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These are notes on class field theory that I wrote for myself to help understand
the subject. If you find them useful in any way at all, that’s great!

I have attempted to be as self-contained beyond elementary algebra, and in
particular the basic facts about algebraic number theory are included. Proofs are
sometimes sketched, and they are incomplete in places. If you find a mistake, I
shall appreciate it if you email me at amathew@college.harvard.edu.

Notes: As of today (June 21, 2010), the notes are a mess. There are many gaps
in “Chapter 0,” such as a lack of mention of how the absolute value and prime ideal
approach connect to each other, and even mention of Galois operation on ideals.
The notes were culled from mostly disjointed and highly irregular blog posts on
algebraic number theory, and many of them still retain vestigial features from their
evolutionary past.
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0

Algebraic numbers

1. Absolute values and discrete valuation rings

1.1. Absolute Values. Actually, it is perhaps more logical to introduce dis-
crete valuations as a special case of absolute values, which in turn generalize the
standard absolute value on R.

Definition 0.1. Let F be a field. An absolute value on F is a function |·| : F →
R, satisfying the following conditions:

(1) |x| > 0 for x ∈ F with x 6= 0, and |0| = 0.
(2) |xy| = |x| |y| for all x, y ∈ F .
(3) |x+ y| ≤ |x|+ |y| . (Triangle inequality.)

So for instance |1|2 =
∣∣12∣∣ = |1|, i.e. |1| = 1.

The standard example is of course the normal absolute value on R or C, but
here is another:

Example 0.2. For p prime, let |·|p be the p-adic absolute value on Q defined as

follows: if r = x
y with pr | x, ps | y, and pr, ps are the highest powers of p dividing

x, y respectively, then

(0.1)

∣∣∣∣xy
∣∣∣∣
p

= ps−r.

(Also |0|p = 0.)

It can be checked directly from the definition that the p-adic absolute value is
indeed an absolute value, though there are some strange properties: a number has
a small p-adic absolute value precisely when it is divisible by a high power of p.

Moreover, by elementary number theory, it satisfies the nonarchimedean prop-
erty:

Definition 0.3. An absolute value |·| on a field F is nonarchimedean if |x+ y| ≤
max(|x| , |y|) for all x, y ∈ F .

This is a key property of the p-adic absolute value, and what distinguishes it
fundamentally from the regular absolute value restricted to Q. In general, there is
an easy way to check for this:

Proposition 0.4. The absolute value |·| on F is non-archimedean if and only if
there is a C with |n| ≤ C for all n ∈ N (by abuse of notation, we regard n as an
element of F as well, even when F is of nonzero characteristic and the map N→ F
is not injective). In this case, we can even take C = 1.

Proof. One way is straightforward: if |·| is non-archimedean, then |1| = 1,
|2| ≤ max(|1| , |1|) = 1, |3| ≤ max(|2| , |1|) = 1, and so on inductively.
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6 0. ALGEBRAIC NUMBERS

The other way is slightly more subtle. Suppose |v| ≤ C for v ∈ N. Then fix
x, y ∈ F . We have:

|x+ y|n =

∣∣∣∣∣
n∑
k=0

(
n

k

)
xkyn−k

∣∣∣∣∣ ≤
n∑
k=0

∣∣∣∣(nk
)∣∣∣∣max(|x| , |y|)n.

Now by the hypothesis,

|x+ y|n ≤ Cnmax(|x| , |y|)n.
Taking n-th roots and letting n→∞ gives the result. ////

This also shows that the p-adic absolute value is nonarchimedean, since it it
automatically ≤ 1 on the integers.

Corollary 0.5. If F has nonzero characteristic, then any absolute value on F is
non-archimedean.

Proof. Indeed, if F is of characteristic p, take C := max(|1| , |2| , . . . , |p− 1|).
////

1.2. Discrete Valuation Rings. The nonarchimedean absolute values we
are primarily interested in are

Definition 0.6. A discrete valuation is an absolute value |·| on a field F such
that |F ∗| ⊂ R+ is a cyclic group.

In other words, there is c ∈ R such that, for each x 6= 0, we can write |x| = cv,
where v = v(x) is an integer depending on x. We assume without loss of generality
that c < 1, in which case v : F ∗ → Z is the order function (sometimes itself called
a valuation). Furthermore we assume v surjective by choosing c as a generator of
the cyclic group |F ∗|.

Now, if |·| is any nonarchimedean absolute value on a field F , define the ring
of integers R as

R := {x ∈ F : |x| ≤ 1}.
(This is a ring.) Note that x ∈ R is a non-unit if and only if |x| < 1, so the sum of
two non-units is a non-unit and R is a local ring with maximal ideal

m := {x ∈ F : |x| < 1}.
When |·| is a discrete valuation, we call the ring of integers so obtained a

discrete valuation ring (DVR). In this case, we choose π such that |π| generates
‖F ∗‖ and is < 1; this is called a uniformizing element and generates m.

The first thing to notice is:

Proposition 0.7. A discrete valuation ring is a principal ideal domain. Con-
versely, a local principal ideal domain is a discrete valuation ring.

Proof. Indeed, if R is a DVR and if I ⊂ R is an ideal, let x ∈ I be an
element of minimal order v(x); then I = Rx, since R consists of the elements of
F of nonnegative order. It is easy to see that we can take x to be a power of π
(if necessary, by multiplying by a unit). In particular, the non-zero ideals form a
monoid isomorphic to Z≥0.

Conversely, if R is a local PID, then let π generate the maximal ideal m ⊂ R;
then since the Krull intersection theorem implies⋂

mn =
⋂

(πn) = 0,
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we can write each nonzero x ∈ R, say x ∈ mn −mn+1 as x = πnu for u /∈ m, i.e. u
a unit. This is unique and we can define a discrete valuation |·| by |x| = 2−n for n
as above. This extends to the quotient field and makes R a DVR. ////

2. A criterion for DVRs

A much more interesting (and nontrivial) result is the following:

Theorem 0.8. If the domain R is Noetherian, integrally closed, and has a unique
nonzero prime ideal m, then R is a DVR. Conversely, any DVR has those properties.

This is equivalent to the fact that Dedekind domains have unique factorization
of ideals, as we’ll see eventually. In particular, it will give a correspondence with
the notions of prime ideal and discrete valuation (for Dedekind domains).

Proof. First, let’s do the last part. We already know the part about DVRs
being PIDs, which are Noetherian; integrally closedness is true for any UFD (and
thus for any PID). The ideals of a DVR are generated by powers of the uniformizing
element, so the ideal m of non-units is the only prime ideal.

The converse is much harder. Let R be a ring satisfying the three conditions
of the theorem.

We will show that m is principal, by showing it is invertible (as will be seen
below). We divide the proof into steps:

2.1. Step one. For an ideal I ⊂ R, let I−1 := {x ∈ F : xI ⊂ R}, where F is
the quotient field of R. Then clearly I−1 ⊃ R and I−1 is an R-module, but it isn’t
clear that I−1 6= R.

Nevertheless, I claim that

m−1 6= R.

The proof runs across a familiar line—show that any maximal element in the
set of ideals I with I−1 6= R is prime. The set of such ideals is nonempty: it
contains any (a) for a ∈ m (in which case (a)−1 = Ra−1 6= R). There must be a
maximal element in this set of ideals by noetherianness, which is prime; thus, that
maximal element must be m, which proves our claim.

So to fill in the missing link, we must prove:

Lemma 0.9. If S is a Noetherian domain, any maximal element in the set of ideals
I ⊂ S with I−1 6= S is prime.

Proof. Let J be a maximal element, and suppose ab ∈ J , with a, b /∈ J . I
claim that if z ∈ J−1 − S, then za, zb ∈ J−1 − S. The J−1 part follows since J−1

is a S-module.
By symmetry it’s enough to prove the other half for a, namely za /∈ S; but then

if za ∈ S, we’d have z((a) + J) ⊂ S, which implies ((a) + J)−1 6= S, contradiction,
for J was maximal.

Then it follows that z(ab) = (za)b ∈ J−1 − S, by applying the claim I just
made twice. But ab ∈ J , so z(ab) ∈ S, contradiction. ////
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2.2. Step two. I now claim mm−1 = R. Well, we know that mm−1 ⊂ R by
definition of inverses. and m ⊂ mm−1 too. So mm−1 is an ideal sandwiched between
m and R. Thus we only need to prove that mm−1 = m is impossible. To do this,
choose some a ∈ m−1 −R which must satisfy am ⊂ m. Now by the next lemma, a
is integral over R.

Lemma 0.10. If N ⊂ F is a finitely generated R-module satisfying bN ⊂ N for
some b ∈ F , then b is integral over R.

Proof. This follows by the Cayley-Hamilton theorem, and is a standard cri-
terion for integrality. (It can even be generalized to faithful finitely generated
R-modules.) Cf. [?]. ////

So returning back above, a /∈ R is integral over R, a contradiction by integrally
closedness.

2.3. Step three. Now I claim m is principal, which by yesterday proves the
claim. Indeed, since mm−1 = R, write

1 =
∑

mini, mi ∈ m, ni ∈ m−1.

At least one mjnj is invertible, since R is local. Then I claim m = (mj). Indeed,
we need only prove m ⊂ (mj). For this, if x ∈ m, then xnj ∈ R by definition of
m−1, so

x = mj(xnj)(mjnj)
−1 ∈ (mj).

////

So we’re done. Taking stock, we have an effective way to say whether a ring is
a DVR. These three conditions are much easier to check in practice (noetherianness
is usually easy, integral closure is usually automatic, and the last one is not too
hard either for reasons that will follow) than the existence of an absolute value.

3. Dedekind domains

Dedekind domains come up when you take the ring of algebraic integers in any
finite extension of Q (i.e. number fields). In these, you don’t necessarily have unique
factorization. But you do have something close—namely, unique factorization of
ideals—which makes these crucial.

3.1. Basics.

Definition 0.11. A Dedekind domain is a Noetherian integral domain A that
is integrally closed, and of Krull dimension one—that is, each nonzero prime ideal
is maximal.

A DVR is a Dedekind domain, and the localization of a Dedekind domain at
a nonzero prime is a DVR by Theorem 0.8. Another example (Serre) is to take
a nonsingular affine variety V of dimension 1 and consider the ring of globally
regular functions k[V ]; the localizations at closed points (or equivalently, nonzero
prime ideals) are DVRs, and it quickly follows that k[V ] is Dedekind.

In particular, we can encapsulate what has already been proved as:

Theorem 0.12. Let A be a Dedekind domain with quotient field K. Then there is
a bijection between the discrete valuations of K that assign nonnegative orders to
elements of A and the nonzero prime ideals of A.
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Proof. Indeed, every valuation gives a prime ideal of elements of positive
order; every prime ideal p gives a discrete valuation on Ap, hence on K. ////

This result, however trivial to prove, is the main reason we can work essentially
interchangeably with prime ideals in Dedekind domains and discrete valuations.

3.2. Factorization of ideals. Now assumeA is Dedekind. A f.g. A-submodule
of the quotient field F is called a fractional ideal; by multiplying by some element
of A, we can always pull a fractional ideal into A, when it becomes an ordinary
ideal. The sum and product of two fractional ideals are fractional ideals.

Theorem 0.13 (Invertibility). If I is a nonzero fractional ideal and I−1 := {x ∈
F : xI ⊂ A}, then I−1 is a fractional ideal and II−1 = A.

