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Remark. There is an undergraduate mathematics conference at www.uic.edu/
conferences/ums.

Today’s topic will be the goemetry of equations.

1 Quadratics and cubics

Example (Middle school). x2 +px+ q = 0. Psychologically, this is a quadratic
equation for x the variable. This is a two-parameter family with p, q varying.

Equally well, you can treat this is a linear equation in p, q with parameter x;
this becomes then a one-parameter family of linear equations in two variables.
Consider the p, q plane and draw a few lines belonging to this family. For
instance, when x = 0, this is a horizontal line q = 0. When x = −1, this is
q = p − 1. For x = 1, this is q = −p − 1. More can be drawn; it’s too hard to
do this on the computer in real time. When x = −2, then this is q = 2p − 4.
And so on, etc., etc. What you’ll see is that there is a curve C that looks
like a parabola, and such that each line is tangent to this curve at one point.
This curve is seen visually when you draw a lot of such lines (should I learn
GNUplot?) and is the envelope of this whole family of lines.

Now this picture becomes a machine for solving quadratic eqations, geomet-
rically. Granted, we need to pick p, q somewhere—this is a point in a plane.
Now draw tangent lines from (p, q) to this curve C, say at points x1, x2. I claim
that x1, x2 are the roots of this equation.

This pictorial solution of equations used to be a serious topic before com-
puters existed. It also shows that there are points p, q where no solution exists.
For (p, q) ∈ C, then there is one solution. This shows that the curve C must
consist of points where p2 = 4q.

Next, we discuss how to obtain the envelope of a family of lines. This used
to be standard knowledge covered in college in the 1800s, but this is no longer
the case.

In the above case, for instance, the family of lines is x2 + px+ q = 0 (family
L(x) parametrized by x ∈ R). Suppose given a family of lines L(x). Consider
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L(x+ ∆x) and intersect them, then let ∆x→ 0 and hope that the intersection
p(x,∆x) tends to a point p(x) ∈ R2 as ∆x→ 0. Then {p(x)} is the envelope of
the lines L(x).

Example. Let L(x) = x2+px+q. Then L(x+∆x) = (x+∆x)2+p(x+∆x)+q =
0; we ignore ∆x2 and get x2 + 2x∆x+ px+ ∆x+ q = 0. Subtracting this from
the equation for L(x), and dividing by ∆x, we find

2x+ p = 0.

(In other words, we differentiated the equation for L(x) with respect to x.) Then
p = −2x, q = x2 forms a parametric representation for the envelope of {L(x)}.
We can in fact eliminate x, in an obvious manner.

Example. We now do another example involving singularities. Namely, we
consider x3 + px + q = 0. We treat this as a family L(x) of lines. Draw these
lines in the p, q plane, and sketch the envelope. I’m not inclined to copy all this
down (better to do this with a computer). The envelope C has a sharp point
at the origin, called a cusp. The curvature at the point is infinite.

This picture, too, is a machine for solving cubic equations. Needless to say,
the formula for cubic equations is extremely complicated... The picture C tells
you the story qualitiatively. Picking a point in the p, q plane, one can see how
many solutions there are by drawing tangent lines to C; the number of ways
you can do that is the number of different real roots (either one or three). Note
that the number of solutions only changes when you cross the curve C.

What about (p, q) ∈ C? The curve C, incidentally, has “generic” points
and “special” points (e.g. the cusp). In fact, the zero point (p, q) = (0, 0)
corresponds to the case where all three roots are the same. The other points
correspond to the case where there is a double root and a single root.

Now, we need to figure out the equation of this curve. Indeed, we can do this
as was discussed before. The first way was to differentiate with respect to x,
namely find the intersection of x3 +px+q = 0 and 3x2 +p = 0, i.e. p = −3x2. It
follows that q = x3−3x3 = −2x3. (This parametric representation, incdientally,
shows that there is a singularity at x = p = q = 0.) It follows that 4p3+27q2 = 0.
This is the equation of the curve C. It is a semi-cubic parabola, because q is
p3/2 times a constant.

There is an alternative approach as well (or in other words, a reformulation
of the same thing). Use the fact that the yellow curve C corresponds to the place
where x3 + px + q has multiple roots. When is this the case? More generally,
when does a polynomial P (x) have multiple roots?

