

Proof. Indeed, p′′′(α) + p′(α) has no first harmonics in the Fourier de-
composition, and therefore by the Sturm-Hurwitz theorem it has at
least four roots. N

N

9.1. Related results. We mention a few related results.

Theorem 9.9 (Moebius). Consider a simple closed noncontractible
curve γ ⊂ RP2. Then γ has at least three inflection points.

Recall that an inflection point is where the second derivative vanishes—
it means that the tangent line is an unusually close approximation to
the curve. (This presumably uses the canonical connection on RP2.)

We now change gears to mention another result. Suppose γ is a plane
oval, and one tries to approximate it by conics. A conic is determined
by five points, and one can thus define the notion of osculating conic
(which coincides with the curve up to fourth order). There may be
points where the osculating conic coincides with the curve up to fifth
or higher order; these points are called affine vertices or sextactic
points.

Theorem 9.10. There are at least six affine vertices on an oval.

We mention two more.
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Theorem 9.11 (Tennis ball theorem18). If γ ⊂ S2 is a simple closed
spherical curve that bisects the area of the sphere, then γ has at least
four inflection points.19

Let γ be a smooth plane curve (potentially with self-intersections—
i.e., an immersed curve. In the process of deforming an immersed curve,
one can pass through a triple point, and one can also have two branches
that did not intersect start to intersect, with the corresponding orien-
tations matching in a certain way. Say that two immersed curves are
equivalent if they are homotopic while only the previous two types of
deformation occur.

The four-vertex theorem is not true for self-intersecting curves. How-
ever:

Theorem 9.12. A plane curve equivalent to an oval has at least four
intersections.

This is a very difficult result, using many results from symplectic
geometry and knot theory—the paper runs to fifty pages.

10. The location of roots

The first basic question of interest in this lecture is

Question. How many roots does a real polynomial have?

We now prove a few results along this regard.

10.1. Fewnomials. Of course, there are at most as many roots of a
real polynomial as the degree. For real roots, what matters turns out
to be not so much the degree but the number of nonzero coefficients.

Definition 10.1 (Silly). A fewnomial is a polynomial with few terms
(but potentially high degree).

There is a whole theory of fewnomials, and there have been books
written on the topic. The point is that a fewnomial has few real roots.

Theorem 10.2 (Folklore). Let P be a real polynomial with k nonzero
coefficients. Then P has at most 2k − 1 real roots.20

18Arnold came up with the name.
19This means that a great circle approximates the curve with higher-than-

expected order—recall that great circles are the spherical analog of lines.
20We don’t count roots with multiplicities!
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Proof. Induction on k. If k = 1, the polynomial is just axn for a 6= 0
and there is one root.

Assume the result is true for polynomials with fewer than k nonzero
coefficients. Write P (x) = xrg(x) where g(x) has a nonzero constant
term. The roots of P are the union of the roots of g and zero. Now g′

has fewer nonzero terms than g, so less than k nonzero terms. By the
induction assumption, g′ has at most 2k − 3 roots.

By Rolle’s theorem, g has at most 2k − 2 roots—indeed, between
any two roots of g, there is a root of g′. Since P has at most one more
root than g, it has at most 2k − 1 roots. N

Example. The result is sharp:

x(x2 − 1) . . . (x2 − k2)

has 2k + 1 roots and k + 1 terms.

10.2. The rule of signs. We now consider how many positive roots
a real polynomial can have.

Theorem 10.3 (Descartes). The number of positive roots of a real
polynomial is at most the number of sign changes in the sequence of
coefficients.

One case is obvious—if there are no sign changes, then there can be
no positive roots. Note that zeros do not contribute to sign changes,
and we ignore them.

Proof. Suppose g(x) is a polynomial and one considers a new polyno-
mial f(x) = (x − b)g(x) for b > 0. We compare the number of sign
changes in the sequences of coefficients of g, f . After this, we will be
able to use induction.

Now write

g(x) = a0x
n + a1x

n−1 + · · ·+ an.

The sequence of coefficients of g is

a0, . . . , an.

The sequence of coefficients of f is

a0, a1 − ba0, a2 − ba1, . . . , an − ban−1,−ban.
Consider each sequence is a cluster of clouds of pluses and minuses.
The leftmost sign of every cluster in the sequence of clouds for f will
reappear in the new polynomial. Moreover, at the beginning, a0 reap-
pears with the same sign; at the very end, we have the opposite sign
(an versus −ban). So g has at least one more sign change than f .
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We have shown that a new root increases the number of sign changes
by at least one. Now we can use induction, or alternatively use the fact
that any real polynomial P can be written as

P = (x− b1) . . . (x− bk)g(x), bi > 0, 1 ≤ i ≤ k

for g with no positive roots; then the number of sign changes in P is
at least k more than the number of sign changes of g, so at least k. N

10.3. Sturm’s method. It is well-known (though we do not prove it)
that for general polynomials, one cannot find the roots using algebraic
expressions. However, we can count the number of roots of a real
polynomial on an interval.