Thus, the nonzero fractional ideals are an abelian group under multiplication.

Proof. To see this, note that invertibility is preserved under localization: for a
multiplicative set S, we have S−1(I−1) = (S−1I)−1, where the second ideal inverse
is with respect to S−1A; this follows from the fact that I is finitely generated. Note
also that invertibility is true for discrete valuation rings: this is because the only
ideals are principal, and principal ideals (in any integral domain) are obviously
invertible.

So for all primes p, we have (II−1)p = Ap, which means the inclusion of A-
modules II−1 → A is an isomorphism at each localization. Therefore it is an
isomorphism, by general algebra. ////

The next result says we have unique factorization of ideals:

Theorem 0.14 (Factorization). Each ideal I ⊂ A can be written uniquely as a
product of powers of prime ideals.

Proof. Let’s use the pseudo-inductive argument to obtain existence of a prime
factorization. Let I be the maximal ideal which can’t be written in such a manner,
which exists since A is Noetherian. Then I isn’t prime (evidently), so it’s contained
in some prime p. But I = (Ip−1)p, and Ip−1 6= I can be written as a product of
primes, by the inductive assumption. Whence so can I, contradiction.

Uniqueness of factorization follows by localizing at each prime. ////

4. Extensions

We will show that one can always valuations to bigger fields.

4.1. Integral closure in a finite separable extension. One of the reasons
Dedekind domains are so important is

Theorem 0.15. Let A be a Dedekind domain with quotient field K, L a finite
separable extension of K, and B the integral closure of A in L. Then B is Dedekind.

This can be generalized to the Krull-Azizuki theorem, cf. [?].

Proof. We need to check that B is Noetherian, integrally, closed, and of
dimension 1.
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• Noetherian. Indeed, I claim that B is a finitely generated A-module, which
obviously implies Noetherianness. The K-linear map (., .) : L × L → K,
a, b → Tr(ab) is nondegenerate since L is separable over K. Let F ⊂ B
be a free module spanned by a K-basis for L. Then since traces preserve
integrality and A is integrally closed, we have B ⊂ F ∗, where F ∗ := {x ∈
K : (x, F ) ⊂ A}. Now F ∗ is A-free on the dual basis of F though, so B is
a submodule of a f.g. A module, hence a f.g. A-module.

• Integrally closed. It is an integral closure, and integrality is transitive.
• Dimension 1. Indeed, if A ⊂ B is an integral extension of domains, then

dimA = dimB. This follows essentially from the theorems of “lying over”
and “going up.” Cf. [?].

So, consequently the ring of algebraic integers (integral over Z) in a number
field (finite extension of Q) is Dedekind. ////

4.2. Extensions of discrete valuations. The real result we care about is:

Theorem 0.16. Let K be a field, L a finite separable extension. Then a discrete
valuation on K can be extended to one on L.

Proof. Indeed, let R ⊂ K be the ring of integers. Then R is a DVR, hence
Dedekind, so the integral closure S ⊂ L is Dedekind too (though in general it is
not a DVR—it may have several non-zero prime ideals) by Theorem 0.15. Now as
above, S is a finitely generated R-module, so if m ⊂ R is the maximal ideal, then

mS 6= S

by Nakayama’s lemma (cf. for instance [?]). So mS is contained in a maximal
ideal M of S with, therefore, M ∩ R = m. (This is indeed the basic argument
behind lying over, which I could have just invoked.) Now SM ⊃ Rm is a DVR as
it is the localization of a Dedekind domain at a prime ideal, and one can appeal
to Theorem 0.8. So there is a discrete valuation on SM. Restricted to R, it will
be a power of the given R-valuation, because its value on a uniformizer π is < 1.
However, a power of a discrete valuation is a discrete valuation too. So we can
adjust the discrete valuation on SM if necessary to make it an extension.

This completes the proof. ////

Note that there is a one-to-one correspondence between extensions of the val-
uation on K and primes of S lying above m. Indeed, the above proof indicated a
way of getting valuations on L from primes of S. For an extension of the valuation
on K to L, let M := {x ∈ S : |x| < 1}.

5. Completions

The utility of completions is vast. Many properties (e.g. ramification) are
preserved by the completion, but, as we will see, in the complete case the crite-
ria for such properties is simplified by the uniqueness of extensions of valuations.
Completions are also essential to developing class field theory via ideles.

5.1. Basic definitions. Let F be a field with the absolute value ‖·‖.

Definition 0.17. The completion F̂ of F is defined as the set of equivalence
classes of Cauchy sequences:

• A Cauchy sequence {xn} is one that satisfies |xn − xm| → 0 as n,m→∞.
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• Two Cauchy sequences {xn}, {yn} are equivalent if |xn − yn| → 0 as n→
∞.

First off, F̂ is a field, since we can add or multiply Cauchy sequences termwise;
division is also allowable if the denominator sequence stays away from zero in the
“long run” (i.e. is not in the equivalence class of (0, 0, . . . )). There is a bit of
justification to check here, but it is straighforward. Also, F had an absolute value,
so we want to put on on F̂ . If {xn} ∈ F̂ , define |{xn}| := lim |xn|. Third, there is

a natural map F → F̂ and the image of F is dense.
There are several important examples of this, of which the most basic are:

Example 0.18. The completion of Q with respect to the usual absolute value is
the real numbers.

Completion is an idempotent operator. A field such that the natural embedding
in its completion is an isomorphism is called—surprise ahead—complete.

Example 0.19. Let p be a prime number. The completion of Q with respect to
the p-adic absolute value is the called p-adic numbers Qp.

The second case is more representative of what we care about: completions
with respect to nonarchimedean (especially discrete) valuations. By the general
criterion (Proposition 0.4), completions preserve nonarhimedeanness. Next, here is
a lemma about nonarchimedean fields:

Lemma 0.20. Let F be a field with a nonarchimedean absolute value |.|. Then if
x, y ∈ F and |x− y| < |x|, then |x| = |y|.

(In English: Two elements very close together have the same absolute value.
Or, any disk in a nonarchimedean field has each interior point as a center.)

Proof. Indeed,

|y| = |(y − x) + x| ≤ max(|x− y| , |x|) = |x| .
Similarly

|x| = |(x− y) + y| ≤ max(|x− y| , |y|),
and since |x| > |x− y| we can write

|x| ≤ |y| .
////

Corollary 0.21. If |.| is discrete on F , it is discrete on F̂ .

Proof. Indeed, if V ⊂ R+ is the value group (absolute values of nonzero

elments) of F , then it is the value group of F̂ since F is dense in F̂ , in view of
Lemma 0.20. ////

5.2. (Aside) Completions of rings. 1

Take a field F with a discrete valuation |.| and its completion F̂ . We can take

the ring of integers R ⊂ F and R̂ ⊂ F̂ , and their maximal ideals m, m̂.
I claim that R̂ is the completion of R with respect to the m-adic topol-

ogy.2 This follows because R̂ consists of equivalence classes of sequences {xn} of

1This brief section is not necessary for understanding the rest of these notes.
2We have not defined this construction; cf. [?] for instance.
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elements of F , the limit of whose absolute values |xn| is ≤ 1. This means from
some point on, the |xn| ≤ 1 by discreteness, so wlog all the xn ∈ R. This is just
the definition of an element of the completion of R. I leave the remaining details
to the reader.

5.3. Topologies determined by absolute values. Henceforth, all absolute
values are nontrivial—that is, we exclude the trivial absolute value that takes the
value one everywhere except at zero. We do not assume completeness.

It is clear that an absolute value on a field F makes it into a topological field,
which is to say a field that is simutaneously a topological space, and where the field
operations are continuous. The topology essentially determines the absolute value,
though:

Theorem 0.22. Let |·|1, |·|2 be absolute values on K inducing the same topology.
Then |·|2 is a power of |·|1.

So, first of all, given x ∈ K∗, the sequence {xn} converges to zero (in the
common topology induced by each absolute value) iff |x|1 < 1, and iff |x|2 < 1.
Thus we see that the unit disks are the same under both absolute values.

Now fix x with |x|1 < 1 and consequently |x|2 < 1, by the previous paragraph.
We will show that for any y ∈ F , we have ‖y‖1 = ‖y‖2.

Suppose α 6= 0 and y ∈ F ; I claim that

(0.2) |x|1 ≤ |y|
α
1 iff |x|2 ≤ |y|

α
2 ;

as it then follows that
log|y|1
log|x|1

=
log|y|2
log|x|2

, and then one gets that |y|1, |y|2 differ by

the same power as the x’s. And so ‖·‖1 , ‖·‖2 differ by a constant power.
First, I claim this is true for α ∈ Z. Then (0.2) says

|x/yα|1 < 1 iff |x/yα|2 < 1

so (0.2) follows in this case by the first paragraph. By raising each side to an
integer power, it follows that (0.2) is valid for α ∈ Q+, and by continuity for α 6= 0
arbitrary.

5.4. Uniqueness of norms in extensions of complete fields. In the com-
plete case, there is a rigidity on absolute values: they are equivalent much more
often than in the non-complete case. We will approach this fact through a look at
norms on topological vector spaces.

So fix a field K complete with respect to the absolute value |·|. Let V be a
finite-dimensional vector space over K.

Definition 0.23. A norm on V is a map ‖·‖ : V → R≥0 satisfying all the usual
constraints, i.e. scalar multiplicativity (with respect to |·|) and the triangle inequal-
ity.

(1) ‖v‖ ≥ 0 for all v ∈ V , with equality iff v = 0
(2) ‖av‖ = ‖a‖ ‖v‖ for a ∈ k, v ∈ V
(3) ‖v + w‖ ≤ ‖v‖+ ‖w‖ , for all v, w ∈ V

Theorem 0.24. All norms on V induce the same topology.

Proof. For the proof, I’ll make the simplifying (but unnecessary) assumption
that K is locally compact—this is the case for the real and complex numbers, finite
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extensions of the p-adic fields, and finite extensions of power series fields Fq((X))
(all of which go under the name “local fields”).

Fix a basis v1, . . . , vn ∈ V . We can choose the norm ‖·‖1 on V : if v =
∑
civi,

then ‖v‖1 = max |ci|. Then from the triangle inequality it is easy to check that for
all v, ‖v‖ ≤ C ‖v‖1 for some large C (for instance, C =

∑
‖vi‖). If we show the

reverse, that there exists a c > 0 with ‖v‖ ≥ c ‖v‖1 for all v, then the assertion
will be complete. By homogeneity we may assume ‖v‖1 = 1; the set of such v
forms a compact subset of V (under the ‖v‖1-topology!), on which by the previous
inequality ‖·‖ is a continuous and nonzero function. It has a minimum, which is
the c referred to. ////

We can apply this to the case of fields:

Corollary 0.25. Given a complete field K and a finite extension L ⊃ K, the
absolute value on K can be extended to L in precisely one way.

Proof. Uniqueness is clear from Theorem 0.22 and Theorem 0.24. Existence
needs to be shown. The above result implies uniqueness; we’ve shown existence
earlier, at least in the discrete case. ////

Consider the situation as in the previous corollary, and let R,S be the rings of
integers in K,L, respectively. The integral closure S̃ of R is a Dedekind domain, as
is S; and both have the same quotient field. It is no surprise that they are actually
equal (in the complete case):

Proposition 0.26. S is the integral closure of R in L in the complete case.