Lemma 1.1. a is a multiple root of P (x) iff P (a) = P ′(a) = 0.

This lemma is well-known and very easy.
In particular, the system f = f ′ = 0 is precisely the system we obtained

above in p, q (depending on x).

Remark. You might wonder why in the cubic equation, we didn’t have an x2

term. The reason was that we can “complete the cube” to get rid of the x2 term
(parallel shift of x).
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2 Point-line duality

Now consider the four-letter equation y + px + q; this calls for two planes (xy
and pq). ’Tis a remarkable equation. In fact, we can treat points of one plane
as lines of another—that is, if we fix x, y, we get a line in p, q, and vice versa.
(But, we have to exclude nonvertical lines—this will be fixed below.)

Note that this is completely symmetric in p, q and x, y. This is a form of
duality (point-line). We will use ′ to denote duality. Note incidentally that if
A lies on L, then L′ lies on A′. (Trivial exercise.) So for instance, if you have
three points A,B,C on a line L, then we get three lines A′, B′, C ′ intersecting
in a point L′.

Moreover, we can use duality with curves. Consider a curve γ in the p, q
plane. We can consider a dual curve γ∗. One way is to consider the family of
tangent lines γ̇; this is a one-parameter family of lines, which corresponds to a
family of points (a.k.a. a curve) in the dual plane. We can also do something
else. Namely, consider the curve γ as a family of points, make it correspond
to a family of lines in the dual plane, and take the envelope in the dual plane.
These turn out to be equivalent.

Example. Consider the parabola y = xa; we shall compute the dual curve.
First, we must consider the famliy of tangent lines. At (t, ta), the equation for
the tangent line is y − ta = ata−1(x − t). We need to rewrite this in the form
y + px+ q = 0. Indeed, rewriting gives

y − ata−1x+ (a− 1)ta = 0.

This means that p = −ata−1, q = (a − 1)ta. This is a generalized parabola in
the (p, q) plane, with the conjugate exponent. For instance, the usual parabola
is dual to itself (ignoring constant coefficients).

Now suppose we have a curve C in one plane with a tangent line at two
points; then its dual must have self-intersection. Similarly, when there is an
inflection point (e.g. cubic), then there is a cusp in the dual picture. (In
particular, you can’t avoid singularities, no matter how hard you try. Unless
you stick with algebra.)

Exercise. Do some examples of this, e.g. y = x4 − x2.

To call this duality, we have to show that it is an involution.

Theorem 2.1. The double dual γ∗∗ of a curve γ is γ itself.

Proof. To construct the dual (γ∗)∗, we have to construct the tangent lines of
γ∗. Now start by considering instead the secant lines in γ∗ intersecting at A,B.
This corresponds to (by duality) two tangent lines A′, B′ on γ. The line through
AB corresponds to a point, which is where A′, B′ intersect. So as A → B, the
point where A′, B′ intersect is on γ. This corresponds by duality to the tangent
line on γ∗. Q.E.D.
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This discussion is valid when we have a well-defined tangent line (not nec-
essarily to consider nonsingular curves only).

We now discuss an application of duality.

Theorem 2.2 (Pappus, 3rd century AD). Take two lines L1, L2 and three points
on each A1, B1, C1 ∈ L1, and A2, B2, C2 ∈ L2. Connect each of the points on
L1 with each of the points of L2. There are a whole bunch of new points in this
picture. Then three of them are collinear.

Remark. This “dead” theorem was revived fifteen years ago by a guy at Brown.
Basically, you iterate the construction in Pappus’s theorem.

Duality allows this theorem to yield a dual theorem.

3 Projective duality

The projective plane RP2 has a strange definition. It is the set of all lines through
the origin in R3. Projective geometry was created by a French architecht named
Desargues, though his hobby was not taken seriously. The elements of RP2 are
like rays of light emanating from the “sun” at the origin.

Now, to work in the projective plane, one has first of all homogeneous
coordinates obtained by choosing a vector in R3−{0} along each line.However,
this is imperfect because the choice of homogeneous coordinates isn’t unique. So,
we have to work with equivalence classes via the relation (x, y, z) ∼ (tx, ty, tz), t 6=
0. The quotient space is precisely RP2. We denote equivalence classes by
(x : y : z) (note that one coordinate is nonzero). This is what allows one
to extend algebra to the present setup.