We construct a machine for computing this. Fix an interval [a, b]
(potentially infinite) such that f does not vanish on the endpoints.
Let f be a real polynomial without multiple roots,21 we will construct
a sequence of polynomials p0, p1, . . . , pn of decreasing degrees and the
following properties:

(1) p0 = f
(2) p1 = f ′

(3) If t ∈ [a, b] and pk(t) = 0, then pk−1(t), pk+1(t) are both nonzero
and have opposite signs

(4) pn has no real roots

Definition 10.4. A sequence of polynomials p0, . . . , pn satisfying the
above properties is called a Sturm sequence.

One can compute the number of roots of a polynomial f in [a, b] as
follows from a Sturm sequence p0, . . . , pn. For x ∈ [a, b], let S(x) be
the number of sign changes in {p0(x), . . . , pn(x)}.

Theorem 10.5. The number of roots of f(x) in [a, b] is S(a)− S(b).

Proof. We need to analyze how S(x) changes as x changes from a→ b.
Note that S(x) is locally constant; it can only change when x passes
through a root of one of the polynomials p0, . . . , pn.

Suppose it is p0 that vanishes, i.e. f(x) = 0. There are two cases. Ei-
ther f changes from negative to positive, or from positive to negative—
recall that f has no multiple roots. In the first case, p1(x) = f ′(x) > 0;
in the latter case, p1(x) < 0.

In the first case, the sequence of signs left of x is {−,+, . . . } and
right of x is {+,+, . . . } so that the number of sign changes S jumps by
−1 as one moves to the right of x. The second case is similar, and we

21We make this assumption for simplicity.
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omit it. The counting machine S “clicks” as we pass through a root of
f .

Now we need to check that the counting machine doesn’t change as
we pass through a root of another polynomial. Suppose pk(x) = 0, 0 <
k < n. Then pk−1(x), pk+1(x) have opposite signs, and this is true for
pk−1(t), pk+1(t) for t close to x (in either direction). For instance, we
have {. . . , sgnpk−1(t), sgnpk(t), sgnpk+1(t), . . . }. This means that for
t 6= x near x, the number of sign changes does not depend on the sign
of pk(t) (though the sequence of signs may depend). (For example,
the sequence k − 1, k, k + 1 may change from −,+,+ to −,−,+.) In
particular, the counter S does not “click.” This completes the proof.

N

This is obviously useless unless one does not have a way of construct-
ing a Sturm sequence.

Proposition 10.6. There is an explicitly computable Sturm sequence
of f on [a, b].

Proof. p0, p1 are determined by the initial conditions. Given pk−1, pk,
we use Euclid’s algorithm to write

pk−1 = qpk − pk+1, q a polynomial,

for some remainder pk+1 of degree smaller than pk. This defines the
sequence. If pk is already a constant, we just take pk+1 = pk.

The last one pn is the greatest common divisor of f, f ′, and since f
has no multiple roots, pn must be a nonzero constant.

Suppose pk(t) = 0. Then pk−1(t) = −pk+1(t), and so we need only
show that pk−1(t) 6= 0 to see that pk−1(t), pk+1(t) have opposite signs. If
pk−1(t) = pk(t) = 0, we use the recurrence relations to work backward
and get a common root of p0, p1, p2, . . . , pk−1, pk, a contradiction since
f has no multiple roots. N

Example. We determine how many real roots the polynomial x5−x+a
has by computing a Sturm sequence. Now p0 = f, p1 = 5x4 − 1. We
just divide out by a positive constant (not affecting the signs) to take
p1 = x4 − 1

5
. Via long division, one sees that p2 (up to a positive

constant) is x− 5
4
a. Similarly, p3 = 1

5
−
(

5
4

)4
a4.

Let us avoid the case where the last term vanishes (in which case
there is a multiple root).

Case 1, a4 > 44

55 The sign sequence for x → −∞ would be −,+,−,−, and for
x → ∞ it would be +,+,+,+. The difference is one, so there
is one root.
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Case 2, a4 < 44

55 The sign sequence at −∞ is −,+,−,+; at ∞ it is +,+,+,+
so there are three real roots.

We also discussed the number of roots on [0,∞), but I fell behind on
live-TEXing.

The following exercise generalizes Rolle’s theorem:

Exercise 14. Suppose we have a smooth function f and the graph
y = f(x) intersects the graph of a polynomial of degree n − 1 in at
least n+ 1 points. Prove that the n-th derivative f (n)(x) has a root.

The case n = 2 of this exercise is of interest—if the graph intersects
a line at three points, then there is an inflection point.