Proof. Any element x ∈ L integral over R satisfies an equation

xn + c1x
n−1 + · · ·+ cn−1 = 0, ∀i ci ∈ R.

Taking orders, it follows that the order of xn is the same as that of c1x
n−1 + · · ·+

cn−1, but this is impossible unless x has nonnegative order. So S̃ ⊂ S.
By contrast, any element of y ∈ S has absolute value at most one, and ditto

for all its conjugates. Indeed, any K-automorphism of L into the algebraic closure
K (which has a unique absolute value extending that of K) fixes the absolute value
by uniqueness (the previous corollary), so σy for σ an isomorphism has absolute
value at most 1. Since the minimal polynomial of y has coefficients which are the
symmetric functions of y and its conjugates, this polynomial is an integral one, and
y is integral. ////

So, if we use the correspondence between valuations and ideals, we see that the
unique maximal ideal p of R prolongs uniquely to one of S.

6. Approximation theorems

6.1. The Artin-Whaples approximation theorem. The Artin-Whaples
approximation theorem is a nice extension of the Chinese remainder theorem to
absolute values, to which it reduces when the absolute values are discrete. It is
extremely useful in the glboal case (where there are different absolute values) as a
type of density result.

So fix pairwise nonequivalent absolute values |·|1 , . . . , |·|n on the field K; this
means that they induce different topologies, so are not powers of each other (The-
orem 0.22).
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Theorem 0.27 (Artin-Whaples). Hypotheses as above, given a1, . . . , an ∈ K and
ε > 0, there exists a ∈ K with

|a− ai|i < ε, 1 ≤ i ≤ n.

Consider the topological space
∏n
i=1K with the product topology, where the

ith factor has the topology induced by ‖·‖i. Then the theorem states that the
diagonal is dense in this space.

Proof. I claim that first of all, it is sufficient to take the case where a1 =
1, ai = 0 for i > 1. Indeed, if this case is proven, then (by symmetry) choose for
each i, bi approximating 1 at |·|i and 0 elsewhere, and take

a =
∑

aibi.

Before proving the approximation theorem, we prove:

Lemma 0.28. Hypotheses as above, there exists a ∈ K with |a|1 > 1 and |a|i < 1
if i > 1.

The case of two absolute values follows from nonequivalence; see the previous
post.

By induction on n, assume there is a′ ∈ K with |a′|1 > 1 and |a′|1 < 1 if
1 < i < n.

Case 1. If |a′|n < 1, then we’re already done with a = a′.

Case 2. If |a′|n > 1, consider

a′N

1 + a′N

which when N is large is close to 1 at |·|1 , |·|n and close to zero elsewhere. By the

case n = 2, there is a′′ ∈ K with |a′′|1 < 1 and |a′′|n > 1. Then take a = a′′ a′N

1+a′N
.

Case 3. If |a′|n = 1, then choose a′′ as in Case 2 and let a = a′′a′N , where N
is large enough to bring the absolute values at |·|i, 1Mi < n, down below 1.

Now finally we have to establish the theorem in the case we described, where
a1 = 1, ai = 1 if i > 1. For this, simply take a high power of a. ////

6.2. The Chinese remainder theorem. The remainder theorem below was
known for the integers for thousands of years, but its modern form is elegant.

Theorem 0.29 (Chinese Remainder Theorem). Let A be a ring and Ii, 1 ≤ i ≤ n
be ideals with Ii + Ij = A for i 6= j. Then the homomorphism

A→
∏
i

A/Ii

is surjective with kernel I1 . . . In.

First we tackle surjectivity.
If n = 1 the assertion is trivial. If n = 2, then say I1 + I2 = A. We then have

1 = ξ1 + ξ2 where ξ1 ∈ I2, ξ2 ∈ I2. So, if we fix a, b ∈ A and want to choose ξ ∈ A
with

ξ ≡ a mod (I1), ξ ≡ b mod (I2),

the natural choice is ξ := aξ1 + bξ2.
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For higher n, it will be sufficient to prove that each vector with all zeros except
for one 1 in the product occurs in the image. By symmetry, we need only show
that there is a ∈ A such that a ≡ 1 mod (I1) while a ∈ Ij for j ≥ 2.

Since 1 ∈ I1 + Ij for j ≥ 2,

1 ∈
∏
j≥2

(I1 + Ij) ⊂ I1 + I2 . . . In,

i.e. I1 + I2 . . . In = A. Now apply the n = 2 assertion to I1, I2 . . . In to find a
satisfying the conditions.

Now for the kernel assertion: we must show
⋂
Ii =

∏
Ii. For two ideals I1, I2

it follows because one chooses ξ1 ∈ I1, ξ2 ∈ I2 as above, and notes that

(I1 ∩ I2) = (I1 ∩ I2)ξ1 + (I1 ∩ I2)ξ2 ⊂ (I1I2) + (I2I2).

Then one uses induction and the fact that I1 + I2 . . . In = A as above, etc.
As a corollary, we get a criterion for when a Dedekind domain is principal:

Theorem 0.30. A Dedekind domain A with finitely many prime ideals is principal.

To do this, we need only show that each prime is principal. Let the (nonzero)
primes be p1, . . . , pk; we show p1 is principal. Choose a uniformizer π ∈ A at p1,
i.e. p1Ap1 = (π). Now choose x ∈ A such that

x ≡ π mod (p1)2, x ≡ 1 mod (pj) for j ≥ 2.

Then (x) and p1 have equal orders at all primes, hence are equal.
We tacitly used this theorem above: there S−1B has only finitely many prime

ideals, which are the localizations of P1, . . . ,Pg, so is principal.
Here is another result:

Theorem 0.31. In a Dedekind domain, any ideal is generated by two elements.

Proof. 3 The result will never be used again, but the proof is amusing. To be
added. ////

7. Ramification

7.1. Ramification in general. Fix a Dedekind domain A with quotient field
K; let L be a finite separable extension of K, and B the integral closure of A in L.
We know that B is a Dedekind domain (Theorem 0.15).

Given a prime p ⊂ A, there is a prime P ⊂ B lying above p. This prime is,
however, not unique.

We can do a prime factorization of pB ⊂ B, say pB = Pe1
1 . . .P

eg
g . The primes

Pg contain pB and consequently lie above p (since their intersection with A is prime
and containing p). Conversely, any prime of B containing pB must occur in the
factorization of pB, since if I is an ideal in a Dedekind domain contained in a prime
ideal P , then P occurs in the prime factorization of I (to see this, localize and work
in a DVR).

Corollary 0.32. Only finitely many primes of B lie above a given prime of A.

Proof. Immediate from the preceding discussion. We shall see another way
to do this when we talk about Galois theory. ////

3I should cite Curtis-Reiner
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Definition 0.33. If P ⊂ B lies above p ⊂ A, we write eP/p for the number of
times P occurs in the prime factorization of pB. We call this the ramification
index.

We let fP/p be the degree of the field extension A/p → bB/P. This is called
the residue class degree.

The following remark is sometimes useful: given p,P as above, consider the
multiplicative set S = (A − p) and note that S−1A ⊂ S−1B is an extension of
Dedekind domains. Then the ramification index eS−1P.S−1p = eP/p. The proof is
immediate from the definitions in terms of factorization. We could even localize
B with respect to P (using the bigger multiplicative set B −P) and get the same
result. Additionally, we will see below that ramification behaves well with respect
to completions.

The ramification index e has an interpretation in terms of discrete valuations.
Let |·| be the absolute value on K corresponding to the prime p and, by abuse of
notation, |·| its extension to L corresponding to P. Then I claim that:

Proposition 0.34. Suppose A ⊂ B is an extension of Dedekind domains4 with
quotient fields K,L and associated absolute value ‖·‖
(0.3) eP/p = (|L∗| : |K∗|).

Proof. By localization, it is sufficient to prove this when A and B are discrete
valuation rings. Let πK , πL be uniformizers. Then (πK) = p, (πL) = P. Therefore,
by definition (πK) = (πeL). Hence πKπ

−e
L is an L-unit. The value group of K is

generated by the valuation of πK ; that of L is generated by the valuation of πL.
The claim is now clear. ////

A basic fact about e and f is that they are multiplicative in towers; that
is, if L ⊂ M is a finite separable extension, C the integral closure in L, Q ⊂ C a
prime lying over P ⊂ B which lies over p ⊂ A, we have:

eQ/p = eQ/PeP/p, fQ/p = fQ/PfP/p.

The assertion about e follows from (0.3), and that about f by the multiplicativity
of degrees of field extensions. The degree n := [L : K] is also multiplicative in
towers for the same reason. There is a similarity.

Proposition 0.35. Let A,B be an extension of Dedekind domains such that B is
the integral closure of A. For p ⊂ A, we have∑

P|p

eP/pfP/p = n.

Indeed, we may replace A with S−1A and B with S−1B, where S := A − p.
Localization preserves integral closure, and the localization of a Dedekind domain
is one too (unless it is a field). Finally, e and f are stable under localization, as has
been remarked.

In this case, A is assumed to be a DVR, hence a PID. Thus B is a torsion-free,
hence free, finitely generated A-module. Since L = K ⊗A B is free over K of rank
n, the rank of B over A is n too. Thus B/pB is a vector space over A/p of rank n.
I claim that this rank is also

∑
ef .

4We don’t assume that B is the integral closure of A. For then, we couldn’t localize enough
to make B a DVR—that is, to zone in on one prime of B lying above p.
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Indeed, let the factorization be pB = Pe1
1 . . .P

eg
g . Now we have for i 6= j,

Pi + Pj = B, so taking high powers yields that Pei
i ,P

ej
j are relatively prime as

well.
By the Chinese remainder theorem, we have

B/pB =

g∏
i=1

B/Pei
i

as rings (and A/p-algebras). We need to compute the dimension of each factor as
an A/p-vector space. Now there is a filtration:

Pei
i ⊂ Pei−1

i ⊂ · · · ⊂ Pi ⊂ B

and since Pi is principal (see below) all the successive quotients are isomorphic to
B/Pi, which has dimension fPi/p. So counting dimensions gives the proof.

Remark 1. This formula simplifies to ef = n in the complete case.

7.2. Unramified extensions. Back to ANT. Today, we tackle the case e = 1.
We work, for convenience, in the local case where all our DVRs are complete, and
all our residue fields are perfect (e.g. finite). I’ll just state these assumptions at
the outset. Then, unramified extensions can be described fairly explicitly.

So fix DVRs R,S with quotient fields K,L and residue fields K,L. Recall that
since ef = n, unramifiedness is equivalent to f = n, i.e.

[L : K] = [L : K].

Now by the primitive element theorem (recall we assumed perfection of K),
we can write L = K(α) for some α ∈ L. The goal is to lift α to a generator of S
over R. Well, there is a polynomial P (X) ∈ K[X] with P (a) = 0; we can choose
P irreducible and thus of degree n. Lift P to P (X) ∈ R[X] and a to a′ ∈ R; then
of course P (a′) 6= 0 in general, but P (a) ≡ 0 mod m′ if m′ is the maximal ideal in
S, say lying over m ⊂ R. So, we use Hensel’s lemma to find a reducing to a with
P (a) = 0—indeed P ′(a′) is a unit by separability of [L : K].

I claim that S = R[a]. Indeed, let T = R[a]; this is an R-submodule of S, and

mS + T = S

because of the fact that S/m′ is generated by α as a field over k. Now Nakayama’s
lemma WIKIPEDIA implies that S = T .