Now, we define charts. When z 6= 0 (i.e. nonhorizontal lines), we can use
a horizontal screen to capture all the lines; that is, we can normalize the triple
(x : y : z) by dividing by z and it becomes (x/z : y/z : 1). This set of triples
of course, can be identified with points (a, b) of the cartesian plane. However,
this chart is insufficient. We also have to consider the chart where y 6= 0, and
the chart with x 6= 0. These three charts together, each isomorphic to R2, cover
RP2.

Restatement: Note that RP2 contains a copy of R2 (translated parallel to the
origin). There are also “points at infinity.” The projective plane is a closure of
the real plane (a compactification). Granted, of course, the choice of R2 ⊂ RP2

is not unique.

Example. Consider the curve x2 + y2 = 1 ⊂ R2. We will extend this to
the projective plane (considering R2 as the subspace of RP2 where the third
homogeneous coordinate is nonzero). In RP2 with homogeneous coordinates
X,Y, Z, this becomes X2 + Y 2 = Z2 (since the identification was (X : Y :
Z) = (X/Z, Y/Z) = (x, y)). So in the chart where y 6= 0, this equation becomes
x2 + 1 = z2, which is very different.

Incidentally, in projective geometry, all (nondegenerate) conics are equiva-
lent. What appears as a hyperbola in one chart is an ellipse in another chart,
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etc. (Life would be even easier if you replace RP2 with CP2.We stick to the real
world generally.)

Topologically, we can use the sphere S2 ⊂ R3 to construct RP2; namely,
we identify antipodal points on the sphere. So RP2 is a quotient space of S2

under the relation x ∼ −x. In other words, we are identifying the upper and
lower hemispheres. So we can get rid of some redundance by just considering
the upper hemisphere H2 ⊂ S2, where we just glue antipodal points on the
equator. In other words, if we project H2 to the plane, we just have a disk
with the opposite points on the outer circle identified. Like a computer game
when you hit the boundary and come out the other side. Note that RP2 is
nonorientable because the map p→ −p is orientation-reversing.

Incidentally, if you cut out a small disk in the projective plane, then you get
a Moebius band (exercise).
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Recall from yesterday that we were discussing the real projective plane RP2.
Reminder: this is the space of lines through the origin in R3. This is slightly
bigger than the standard affine space R2, but if you choose any plane in three-
space not containing the origin, then you can consider it as a screen capturing
line—and one gets an embedding of R2 (the affine plnae) in the projective
plane. You can do goemetry in RP2, where “points” are lines through the
origin. “Lines” in RP2 correspond to lines in one of the “screens.” That is, fix
an embedding R2 → RP2, and a line in R2 is mapped to a line in RP2. Also,
add one point at infinity by adding the point in RP2 corresponding to the line
in R2 but translated so it passes through the origin. To make this simpler, just
consider ax+ by + cz = 0. Remember the exercise about the Moebius band.

The projective plane has a nontrivial topology. It is not simply connected.
We won’t prove it, but I can try to convince you. Consider a disk with the
oposite points of the boundary identified. The curve connecting two opposite
points of the boundary (which is a closed curve) is not contractible. The fun-
damental group π1(RP2) = Z2.

4 Duality conceptually

The real goal with all this is to explain duality, though. We want to estab-
lish a correspondence between points and lines. Start by corresponding two
spaces; start with V for a three-dimensional space (without euclidean struc-
ture). Consider also V ∗, its dual (the covector space). These two spaces V, V ∗

are isomorphic because they have the same dimension, but there is no canonical
isomorphism. (We didn’t go into category theory in the class, though...)

We can define the projective plane P(V ) = RP2 for the lines through the
origin in RP2. We get another projective plane P(V ∗) = RP2 for lines in V ∗.
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Pick a point in P(V ), i.e. a line in V . We consider the annihilator A in V ∗;
i.e. those covectors that vanish on the line in V . Since V is two-dimensional,
this becomes a two-dimensional space in V ∗, i.e. a line in P(V ∗). Similarly, we
can read this in the oposite direction. Namely, we can assign a point in P(V ∗)
to a line in RP2, again by considering annihilators. Note that this is a legitimate
duality, because V ∗∗ is canonically (naturally!) isomorphic to V .