Exercise 15. Consider a truncated exponential

1 + x+ · · ·+ xn

n!
.

Prove that it has either one or zero real roots, depending on the parity
of n.

Exercise 16 (Fourier-Budan theorem). Let f be a real polynomial of
degree n. Suppose S(x) is the number of sign changes of the sequence
{f(x), f ′(x), f ′′(x), . . . , f (n)(x)}. Given an interval [a, b] ⊂ R such that
f(a), f(b) 6= 0, prove that then the number of roots of f on [a, b] is at
most S(a)− S(b). Moreover, there is equality modulo 2.22

10.4. Applications of the logarithmic derivative. Let f(z) be a
complex polynomial without multiple roots. The question is how to
relate the roots of f to those of f ′.

Recall that:

Definition 10.7. The convex hull of a set in euclidean space is the
smallest convex set containing it.

We can now state:

Theorem 10.8 (Gauss-Lucas). The roots of f ′ lie in the convex hull
of the roots of f .

Proof. Assume that the leading term is one. We use a convenient gad-
get, the logarithmic derivative. Factor f via

f(z) = (z − z1) . . . (z − zn)

and write
f ′(z)

f(z)
=

d

dz
log f(z) =

∑
i

1

z − zi
.

22There is also equality modulo 2 in Descartes’ rule of signs.
51



Suppose f ′(w) = 0; then the sum
∑

i
1

w−zi
= 0.

I claim that this implies that w is in the convex hull S of {zi}. Indeed,
otherwise there is a line through w that does not intersect the convex
hull S (because S is the intersection of all half-planes containing {zi}).

So in particular there is a line L passing through w such that all the zi
lie on one side of L. By translation, we may assume that w = 0; in this
case we need to show that

∑
1
zi
6= 0. But this is

∑
z̄i

|zi|2
and the complex

conjugates all lie on the opposite side of L. So each z̄i

|zi|2
is nonzero and

all lie in the same half-plane, hence their sum is nonzero. N

Gauss actually came to this problem via problems in physics.
There is a much more recent result that we now present. We now

switch back to real polynomials, more specifically ones with only real
roots.

Definition 10.9. A real polynomial f of degree n is hyperbolic if it
has n real simple roots.

Proposition 10.10. If f is hyperbolic, so is f ′.

Proof. We get n− 1 (for n = deg f) roots of f ′ by Rolle’s theorem. N

Much more interestingly:

Theorem 10.11. Suppose f is hyperbolic with roots x1 < · · · < xn.
Suppose f ′ has roots z1 < · · · < zn−1.23 Deform f by moving the xi
rightward. Then the zi also move rightward.

More precisely, let f̄ be another hyperbolic real polynomial with roots
x̄1 < · · · < x̄n. Let z̄1 < · · · < zn−1 be the roots of f̄ ′. Then if xi ≤ x̄i
for all i, then zi ≤ z̄i for all i.

Proof. By the same reasoning with the logarithmic derivative, we have
that ∑ 1

zk − xi
= 0,

∑ 1

zk − xi
= 0.

Suppose zk < zk. Then zk − xi < zk − xi for all i.
Now xk < zk < xk+1 and xk < zk < xk+1. So the signs of zk−xi, zk−

xi are the same. In particular, (zk − xi)−1 < (zk − xi)−1 for every i,
and summing over i yields 0 < 0, a contradiction. N

We finish with an open question.

Question (Open). Let f be hyperbolic, and consider the sequence

of hyperbolic polynomials f, f ′, f ′′, . . . , f (n). There are sequences z
(i)
k ,

23These alternate, i.e. x1 < z1 < x2, and so on.
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k ≤ n − i, of ordered sequences of roots of f (i). Are there any order

relations that must necessarily hold on the z
(i)
k ?

The complete answer is unknown, but there are partial results, which
we state without proofs. Suppose n = 4, and let the roots be as follows:

f a0 < a1 < a2 < a3

f ′ b0 < b1 < b2

f ′′ c0 < c1

f ′′′ d0

Theorem 10.12. If a1 < c0, a2 < c1, then b1 < d0.

Exercise 17. Prove this.

11. Concluding remarks

There are various topics that would have been covered in this course
were there more time.

One is the fact that the equation x5 − x + a cannot be solved by
algebraic functions in a; this can be proved using topological methods
in one hour (and all methods are inherently topological). A natural
question would have been to consider degrees three and four, where
there are explicit formulas (though horribly messy).

Another is the braid group Bn, defined by strings that go from top
to bottom from a set of size n to a set of size n (but keeping track
of whether the crossing go under and over), and which projects onto
the group of permutations Sn. This is actually related to the theory of
polynomials. In fact, the braid group is the fundamental group of the
complement of the swallowtail.

E-mail address: amathew@college.harvard.edu
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