Proposition 0.36. Notation as above, if L/K is unramified, then we can write
L = K(α) for some α ∈ S with S = R[α]; the irreducible monic polynomial P
satisfied by α remains irreducible upon reduction to k.

There is a converse as well:

Proposition 0.37. If L = K(α) for α ∈ S whose monic irreducible P remains
irreducible upon reduction to k, then L/K is unramified, and S = R[α].

Consider T := R[X]/(P (X)). I claim that T ' S. First, T is a DVR. Now
T is a finitely generated R-module, so any maximal ideal of T must contain mT
by the same Nakayama-type argument. In particular, a maximal ideal of T can be
obtained as an inverse image of a maximal ideal in

T ⊗R k = k[X]/(P (X))
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by right-exactness of the tensor product. But this is a field by the assumptions, so
mT is the only maximal ideal of T . This is principal so T is a DVR and thus must
be the integral closure S, since the field of fractions of T is L.

Now [L : K] = degP (X) = degP (X) = [L : K], so unramifiedness follows.
Next up: totally ramified extensions.

7.3. Totally ramified extensions. Today we consider the case of a totally
ramified extension of local fields K ⊂ L, with residue fields K,L—recall that this
means e = [L : K] = n, f = 1. It turns out that there is a similar characterization
as for unramified extensions.

So, hypotheses as above, let R ⊂ K,S ⊂ L be the rings of integers and choose
a uniformizer π of the DVR S. I claim that S = R[π]. This follows easily from:

Lemma 0.38. Let A be a DVR and let S be a set of elements of A whose im-
age under reduction contains each element of the residue field of A. Let π be a
uniformizer of A. Then each a ∈ A can be written

a =

∞∑
n=0

anπ
n,

where each an ∈ S.

This is a basic fact, which I discussed earlier, about systems of representatives
LINK.

Now, with that established, note that L = K(π) as a consequence. Consider
the minimal polynomial of π,

πn + an−1π
n−1 + · · ·+ a0.

Because of the total ramification hypothesis, any two terms in the above sum must
have different orders—except potentially the first and the last. Consequently the
first and the last must have the same orders in S (that is, n) if the sum is to equal
zero, so a0/π is a unit, or a0 is a uniformizer in R. Moreover, it follows that none
of the ai, i 6= 0, can be a unit—otherwise the order of the term aiπ

i would be i < n,
and the first such term would prevent the sum from being zero.

Note that I have repeatedly used the following easy fact: given a DVR and
elements of pairwise distinct orders, the sum is nonzero.

In particular, what all this means is that P is an Eisenstein polynomial:

Proposition 0.39. Given a totally ramified extension K ⊂ L, we can take π ∈ S
with S = R[π] and such that the irreducible monic polynomial for π is an Eisenstein
polynomial.

Now we prove the converse:

Proposition 0.40. If K ⊂ L is an extension with L = K(π) where π ∈ S satisfies
an Eisenstein polynomial, then S = R[π] and L/K is totally ramified.

Note first of all that the Eisenstein polynomial P mentioned in the statement
is necessarily irreducible LINK. As before, I claim that

T := R[X]/(P (X))

is a DVR, which will establish one claim. By the same Nakayama-type argument
in the previous post, one can show that any maximal ideal in T contains the image
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of the maximal ideal m ⊂ R; in particular, it arises as the inverse image of an ideal
in

T ⊗R K = K[X]/(Xn);

this ideal must be (X). In particular, the unique maximal ideal of T is generated by
(X, a0) for a0 a generator of m. But, since P (X) is Eisenstein and the leading term
is Xn, it follows that Xn ≡ a0 mod m2. This also implies that X is nonnilpotent
in T .

Now any commutative ring A with a unique principal maximal ideal m gener-
ated by a nonilpotent element π is a DVR, and this implies that S is a DVR. This is
a lemma in Serre, but we can take a slightly quicker approach to prove this. We can
always write a nonzero x ∈ A as x = πnu for u a unit, because x ∈ mn −mn−1 for
some n—this is the Krull intersection theorem LINK. Thus from this representation
A is a domain, and the result is then clear.

Back to the proof of the second proposition. There is really only one more step,
viz. to show that L/K is totally ramified. But this is straightforward, because P is
Eisenstein, and if there was anything less than total ramification then one sees that
P (π) would be nonzero—indeed, it would have the same order as the last constant
coefficient a0.

8. A classification theorem for complete DVRs

We discuss the proof of a classification theorem that DVRs are often power
series rings, using Hensel’s lemma.

8.1. Systems of representatives. Let R be a complete DVR with maximal
ideal m and quotient field F . We let k := R/m; this is the residue field and is,
e.g., the integers mod p for the p-adic integers (I will discuss this more later).

The main result that we have today is:

Theorem 0.41. Suppose k is of characteristic zero. Then R ' k[[X]], the power
series ring in one variable, with respect to the usual discrete valuation on k[[X]].

The “usual discrete valuation” on the power series ring is the order at zero.
Incidentally, this applies to the (non-complete) subring of C[[X]] consisting of power
series that converge in some neighborhood of zero, which is the ring of germs of
holomorphic functions at zero; the valuation again measures the zero at z = 0.

For a generalization of this theorem, see Serre’s Local Fields.
To prove it, we need to introduce another concept. A system of representa-

tives is a set S ⊂ R such that the reduction map S → k is bijective. A uniformizer
is a generator of the maximal ideal m. Then:

Proposition 0.42. If S is a system of representatives and π a uniformizer, we
can write each x ∈ R uniquely as

x =

∞∑
i=0

siπ
i, where si ∈ S.

Given x, we can find by the definitions s0 ∈ S with x − s0 ∈ πR. Repeating,
we can write x− s0 π ∈ R as x− s0 π − s1 ∈ πR, or x− s0 − s1π ∈ π2R. Repeat
the process inductively and note that the differences x−

∑n
i=0 siπ

i ∈ πn+1R tend
to zero.
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In the p-adic numbers, we can take {0, . . . , p−1} as a system of representatives,
so we find each p-adic integer has a unique p-adic expansion x =

∑∞
i=0 xip

i for
xi ∈ {0, . . . , p− 1}.

8.2. Hensel’s lemma. Hensel’s lemma, as already mentioned, allow us to
lift approximate solutions of equations to exact solutions. This will enable us to
construct a system of representatives which is actually a field.

Theorem 0.43. Let R be a complete DVR with quotient field K. Suppose f ∈ R[X]

and x0 ∈ R satisfies f(x0) = 0 ∈ m (i.e. π | f(x)) while f ′(x0) 6= 0. Then there is
a unique x ∈ R with x = x0 and f(x) = 0.

(Here the bar denotes reduction.)
The idea is to use Newton’s method of successive approximation. Recall that

given an approximate root r, Newton’s method “refines” it to

r′ := r − f(r)

f ′(r)
.

So define xn ∈ R inductively (x0 is already defined) as xn = (xn−1)′, the ′ notation
as above. I claim that the xn approach a limit x ∈ R which is as claimed.

For r ∈ R by Taylor’s formula we can write f(X) = f(r) + f ′(r)(X − r) +
C(X)(X − r)2, where C(X) ∈ R[X] depends on r. Then for any r

f(r′) = f

(
r − f(r)

f ′(r)

)
= f(r)− f(r) + C(r′)

(
f(r)

f ′(r)

)2

.

Thus, if |f(r)| < c and |f ′(r)| = 1, we have |f(r′)| ≤ c2 and |f ′(r′)| = 1, since
r′ ≡ r mod m. We even have |r − r′| ≤ c. This enables us to claim inductively:

(1) xn ∈ R
(2) |f(xn)| ≤ |f(x0)|2

n

.

(3) |xn − xn−1| ≤ |f(x0)|2
n−1

.

Now it follows that we may set x := limxn and we will have f(x) = 0. The last
assertion follows because x0 is a simple root of f ∈ k[X].

There is a more general version of Hensel’s lemma that says if you have |f(x0)| ≤
|f ′(x0)|2, the conclusion holds. Also, there’s no need for discreteness of the absolute
value—just completeness is necessary.

Corollary 0.44. For n fixed, any element of R sufficiently close to 1 is a n-th
power.

Use the polynomial Xn − 1.

8.3. Proof of the classification theorem. We now prove the first theorem.
Note that Z− 0 ⊂ R gets sent to nonzero elements in the residue field k, which

is of characteristic zero. This means that Z− 0 ⊂ R consists of units, so Q ⊂ R.
Let L ⊂ R be a subfield. Then L ' L ⊂ k; if t ∈ k − L, I claim that there is

L′ ⊃ R containing L with t ∈ L′.
If t is transcendental, lift it to T ∈ R; then T is transcendental over L and is

invertible in R, so we can take L′ := L(T ).
If the minimal polynomial of t over L is f(X) ∈ k[X], we have f(t) = 0.

Moreover, f
′
(t) 6= 0 because these fields are of characteristic zero and all extensions

are separable. So lift f(X) to f(X) ∈ R[X]; by Hensel lift t to u ∈ R with f(u) = 0.
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Then f is irreducible in L[X] (otherwise we could reduce a factoring to get one of
f ∈ L[X]), so L[u] = L[X]/(f(X)), which is a field L′.

So if K ⊂ R is the maximal subfield (use Zorn), this is our system of represen-
tatives by the above argument.
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Tools from elementary algebraic number theory

1. The Riemann-Roch problem in number fields

We will now return to algebraic number theory, following Lang’s textbook, and
study the distribution of points in parallelotopes.

The setup is as follows. K will be a number field, and v an absolute value
(which, by abuse of terminology, we will use interchangeable with ”valuation” and
”place”) extending one of the absolute values on Q (which are always normalized
in the standard way); we will write |x|v for the output at x ∈ K.

Suppose v0 is a valuation of Q; we write v|v0 if v extends v0. Recall the following
important formula from the theory of absolute values an extension fields:

|NK
Q (x)|v0 =

∏
v|v0

|x|[Kv :Qv0
]

v .

Write Nv := [Kv : Qv0 ]; these are the local degrees. From elementary algebraic
number theory, we have

∑
v|v0 Nv = N := [K : Q]. This is essentially a version of

the
∑
ef = N formula.

The above formalism allows us to deduce an important global relation between
the absolute values |x|v for x ∈ K.

Theorem 1.1 (Product formula). If x 6= 0,∏
v

|x|Nv
v = 1.

The proof of this theorem starts with the case K = Q, in which case it is
an immediate consequence of unique factorization. For instance, one can argue
as follows. Let x = p, a prime. Then |p|p = 1/p by the standard normalization,
|p|l = 1 if l 6= p, and |p|∞ = 1 where | · |∞ is the standard archimedean absolute
value on Q. The formula is thus clear for x = p ∈ Q, and it follows in general by
multiplicativity.

By the above reasoning, it follows that if x ∈ K∗,∏
v

|x|Nv
v =

∏
v0

|NK
Q x|v0 = 1.

This completes the proof.

1.1. Counting elements in boxes. We shall be interested in studying ele-
ments x ∈ K with certain distributions of its valuations |x|v. In particular, let us
pose the following problem.

Problem
Suppose we have constants Cv for each place v. When does there exist x ∈ K∗

with |x|v ≤ Cv for all v?