5 Introducing cooridnates

Consider coordinates (x, y, z) for V and (p, q, r) for V ∗; suppose they correspond
to dual bases. The equation reads that px+qy+rz = 0 states that the covector
with coordinates (p, q, r) vanishes on the vector (x, y, z). This looks very similar
to the equation x+yq+r = 0 used to define duality in the affine plane yesterday,
which is a special case where p = 1—indeed, this is what happens when you
restrict to the chart where p 6= 1 and z 6= 0 (using the fact that this is projective).

6 On the sphere

Now, let’s think of this more geometrically. Recall that RP2 is a quotient space
of S2 with antipodal points identified. We can think of S2 as being in one-to-one
correspondence with oriented lines through the origin (i.e. rays). This is a close
relative of RP2, but is more familiar. There is a version of projective duality on
the sphere.

We are going to establish a correspondence between points on the sphere
and “lines” on the sphere. “Lines” here will refer to great circles on the sphere,
more specifically an oriented great circle.

points = oriented great circles.

Here’s how. Choose a point A ∈ S2 as a “pole” and an orientation for the
equator. There corresponds a unique great circle A′ with A as the pole; to
every oriented great circle, we choose a corresponding pole as the point. The
euclidean distance between A,B ∈ S2 corresponds to the angle of intersection
betwen A′, B′. This is not surprising: spherical geometry uses angles as a key
measurement of distance.

Now, let’s try to understand this for curves (smooth). Fix a smooth curve
γ ⊂ S2. How to construct the dual curve? Well, we should construct the one-
parameter family of tangent great circle, and then their corresponding (polar)
points. This collection of points will be the dual curve. There is a very geometric
way to do this. Given γ, move each point π/2 degrees in the direction orthogonal
to the curve. If you do this twice, you get the same thing. This can be thought
of using optics.

Example. What is the dual curve about a circle of distance r from the pole in
S2? It is another circle of radius π/2− r in S2.
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Example (Last one for this topic). Come back from the sphere to the projective
plane. Consider a spherical triangle in the plane. What does its dual in RP2

look like? It should have three inflections corresponding to the three cusps of
the spherical triangle. Similarly, it should have no cusps because the triangle
has no inflections. It was drawn on the board, though I can’t sketch it here.

There is a theorem of Moebius that if you have a simple closed curve in RP2,
which is not contractible, then it has necessarily ≥ 3 inflection points. (Note
that one of the inflection points can be at infinity, e.g. if you consider a hat
curve.)

7 Return to polynomials (classification of quar-
tics)

Consider a three-parameter family of quartics, namely x4 + px2 + qx + r =
0; this is equivalently a one-parameter family of affine planes (not necessarily
containing 0) in R3. Think of it in the latter case. Consider this affine plane,
call it π(x). Now intersect two nearby planes π(x) ∩ π(x + ε) and take ε → 0.
This is a line. So we also get a one-dimensional family of lines l(x) ⊂ R3. As x
varies, this family of lines spans a surface Σ in R4 (or equivalently, this family of
planes envelopes a surface), which is our object of study—it is, however, much
more complex and interesting. Now the surface Σ is built from straight lines,
i.e. it is a ruled surface.

An example of a ruled surface is x2 + y2 − z2 = 1, though it is emphasized
less than it should be. Another example is a saddle surface xy = z. These are
in fact doubly ruled surfaces.

Exercise. Show that these two surfaces—the hyperboloid and the saddle—are
ruled.

Now, let’s write down the equation of l(x); namely, we differentiate with
respect to x and get the two equations

x4 + px2 + qx+ r, 4x3 + 2xp+ q = 0. (1)

We will eliminate x from these eventually. Before the break, we will describe
points of this ruled surface. Namely, we should take three infinitesimally close
planes and intersect them: limε→0 π(x)∩ π(x+ ε)∩ π(x− ε). This is equivalent
to intersecting the coplanar lines l(x)∩ l(x−ε). Namely, we need to differentiate
again and get the system of three equations

x4 + px2 + qx+ r (2)

4x3 + 2xp+ q = 0 (3)

12x2 + 2p = 0. (4)

Now, after taking a short break, we’re going to attempt to draw this huge
surface—that is, the one defined by (1). Granted, it’s in four-dimensional space,
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so we can think of it as a family of curves in (p, q, r)-space parametrized by the
points x ∈ R. The surface (called the swallowtail) represents quartic polyno-
mials that have multiple roots in R. The different regions determined by this
surface correspond to the number of roots. To find solutions of x4 +px2 +qx+r,
with (p, q, r) fixed, consider planes through (p, q, r) and find where they are tan-
gent to the surface Σ.

Go back to the system of three equations above; this does not describe the
whole surface Σ, but only a subset. Namely, it describes polynomials that have
a triple root at x. This curve C also has a cusp. I claim that the set of tangents
to C is precisely the surface Σ (which shows, as claimed above, that it is a ruled
surface).

8 Review of differential geometry

There was now a quick review of differential geometry. Suppose γ(x) ∈ R3 is a
smooth curve. Consider the family of tangent lines and the surface generated;
this is a surface given parametrically by R(x, t) = γ(x) + tγ′(x).

What is the tangent plane to this surface at each line? In fact, the tangent
plnae is spanned by γ′(x) + tγ′′(x), γ′, or equivalently by γ′, γ′′ (if t 6= 0) and is
in particular independent of t (which is to say, it stays constant along each line
in the ruling—in sharp contrast to what happens for the paraboloid).

Now, digression on curvature (Gauss curvature). Consider a surface S ⊂
eR3 and the field of unit normal vectors along S, which we consider as a map
S → S2 mapping each point of S to the unit sphere (by translating normal
vectors so they start at the origin). The determinant of the derivative of this
map is called the Gauss curvature, and the result of Gauss was that it doesn’t
depend on the embedding.

I claim that the curvature of the surface generated by γ and the tangent
lines is zero. This is because the tangent plane is constant across each ruling.
So the Gauss map to S2 is constant across each ruling. This means in particular
that the image of the Gauss map can have dimension at most 1; in particular,
its Jacobian cannot have full rank.

9 Return to the surface Σ

Recall that we claimed that the envelope of the tangent lines of the curve C
filled the surface S. This argument was sketched in the course today, but I was
having trouble following it.

Now, let’s parametrize the surface Σ. Recall that this was given by two
equations in x, p, q, r. It can be solved using the theory of resultants, which we’ll
get to later. The answer is a very complicated polynomial, whose coefficients are
products of powers of 2, 3. (The real calculation of these coefficients in general
is an achievement of twentieth-century mathematics.) Given

x4 + px2 + qx+ r, 4x3 + 2xp+ q = 0
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let’s replace the first equation by one of degree 2, by Euclid’s algorithm for
polynomials, to get an equivalent system. One finds:

4x3 + 2px+ q = 0, R = 0

where R has degree 2; then repeat the euclidean algorithm again

R = 0;R′ = 0

where R′ has degree 1; keep dividing until the remainder has no x, and one can
get to the final (super-messy) polynomial. We did not go into the rather painful
details.

10 Resultant and discriminant

Now, let’s discuss how to eliminate unwanted variables from systems of polyno-
mial equations. The key topics are the resultant and discriminant. The resultant
answers the question of whether two polynomials in one variable over a field F
(say f(x) =

∑n
i=0 aix

n−i, g(x) =
∑m
j=0 bjx

m−j have a common factor (i.e. a
common root in the algebraic closure).

If f, g have a common factor, we can write

f = vw, g = uw, u, v, w ∈ F [X].

It follows that
fu = gv

where u, v are polynomials of degrees smaller than those of f, g. This becomes
a system of linear equations in the coefficients of u, v, so linear algebra can be
used to check whether there is a solution.

In fact, if they can be solved, they can just be solved recursively (first solve
for the highest power, ...). Moreover, linear algebra says when there is a solution:
specifically, the relevant system must have nonzero determinant. The system
as a matrix is built out of the a’s and b’s and 0’s; there exists a common factor
of f, g when the determinant is nonzero. The matrix is called the Sylvester
matrix and the determinant is called the resultant.

The structure is as follows. The Sylvester matrix is of size m+ n by m+ n.

a0 a1 . . . an 0 . . . 0
0 a0 a1 . . .
...

...
. . .

−b0 −b1 . . .
−b0 −b1 . . .

. . . . . .
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