23
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There is an analogy here to algebraic geometry. Suppose C is a projective
nonsingular curve. Let D be a divisor, i.e. a formal finite sum

∑
P∈C nPP . When

does there exist a rational function f on C with ordP (f) ≥ −nP for all P?
Information on this problem is provided by the Riemann-Roch theorem. In

particular, if |D| :=
∑
nP is very large, then we can always find a lot of such fs.

In particular, when |D| is very large, the dimension of the space L(D) of such f is
approximately proportional to |D|.

Note the strength of the analogy: the valuation rings of the function field of C
are precisely the local rings of the points of C. Perhaps it is more than an analogy,
but I’m just not informed enough to know.

In our case, we will define a K-divisor c to be an assignment of constants Cv
for the valuations v of K. We will assume that Cv = 1 almost everywhere (i.e. for a
cofinite set); this is analogous to a divisor in algebraic geometry being finite. Also,
when v is nonarchimedean, we assume Cv in the value group of v.

Define L(c) to be the set of x ∈ K with |x|v ≤ Cv for all v. We will show that
cardL(c) is approximately proportional to

‖c‖ :=
∏

CNv
v .

1.2. The main counting result.

Theorem 1.2. There are positive constants a, b depending on K only such that

a ‖c‖ ≤ cardL(c) ≤ b(1 + ‖c‖).
Note that we need the 1 on the right side, because 0 ∈ L(c) always!
The proof of this theorem will not use any of the fancy machinery as in the

Riemann-Roch theorem (in particular, no Serre duality). It only gives bounded
proportionality; one can prove a stronger asymptotic result, but we shall not do so
here.

We first do the right inequality. The idea is simple. If there were a lot of
points in L(c), then by the pigeonhole principle we could find ones that very close
together. But the difference of any two points in L(c) has bounded absolute values
everywhere, so if the difference is very small at even one valuation, then the product
formula will be violated.

In detail, it is as follows. Suppose w is a real archimedean absolute value of
K. Let n = cardL(c). Then, by the pigeonhole principle, there are distinct points
x, y ∈ L(c) with

|x− y|w ≤ 2Cw/n;

because if σ : K → R is the imbedding corresponding to w, then σL(c) forms a
subset of [−Cw, Cw] of cardinality n.

Then, by splitting the product into w and non-w valuations, and those into the
archimedean and non-archimedean ones, we find:

1 =
∏
|x− y|Nv

v =
2Cw
n

arch∏
v 6=w

2Cv

nonarch∏
v 6=w

Cv . ‖c‖ /n.

Here the symbol . means ≤ up to a constant factor depending only on K. This
proves one side of the equality when there is a real archimedean absolute value of
K.

When there are only complex ones, the proof is slightly more complicated; one
finds x, y with |x − y|w ≤ 2

√
2Cw/

√
n by using a bit of 2-dimensional geometry
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(but the idea is the same). For instance, we could cut the square centered at zero
fo side length 2Cw into m2 subsquares, where m2 is the smallest square < n, and
use that there must be a subsquare containing two distinct elements of L(c).

Now, we prove the left hand inequality, bounding below cardL(c). This will
be the necessary part for the unit theorem. First off, note that cardL(c) and ‖c‖
are unaffected by scalar multiplication by elements of K (where xc denotes the
family |x|vCv), in view of the product formula. By multiplying c by an element of
K, we may assume 1 ≤ Cv ≤ 2 at the archimedean places, by the Artin-Whaples
approximation theorem. Next, we choose d ∈ Z divisible by a lot of prime numbers,
so that dc has absolute value ≤ 1 at all nonarchimedean primes. Replace c with dc.

So, here is the situation. There is a c satisfying Cv ≤ 1 for v nonarchimedean
and d ≤ Cv ≤ 2d for v archimedean. We need to show that there are & ‖c‖
elements in L(c). But, L(c) has a nice interpretation in this case. There is an ideal
a =

∏
pordpCp such that the elements of a are precisely the x ∈ K with |x|v ≤ Cv

for v nonarchimedean.
If we show that the number of elements of a is at least proportional to dN/Na,

by an absolute constant (depending only on the field K) we will be done; the
normalization of the absolute values is carried out such that ‖c‖ is, up to a constant
factor determined by what happens at the archimedean places, precisely this. Here
Na denotes the cardinality of O/a (i.e. the ideal norm to Q), where O is the ring
of integers in K.

Let x1, . . . , xN be a basis of the Z-module O. Then if W denotes the the
maximum of N |xi|w for w archimedean and 1 ≤ i ≤ N , then any sum

x =
∑

aixi,∀ai ∈ Z, |ai| ≤ d/W

satisfies |x|w ≤ d for w archimedean.
The number of such x with 0 ≤ ai ≤ d/W is (d/W )N . Also, since there are

Na different classes modulo a, it follows that there are at least

dN

WNNa

belonging to the same class modulo a. Subtracting these from each other, we get

at least dN

WNNa
elements of a whose norms at the archimedean places are at most

d. This proves that cardL(c) & ‖c‖, since WN depends only on K. And completes
the proof.

2. The unit theorem

There is another major result in algebraic number theory that we need to get
to!

Following the philosophy of examples first, let us motivate things with an ex-
ample. Consider the ring Z[i] of Gaussian; as is well-known, this is the ring of
integers in the quadratic field Q(i). To see this, suppose a+ ib, a, b ∈ Q is integral;
then so is a− ib, and thus 2a, 2b are integers. Also the fact (a+ ib)(a− ib) = a2 + b2

must be an integer now means that neither a, b can be of the form k/2 for k odd.
What are the units in Z[i]? If x is a unit, so is x̄, so the norm N(x) must be a

unit in Z[i] (and hence in Z). So if x = a+ ib, then a2 + b2 = 1 and x = ±1 or ±i.
So, the units are just the roots of unity.
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In general, however, the situation is more complicated. Consider Z[
√

2], which

is again integrally closed. Then x = a + b
√

2 is a unit if and only if its norm to
Q, i.e. a2 − 2b2 is equal to ±1. Indeed, the norm N(x) of a unit x is still a unit,
and since Z is integrally closed, we find that N(x) is a Z-unit. In particular, the
units correspond to the solutions to the Pell equation. There are infinitely many of
them.

But the situation is not hopeless. We will show that in any number field, the
unit group is a direct sum of copies of Z and the roots of unity. We will also
determine the rank.

2.1. S-units. Let K be a number field. Then I claim that x ∈ K is a unit if
and only if its order at any nonarchimedean valuation is zero. Indeed, if we let O
be the ring of integers in K—so that O is a Dedekind domain—then x belongs to
the localizations Op for each nonzero prime ideal p. But

O =
⋂
p

Op

from a basic result in commutative algebra true of any integral domain. Hence if x
satisfies the order condition, then x ∈ O, and by symmetry x−1 ∈ O, proving the
claim.

Now, let S be a finite set of places of K containing the archimedean places S∞.
We say that x ∈ K is a S-unit if x has order zero at the places outside S; denote
the set of S-units by KS .

This is clearly a generalization of the usual notion of unit, and reduces to it
when S = S∞. Alternatively, if we consider the ring OS of elements of K integral
outside S, then KS is the unit group of OS .

2.2. The unit theorem. The principal goal in this post is to prove:

Theorem 1.3 (Unit theorem). The group KS is isomorphic to a direct sum Z|S|−1
⊕
G,

where G is the group of roots of unity in K.

To prove it, we define a mapping h : KS → RS by (where Nv = [Kv : Qv0 ])

h(x) = (Nv log |x|v)v∈S
so that by the product formula, h(KS) is contained in the subspace W ⊂ RS defined
by (xv)v∈S ∈W iff

∑
xv = 0.

I claim that: first, the kernel of h consists of the roots of unity; and second,
the image of h is a lattice in W . Together, these will prove the unit theorem after
we have computed the rank (which we will do later).

Claim 1. If x ∈ ker h, then |x|v = 1 for all places v. We now need a lemma.

Lemma 1.4. Suppose C is a constant. Then there are only finitely many points x
of K such that |x|v ≤ C for all places v.

The characteristic polynomial of x (as an endomorphism of K) has rational
coefficients which are the symmetric functions of the conjugates of x, and which thus
are bounded at all rational places by D = D(C). However, there are only finitely
many rational numbers r satisfying |r|p ≤ D(C), ∀p and |r|∞ ≤ D(C), as is easily
checked, so there are only finitely many possible characteristic polynomials. Now
x satisfies its characteristic polynomial, so there are only finitely many possibilities
for it. This proves the lemma.
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To finish the proof of the claim, note that all powers of x have norm 1 at all
places, so by the lemma we must get xm = xn for some m 6= n, proving the claim.

Note in particular that h(KS) must be a discrete set by the lemma, since any
bounded region in RS contains only finitely many points. Thus h(KS) is a lattice
in RS , and KS is the direct sum of a finite group (the roots of unity) and a lattice.

It remains to determine the rank of the lattice, which we will do next time; it
will be easier to do this after ideles have been introduced.

3. The adele ring

Let K be a global field, i.e. a finite extension of either Q or Fp(t). Then we
can consider the set absolute values on K. In the number field case, these are
extensions (up to a power) of the archimedean absolute value on Q or the p-adic
absolute values by a theorem of Ostrowski classifying absolute values on Q. In the
function field case, we need another result.

Here’s how we define the adele ring. It is the restricted direct product

AK :=

′∏
v

Kv

where restricted means that any vector (xv)v∈V ∈ AK is required to satisfy |xv|v ≤
1 for almost all v. This becomes a topological ring if we take a basis of the form∏

v∈S
Tv ×

∏
v/∈S

Ov

where Tv ⊂ kv are open andOv is the ring of integers, and S is a finite set containing
the archimedean places. It is clear that addition and multiplication are continuous,
and that AK is locally compact. For S finite and containing the archimedean
absolute values S∞, there is a subring AS

K =
∏
v∈S Kv ×

∏
v/∈S Ov, and AK is the

union of these subrings.
Since any x ∈ K is contained in Ov for almost all v (this is analogous to a

rational function on a curve having only finitely many poles), there is an injective
homomorphism K → AK .

Next, we may define a Haar measure on AS
K by taking the product of the Haar

measures µv on Kv, normalized such that µv(Ov) = 1 for v /∈ S∞. Thus one gets a
(i.e., the) Haar measure on AK itself.

3.1. Investigation of AQ. We want to prove compactness results about the
adele ring, and it is easiest to start with the case K = Q.

Theorem 1.5. Q is a discrete subset of AQ, and AQ/Q, with the quotient topology,
is compact.

First, recall that AQ is a restricted direct product

AQ = R×
′∏
p

Qp.

We will find a closed neighborhood of zero containing no other element of Q. For
this, consider

N = [−1/2, 1/2]×
′∏
p

Zp.
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Since any nonzero x ∈ Q satisfies the product formula
∏
v |x|v = 1 (where v

ranges over all normalized absolute values of Q), we cannot have x ∈ N or else∏
v |x|v ≤

1
2 . This proves discreteness. The proof generalizes, since the product

formula, and shows that K is discrete in AK for any number field K.
Now, we show that any (xv) ∈ AQ can be represented as r + c where r ∈ Q

and c ∈ N where N is the compact set as above. Indeed, let S be the finite set of
nonarchimedean absolute values where xv /∈ Ov. Then set r1 =

∑
p∈S p

ordp(xp) ∈ Q.
Then clearly

x− r1 ∈ R×
′∏
p

Zp

since 1/p ∈ Oq = Zq for q 6= p. Also, by subtracting an integer r2, we can arrange
it so that x − r1 − r2 ∈ N (since r2 ∈ Zp,∀p). Then take r = r1 + r2. Since N is
compact (by Tychonoff), it follows that AQ/Q is compact as well.

3.2. Changing fields. We now want to prove an extension of the previous
result, namely:

Theorem 1.6. If K is a number field, then K ⊂ AK is discrete and AK/K is
compact.

The fact about discreteness follows from the product formula in the same way.
Compactness is tricker. We will need a discussion about tensor products and com-
pletions first with which we can reduce to the case K = Q.

Let k be a field with a valuation v (possibly archimedean) and L a finite sepa-
rable extension.

Proposition 1.7. We have an isomorphism of L-algebras and topological rings,

L⊗k kv '
⊕
w|v

Lw,

where kv, Lw denote completions and w ranges over all extensions of v to L.

First, L⊗kkv is a direct product of fields. Indeed, we can write L = k(Alpha) =
k[X]/(P (X)) for suitable Alpha ∈ L,P (X) ∈ k[X] by the primitive element the-
orem. Let P split in kv[X] as P = P1 . . . Pr; there are no repeated factors by
separability. Then

L⊗k kv ' kv[X]/(P (X)) '
⊕
i

kv[X]/(Pi).

So L⊗k kv is isomorphic to a direct product (i.e. direct sum) of fields kv[X]/(Pi).
I claim now that the fields Li = kv[X]/(Pi) are precisely the Lw for w pro-

longing v. Indeed, first note that kv[X]/(Pi), as a finite extension of the complete
field kv, has a unique extension valuation with respect to which it is complete. The
composite map L→ L⊗k kv → kv[X]/(Pi) induces a map of L→ Li and a valua-
tion on L extending v. L is dense in Li, since Alpha gets mapped to the image of
X in kv[X]/(Pi). So Li is the completion of L with respect to the valuation of L
induced on it.

What we now need to show is that the valuations induced on L are distinct
and that every L-valuation prolonging v can be realized in this way. Start with the
first task.
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L ⊗k kv is a finite-dimensional space over kv, so it has a canonical topology
induced by a (non-unique) norm, and the topologies on the Li are the subspace
topologies. Also, L is dense in it. If the morphisms L → Li, L → Lj induced the
same valuation on L for different i, j, then we would not be able to approximate
a vector in

⊕
Lr whose i-th coordinate was 1 and whose j-th coordinate was zero

arbitrarily closely by elements of L.
Suppose we have a valuation w prolonging v on L. Then w extends to a

multiplicative function on L⊗k kv by continuity. This must be the norm on one of
the Li, since it is not identically zero. So we can get any w by pulling back from
some Li.

Corollary 1.8. For a finite separable extension L/k,∑
w|v

[Lw : kv] = [L : k]

In the case of v a discrete valuation, this is just the
∑
ef = n equality.

Corollary 1.9. Let L/k be an extension of number fields. As topological rings and
L-algebras,

Ak ⊗k L ' AL.

Here Ak ⊗ L is as a topological group AkOplus . . .OplusAk. This is the re-
stricted direct product

′∏
v

kv ⊗k L =

′∏
v

∏
w|v

Lw = AL.

Now, we shall prove that AK/K is compact for any number field K. As a
group, this is topologically isomorphic to

⊕
[K:Q] AQ/Q under the identification

K =
⊕

Q though, and this last group is compact.

4. The idele group

As usual, let K be a global field. Now we do the same thing that we did last
time, but for the ideles.

First of all, we have to define the ideles. These are only a group, and are defined
as the restricted direct product

JK =

′∏
v

K∗v

relative to the unit subgroups Uv of v-units (which are defined to be K∗v if v is
archimedean). In other words, an idele (xv)v is required to satisfy |xv| = 1 for
almost all v.

If S is a finite set of places containing the archimedean ones, we can define
the subset JSK =

∏
v∈S Kv ×

∏
v/∈S Uv; this has the product topology and is an

open subgroup of JK . These are called the S-ideles. As we will see, they form an
extremely useful filtration on the whole idele group.

Dangerous bend: Note incidentally that while the ideles are a subset of the
adeles, the induced topology on JK is not the JK-topology. For instance, take
K = Q. Consider the sequence x(n) of ideles where x(n) is pn at vpn (where pn is

the n-th prime) and 1 everywhere else. Then x(n) → 0 ∈ AQ but not in JQ.
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However, we still do have a canonical “diagonal” embedding K∗ → JK , since
any nonzero element of K is a unit almost everywhere. This is analogous to the
embedding K → AK .

4.1. Idele classes. In analogy to the whole business of adele classes modulo
the ground field, we will consider the idele class group CK = JK/K

∗. This
will be super-important in class field theory. In fact, class field theory exhibits a
bijection between the open finite-index subgroups of CK and the abelian extensions
of K.

First, though, let’s prove that K∗ is discrete as a subset of JK . Cassels-Frohlich
suggest that, rather than an actual proof, a metamathematical argument is more
convincing: it is impossible to imagine any natural topology on the global field K
other than the discrete one!

But, let’s give a legitimate proof. Consider the unit idele 1 = (1)v. We can
find a small neighborhood of it of the form

N =
∏
v arch

D1/2(1)×
∏

v nonarch

Uv

and if x ∈ K∗ − {1} belonged to N , then x − 1 would not satisfy the product
formula, contradiction. This completes the proof of the claim.

4.2. Compactness. In the adele case, we had AK/K compact. This doesn’t
work in the idele case. Indeed, first define the idele norm

‖(xv)‖ =
∏
v

|xv|Nv
v

so that by the product formula, ‖x‖ = 1 for x ∈ K∗. This is evidently continuous
since it is continuous on each JSK , and it factors to become a continuous map
CK → R+ whose image is easily seen to be unbounded.

However, we do have:

Theorem 1.10. The group C0
K of idele classes of norm 1 is compact in the induced

topology. More generally, JS,0K /KS of S-ideles of norm 1 modulo S-units is compact
whenever S contains the archimedean places.

We have an embedding JS,0K /KS → CK in an obvious manner, so it suffices
to prove the first claim. However, it even suffices to prove that the topological
group CtK of ideles of norm t (where t ∈ R+) is compact for some t. We can take
t very large if we want. This is because the groups C0

K and CtK are topologically
isomorphic, the isomorphism being given by multiplication by an idele which is t
at one archimedean place and 1 everywhere else.

Lemma 1.11. There is t so large such that if i ∈ JK has norm t, then there is
x ∈ K∗ with 1 ≤ |xiv|v ≤ t for all v.

This will be an application of the business of counting lattice points in paral-
lelotopes, i.e. the “Riemann-Roch problem” in number fields.

Note that the family Cv = |iv|v for any idele i is a divisor c in the sense of
that post, and ‖i‖ is just the norm of c. So if ‖i‖ is large enough (depending only
on K), say at least t, then there exists y ∈ K∗ with

|y|v ≤ |iv|v, ∀v
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which means that |y−1iv|v ≥ 1 for each v. In addition, since each |y−1iw|w ≥ 1,

|y−1iv|v ≤
∏
w |y−1iw|w∏
w 6=v |y−1iw|w

≤ ‖i‖ .

So if ‖i‖ = t, we get the lemma with x = y−1.
We can finish the proof of the compactness theorem. Now consider the group

G =
∏
v

{x ∈ Kv : 1 ≤ |x|v ≤ t}

with the product topology. It is evidently compact, by Tychonoff’s theorem. (Inci-
dentally, does this mean algebraic number theory depends on the axiom of choice?)
I claim that it is actually a topological subgroup of the idele group JK . But this is
because, for almost all v, the inequality 1 ≤ |x|v ≤ t implies |x|v = 1 by the way
these absolute values are normalized. Then G surjects on CtK , so CtK is compact,
proving the theorem.

4.3. Application I: The unit theorem. We can now finish the proof of the

unit theorem. Consider the continuous map h : JS,0K → RS sending

i→ {Nw log |iv|v∈S}.
The image V is contained in the subspace W ⊂ R of vectors such that the sum
of the coordinates is zero. Also, it is easy to see that V contains a lattice L of
maximal rank in W (and much more, actually). The image VK of the S-units KS

is a lattice in this subspace, as we discussed already. Now V/VK is compact (as the

continuous image of the compact set JS,0K /VK . This means that (L + VK)/VK is
compact, but it is also discrete (L being a lattice), which means that VK must be of
the same rank as L. In particular, VK = h(KS) has maximal rank in W . Since all
that was left in the prooof of the unit theorem was determining the rank of h(KS),
we have completed the proof.

4.4. Application II: Finiteness of the class number. This is a big theo-
rem:

Theorem 1.12. If K is a number field, then the ideal class group of K is finite.

Indeed, we have a map g from JK (subgroup of ideles of norm 1) to the group F
of fractional ideals of K. This sends (iv)v to

∏
v nonarch p

ordviv
v If we endow F with

the discrete topology, then g is easily seen to be continuous. Moreover, g becomes
a continuous map JK/K

∗ → F/P , where P is the subgroup of principal ideals.
But g is surjective. In fact, since the values at archimedean places don’t affect

g, it is even surjective as a map C0
K → F/P . Since C0

K is compact, its image (i.e.
the ideal class group) is both compact and discrete, hence finite.





2

The first inequality

1. What’s class field theory all about?

Class field theory is about the abelian extensions of a number field K. Ac-
tually, this is strictly speaking global class field theory (there is an analog for
abelian extensions of local fields), and there is a similar theory for function fields
of transcendence degree 1 over finite fields, but we shall not deal with it.

Let us, however, consider the situation for local fields—which we will later
investigate more—as follows. Suppose k is a local field and L an unramified exten-
sion. Then the Galois group L/k is isomorphic to the Galois group of the residue
field extension, i.e. is cyclic of order f and generated by the Frobenius. But I claim
that the group k∗/NL∗ is the same. Indeed, NUL = UK by a basic theorem about
local fields that we will prove using abstract nonsense later (but can also be easily
proved using successive approximation and facts about finite fields). So k∗/NL∗ is
cyclic, generated by a uniformizer of k, which has order f in this group. Thus we
get an isomorphism

k∗/NL∗ ' G(L/k)

sending a uniformizer to the Frobenius.
According to local class field theory, this isomorphism holds for L/k abelian

more gneerally, but it is harder to describe.
Now suppose L and k are number fields. The group k∗/NL∗ will generally be

infinite, so there is no hope for such an isomorphism as before. The remedy is to
use the ideles. The fundamental theorem of class field theory is a bijection between
the open subgroups of Jk/k

∗ of finite index and the abelian extensions of k. For a
finite abelian extension L/k, class field theory gives an isomorphism

Jk/k
∗NJL ' G(L/k).

What exactly is the norm on ideles though? I never defined this, so I may as
well now.

Note that the Galois group G(L/k) maps each completion Lw to Lσw in some
manner (when σ is in the decomposition group, then this is just the usual action
on Lw). In this way, G(L/k) acts on the idele group, and even on the idele classes
because the action reduces to the usual action on L∗. So the norm is defined by
N(i) =

∏
σ∈G(L/k) σi.

This result, called the Artin reciprocity law, is somewhat complicated to state
and takes a large amount of effort to prove. In outline, here will be the strategy.

First, we will compute the order Jk/k
∗NJL. We will prove that it is equal to

[L : k] by proving the ≤ and ≥ inequalities. The ≥ proof uses some cohomological
machinery (the Herbrand quotient) and a detailed look at the cohomology of local
fields and units. Specifically, one shows that the Herbrand quotient (which divides

33



34 2. THE FIRST INEQUALITY

the order of Jk/k
∗NJL) is equal to [L : k] (at least for a cyclic extension). The ≤

proof uses a nifty trick manipulation in the land of analysis, specifically the basic
properties of L-functions.

We then describe a map, called the Artin symbol, from the ideles to the Galois
group and prove it surjective. The Artin symbol sends an idele which is a uni-
formizer at an unramified valuation and sufficiently 1 everywhere else to a Frobe-
nius element with respect to said valuation, though more generally it is harder
to describe. By the dimension count, we have proved the isomorphism. We will
then show that any finite-index subgroup corresponds to some field by reducing to
a special case (where enough roots of unity are contained) and then give explicit
constructions of abelian extensions using Kummer theory.

This is a very loose outline of the proof that utterly ignores many details and
subtleties, but these will be discussed in due time.

2. The Herbrand quotient

In class field theory, it will be important to compute and keep track of the orders
of groups such as (K∗ : NL∗), where L/K is a Galois extension of local fields. A
convenient piece of machinery for doing this is the Herbrand quotient, which we
discuss today. I only sketch the proofs though, a little familiarity with the Tate
cohomology groups (but is not strictly necessary if one accepts the essentially results
without proof or proves them directly).

2.1. Definition. Let G be a cyclic group generated by σ and A a G-module. It
is well-known that the Tate cohomology groups Hi

T (G,A) are periodic with period
two and thus determined by H0 and H−1. By definition,

H0(G,A) = AG/NA,

where AG consists of the elements of A fixed by G, and N : A → A is the norm
map, a→

∑
g ga. Moreover,

H−1(G,A) = kerN/(σ − 1)A.

(Normally, for G only assumed finite, we would quotient by the sum of (σ − 1)A
for σ ∈ G arbitrary, but here it is enough to do it for a generator—easy exercise.)

If both cohomology groups are finite, define the Herbrand quotient Q(A) as

Q(A) =
|H0

T (G,A)|
|H−1T (G,A)|

.

Why is this so useful? Well, local class field theory gives an isomorphism
K∗/NL∗ → G(L/K) for L/K a finite abelian extension of local fields. To prove this,
one needs first to compute the order of K∗/NL∗. I claim that when G = G(L/K)
is cyclic, this is in fact Q(L∗) (where L∗ is regarded as G-module). Indeed,

Q(L∗) =
(K∗ : NL∗)

|H−1T (G,L∗)|
= (K∗ : NL∗)

since H−1T (G,L∗) = 0 by Hilbert’s Theorem 90! (I never proved HT 90 or really
covered any of this cohomology business in much detail, but it basically states that
if you have a cyclic extension of fields L/K and a ∈ L has norm 1 to K, then it can
be written as σb/b for σ a generator of the Galois group and b ∈ L. This precisely
means that the cohomology group at -1 vanishes.)
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So instead of computing actual orders of cohomology groups, one just has to
compute the Herbrand quotient. And the Herbrand quotient has many nice prop-
erties that make its computation a lot easier, as we will see below.

2.2. Proporties of the Herbrand quotient. 1. Q is an Euler-Poincaré
function. In other words, if 0 → A → B → C → 0 is an exact sequence of
G-modules, and if Q is defined on two of A,B,C, then it is defined on all three and

Q(B) = Q(A)Q(C).

This follows because there is always a long exact sequence of Tate cohomology
groups associated to the short exact sequence, which becomes an exact hexagon
since G is cyclic and we have periodicity. When one has an exact hexagon of
abelian groups, the orders satisfy a well-known multiplicative relation (essentially
an extension of |A| = (A : B)|B| for B ⊂ A a subgroup) This is how one proves
multiplicativity.

2. Q(A) = 1 if A is finite. This is somewhat counterintuitive, but is is
incredibly useful.

To prove it, we shall write some exact sequences. Define AG = A/(σ−1)A, AG

the fixed points of σ (i.e. those of G). Then there is an exact sequence of abelian
groups:

0→ AG → A→1−σ A→ AG → 0,

which proves that |AG| = |AG|, if A is finite. Then

0→ ker(N)/(σ − 1)A→ AG → AG → AG/NA→ 0

is exact, for AG → AG the norm map N . It now follows that |H−1T (G,A)| =
|H0

T (G,A)|, since these are precisely the extreme terms of the last exact sequence,
and the two middle terms have the same order.

3. If A = Z with trivial action, then Q(A) = |G|. Indeed, in this case the
norm is just multiplication by G, so that H−1T is trivial. AG = Z and NA = |G|Z,
so H0

T has order |G|.

3. Shapiro’s lemma

The following situation—namely, the cohomology of induced objects—occurs
very frequently, and we will devote a post to its analysis. Let G be a cyclic group
acting on an abelian group A. Suppose we have a decomposition A =

⊕
i∈I Ai such

that any two Ai are isomorphic and G permutes the Ai with each other. It turns
out that the computation of the cohomology of A can often be simplified.

Then let G0 be the stabilizer of Ai0 for some fixed i0 ∈ I, i.e. G0 = {g : gAi0 =

Ai0}. Then, we have A = IndGG0
Ai0 . This is what I meant about A being induced.

I claim that

Hi
T (G,A) ' Hi

T (G0, Ai0), i = −1, 0.

In particular, we get an equality of the Herbrand quotients Q(A), Q(Ai0).
(This is actually true for all i, and is a general fact about the Tate cohomology

groups. It can be proved using abstract nonsense.)
We shall give a direct elementary (partial) proof.
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3.1. i = 0. We compute AG; I claim it is isomorphic to AG0
i0

.
Indeed, we shall define maps A0 → A, A → A0 which are inverses when re-

stricted to the fixed points.
Suppose (ai)i∈I ∈ AG. Then gai0 = ai0 for g ∈ G0, i.e. ai0 ∈ A

G0
i0

. So, set
f((ai)i∈I) = ai0 .

Conversely, given ai0 ∈ AG0
i0

, we can define an extension (ai)i∈I ∈ AG by
selecting coset representatives (note that G is abelian!) for G0, and noting that
these coset representatives map bijectively onto I. In detail, we choose gi ∈ G such
that giAi0 = Ai for each i ∈ I. Then we set ai = giai0 , and in this way get a map

f ′ : Ai0 → A. This map sends AG0
i0

into AG. Indeed, because ai0 is fixed by G0 in
this case, this is G-invariant.

So, the map (ai)→ ai0 induces an isomorphism AG → AG0
i0

.
Now the norm map NG : A→ A can be computed as follows: it is∑

I

giNG0 .

In particular, the norm maps NG, NG0
are compatible with the maps f, f ′. As a

result, we get the claimed isomorphism AG0
i0
/NAi0 ' AG/NA.

3.2. i = −1. To be honest, I’m not terribly inclined to go through the details
here, especially as I’m short on time; if anyone has a burning urge to see the proof, I
refer you to Lang’s Algebraic Number Theory. The idea is to prove an isomorphism
between

kerNG/IGA ' kerNG0
/IG0

Ai0 ,

where IG, IG0 are the augmentation ideals (generated by terms of the form g − 1).
This isomorphism is defined by sending (ai)i∈I to

∑
ai. It is not too bad to check

that everything works out...
Class field theory is more fun, and I want to get to it ASAP.
Next time, we’re going to use just these three properties to compute the local

norm index of a cyclic extension.

4. The local norm index for a cyclic extension

We shall now take the first steps in class field theory. Specifically, since we are
interested in groups of the form Jk/k

∗NJL, we will need their orders. And the first
place to begin is with a local analog.

4.1. The cohomology of the units.

Theorem 2.1. Let L/K be a cyclic extension of local fields of degree n and rami-
fication e. Then Q(UL) = 1.

Let G be the Galois group. We will start by showing that Q(UL) = 1.
Indeed, first of all let us choose a normal basis of L/K, i.e. a basis (xσ)σ∈G

such that τxσ = xστ for all τ, σ ∈ G. It is known (the normal basis theorem) that
this is possible. By multiplying by a high power of a uniformizer, we find that
there is a G-submodule Va of the additive group OL isomorphic to OK [G], i.e.
is induced. We see that Va has trivial Tate cohomology and Herbrand quotient
1 by Shapiro’s lemma: any G-module induced from the subgroup 1 satisfies this,
because Hi

T (1, A) = 0 for any A.



4. THE LOCAL NORM INDEX FOR A CYCLIC EXTENSION 37

But if Va is taken sufficiently close to zero, then there is a G-equivariant map
exp : Va → UL, defined via

exp(x) =
∑
k

xk

k!

which converges appropriately at sufficiently small x. (Proof omitted, but standard.
Note that k!→ 0 in the nonarchimedean case though!) In other words, the additive
and multiplicative groups are locally isomorphic. This map (for Va sufficiently
small) is an injection, the inverse being given by the logarithm power series. Its
image is an open subgroup V of the units, and since the units are compact, of finit
index. So we have

1 = Q(Va) = Q(V ) = Q(UL).

This proves the theorem.

4.2. The cohomology of L∗.

Theorem 2.2. Hypotheses as above (cyclic extension of local fields), we have

Q(L∗) = (K∗ : NL∗) = n.

The equality Q(L∗) = n follows because as G-modules, we have L∗ = Z× UL,
where Z has the trivial action. Since Q(Z) = n, we find that

Q(L∗) = nQ(UL).

We then use the previous computation of Q(UL). Then, recall that (by HT 90)
Q(L∗) = (K∗ : NL∗). This proves the theorem.

4.3. The norm index of the units. The following will also be a useful bit
of the story:

Theorem 2.3. Hypotheses as above, we have (UK : NUL) = e, for e the rami-
fication index. In particular, every unit is a norm in the unramified case (since
unramifiedness implies cyclicity).

Indeed, we have to show that |H−1T (G,UL)| = e since the Herbrand quotient is
1. But, this is equal to

(units of norm 1 : quotients σb/b for b a unit in L) .

Fix a generator σ for the Galois group. By Hilbert’s Theorem 90, the units of norm
1 are precisely of the form σc/c, where c ∈ L∗ (not necessarily of norm 1). Let us
use the notation Af to denote the image of A under a map f . Then we have

|H−1T (G,UL)| = ((L∗)1−σ : U1−σ
L ) = ((L∗)1−σ : (K∗UL)1−σ)

Let Af , similarly, denote the kernel of f . It is easy to show that (Af : Bf )(Af :
Bf ) = (A : B) for B ⊂ A a subgroup. It follows that

|H−1T (G,UL)| = (L∗ : K∗UL)

K∗ : K∗)
= e.

This completes the computation of H−1T and thus the proof.
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5. The cohomology of the S-units in a global field

Let S be a finite set of places of a number field L, containing the archimedean
ones. Suppose L/k is a cyclic extension with Galois group G. Then, if G keeps S
invariant, G keeps the group LS of S-units invariant. We will need to compute its
Herbrand quotient, and that is the purpose of this post.

Up to a finite group, LS is isomorphic to a lattice in R|S|, though—this is the
unit theorem. This isomorphism is by the log map, and it is even a G-isomorphism if
G is given an action on R|S| coming from the permutation of S (i.e. the permutation
representation). This lattice is of maximal rank in the G-invariant hyperplane
W ⊂ R|S|.

Motivated by this, we study the Herbrand quotient on lattices next.

5.1. The cohomology of a lattice. Fix a cyclic group G. We will suppose
given a G-lattice L, that is to say a Z-free module of finite rank on which G acts.
One way to get a G-lattice is to consider a representation of G on some real vector
space V , and choose a lattice in V that is invariant under the action of G.

Proposition 2.4. Let L,L′ be two lattices in V of maximal rank. Then Q(L) =
Q(L′).

The way Lang (following Artin-Tate’s Class Field Theory) approaches this re-
sult seems a little unwieldy to me. I will follow Cassels-Frohlich (actually, Atiyah-
Wall in their article on group cohomology in that excellent conference volume).
We have Q[G]-modules LQ = L ⊗ Q, L′Q = L′ ⊗ Q, and R-modules LR, L

′
R defined

similarly. Moreover, we have

R⊗Q homQ[G](LQ, LQ) ' homR[G](LR, L
′
R).

This follows by basic properties of flat base extension. Cf. Chapter 1 of Bourbaki’s
Commutative Algebra, for instance.

Now LR, L
′
R are isomorphic to each other (and to V !). So fix bases of L,L′. We

can construct a polynomial function on homR[G](LR, L
′
R), namely the determinant,

which does not always vanish. In particular, it cannot always vanish on the dense
subspace homQ[G](LQ, LQ). So, there is a G-isomorphism f of V that sends LQ
to L′Q, where both are regarded as subspaces of V . By multiplying by a highly
divisible integer, we may assume that the image of L is contained in L′. Then
Q(L) = Q(f(L)) = Q(L′) because f(L) is of finite index in L′.

5.2. The main formula. Now there is a bit of confusion since L is a field,
yet I have used L in the last section for a lattice. I will no longer do that. Now,
L denotes just the field, and a lattice will be denoted by M . We are now ready to
resume our problem as in the beginning of this post. Let n = [L : k].

Now recall that we have the log map h : LS → W ⊂ RS , where the last space
has the permutation representation of G on it. W is the G-invariant space where
the sum of the coordinates is zero.

Let the image h(LS) be the lattice M ; the map h has finite kernel, so by the
properties of the Herbrand quotient we need only compute Q(h(LS)). Then the
lattice M ′ = M ⊕Zv, for v the vector of coordinate 1 everywhere, is of full rank in
RS , in view of the unit theorem. Also, G fixes v, so Q(M) = 1

nQ(M ′)
But M ′ is of full rank, so we can replace the computation of Q(M ′) with Q of

another lattice of full rank. For this, we choose the standard basis vectors (ew)w∈S
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for RS , i.e. the basis for the permutation representation. The lattice M ′′ =
⊕

Zew
has full rank, so Q(M ′) = Q(M ′′). However, we can compute the Herbrand quotient
directly.

Let T be the set of k-valuations that S prolongs. As a G-module, M ′′ is
isomorphic to

⊕
v∈T

⊕
w|v Zew. The Herbrand quotient is multiplicative, so we are

reduced to computing Q
(⊕

w|v Zew
)

for each v ∈ T . But we can use the semilocal

theory:
(⊕

w|v Zew
)

is isomorphic to IndGGw0
(Z) for w0 ∈ S prolonging v fixed and

Gw0 the inertia group. In particular, by Shapiro’s lemma,

Q

⊕
w|v

Zew

 = nv = [Lw0
: kv].

If we put all this together, we find:

Theorem 2.5. For a finite cyclic extension L/k and a set S of places as above,

Q(LS) =
1

n

∏
v∈T

nv.

6. The first inequality

We are now (finally) ready to start handling the cohomology of the idele classes.
Let L/k be a finite cyclic extension of global fields of degree n. In the following,
the Herbrand quotient will always be respect to the Galois group G = G(L/k).

Theorem 2.6. We have Q(JL/L
∗) = n. In particular,

(Jk : k∗NJL) ≥ n.

6.1. Some remarks. The point of class field theory, of course, is that there
is exactly an equality in the above statement, which is induced by an isomorphism
between the two groups, and which holds for an arbitrary abelian extension of
number fields.

Before we prove this theorem, let’s review a little. We know that G acts on the
ideles JL, and also on L∗ (clearly). As a result, we get an action on the idele classes
CL = JL/L

∗. There is a map Ck = Jk/k
∗ → CL; I claim that it is an injection,

and the fixed points of G in CL are precisely the points of Ck. This can be proved
using group cohomology. We have an exact sequence 0 → L∗ → JL → CL → 0,
and consequently one has a long exact sequence

0→ H0(G,L∗)→ H0(G, JL)→ H0(G,CL)→ H1(G,L8) = 0

by Hilbert’s Theorem 90, and where H0 is the ordinary (non-Tate) cohomology
groups, that is to say just the G-stable points. Since we know that H0(G,L∗) = k∗

and H0(G, JL) = Jk, we find that (CL)G = Ck, q.e.d.
So, anyhow, this Big Theorem today computes the Herbrand quotient Q(CL).

It in particular implies that H0
T (G,CL) ≥ n, and since this group is none other

than

Ck/NCL = Jk/k
∗NCL

we get the other claim of the theorem. We are reduced to computing this messy
Herbrand quotient, and it will use all the tools that we have developed up to now.
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6.2. A lemma. First of all, the whole idele group JL is really, really big, and
we want to cut it down. Hence, we need:

Lemma 2.7. Let L be a number field. There is a finite set S of places of L such
that JL = L∗JS, where JS denotes the S-ideles (units outside of S).

Indeed, first consider the map JL → ClL, where Cl is the ideal class group,
and the map proceeds by taking an idele (xv)v, finding the orders at all the nonar-
chimedean places, and taking the product of the associated prime ideals of the ring
of integers raised to those orders. The kernel is clearly L∗JS∞ , so JL/L

∗JS∞ is
finite by the finiteness of the ideal class group. Since JL =

⋃
S JS , the lemma

follows.

6.3. Reduction. Now choose S so large such that JL = L∗JS , as in the
previous section, and enlarge it if necessary to contain all ramified primes and so
that S is stable under G (so that JS is a G-module). We use this to simply the
computation of Q(CL). We have

Q(CL) = Q(L∗JS/L
∗) = Q(JS/(L ∩ JS)) = Q(JS/LS) = Q(JS)/Q(LS).

We have already computed Q(LS). We need to compute Q(JS). Once we do so
(and show that it is defined!), we will have completed our goal of computing the
cohomology of the idele classes and thereby ensured that the fate of humanity is
secure.

6.4. The cohomology of the ideles. We have JS =
∏
w∈S L

∗
w×

∏
v/∈S Uw =

A×B. Now we first compute Q(A). Let T be the set of places of k that S extends.
Then Q(A) is

Q(
∏
v∈Sk

∏
w|v

L∗w) =
∏
v∈Sk

nv

in view of Shapiro’s lemma and also the computation of the local Herbrand quotient.
Next we compute Q(B). But for each place v of k whose prolongations lie

outside S, we have Hi
T (G,

∏
w|v Uw) = Hi

T (Gw0
, Uw0

) = 0 for i = 0,−1 because the

ramified primes are contained in S. It follows that Q(B) = 1 since Hi
T commutes

with arbitrary direct products for i = 0,−1: indeed, Hi
T (G,B) = 0 for i = 0,−1.

So Q(JS) =
∏
v∈Sk

nv.

6.5. The final computation. We have Q(LS) = 1
n

∏
v∈Sk

nv, so if we put
everything together, we find

Q(CL) = n.

Bingo.



3

The second inequality

1. A warm-up: the Riemann-zeta function and its cousins

1.1. Ramblings on the Riemann-zeta function. Recall that the Riemann-
zeta function is defined by ζ(s) =

∑
n−s, and that it is intimately connected with

the distribution of the prime numbers because of the product formula

ζ(s) =
∏
p

(1− p−s)−1

valid for Re(s) > 1, and which is a simple example of unique factorization. In
particular, we have

log ζ(s) =
∑
p

p−s +O(1), s→ 1+.

It is known that ζ(s) has an analytic continuation to the whole plane with a simple
pole with residue one at 1. The easiest way to see this is to construct the analytic
continuation for Re(s) > 0. For instance, ζ(s) − 1

s−1 can be represented as a

certain integral for Re(s) > 1 that actually converges for Re(s) > 0 though. (The
functional equation is then used for the rest of the analytic continuation.) The
details are here LINK for instance.

As a corollary, it follows that∑
p

p−s = log
1

s− 1
+O(1), s→ 1+.

This fact can be used in deducing properties about the prime numbers. (Maybe
sometime I’ll discuss the proof of the prime number theorem on this blog.) Much
simpler than that, however, is the proof of Dirichlet’s theorem on the infinitude of
primes in arithmetic progressions. I will briefly outline the proof of this theorem,
since it will motivate the idea of L-functions.

Theorem 3.1 (Dirichlet). Let {an + b}n∈Z be an arithmetic progression with a, b
relatively prime. Then it contains infinitely many primes.

The idea of this proof is to note that the elements of the arithmetic progression
{an+ b} can be characterized by so-called “Dirichlet characters.” This is actually
a general and very useful (though technically trivial) fact about abelian groups,
which I will describe now.

1.2. Characters. Let G be an abelian group. A character of G is a homo-
morphism χ : G→ C∗; the characters themselves form a group, called the dual G∨.
It is a general fact that ∑

g∈G
χ(g) = 0

41
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unless χ ≡ 1 (in which case the sum is obviously |G|).
We can rephrase this in another form. Consider the vector space Fun(G,C) of

complex-valued functions from G→ C. This space has a Hermitian inner product

(,̇)̇ defined via (f, f ′) = 1
|G|
∑
g∈G f(g)f ′(g). So, in particular, we see that the

characters of G form an orthonormal set with respect to this inner product. By
Fourier theory, they are actually an orthonormal basis!

But, we don’t need Fourier theory for this. We can directly show that there
are precisely |G| characters. Indeed, G is a direct sum of cyclic groups, and it is
easy to check that there is a noncanonical isomorphism G ' G∨ for G cyclic (and
hence for G finite abelian).

Abstract nonsensical aside: Although the isomorphism G → G∨ is noncanon-
ical, the isomorphism between G and (G∨)∨ is actually canonical. This is similar
to the situation in Eilenberg and Maclane’s paper where category theory began.

The key fact we aim to prove is that:

Proposition 3.2. If a ∈ G, then the function

g →
∑
χ

χ(a)−1χ(g)

is equal to the characteristic function of {a}.

This is now simply the fact that any f ∈ Fun(G,C) has a Fourier expansion
f =

∑
χ(f, χ)χ applied to the characteristic function of a!

Although this is true only for G abelian, there is still something very interesting
that holds for G nonabelian. One has to look not simply at group-homorphisms into
C∨, but group-homomorphisms into linear groups GLn(C), i.e. group representa-
tions. A character is obtained by taking the trace of such a group-homomorphism.
It turns out that the irreducible characters form an orthonormal basis for the sub-
space of Fun(G,C) of functions constant on conjugacy classes. All this is covered
in any basic text on representation theory of finite groups, e.g. Serre’s.

1.3. Dirichlet’s theorem and L-functions. The way to prove Dirichlet’s
theorem is to consider sums of the form∑

p≡b mod a

p−s

and to prove they are unbounded as s → 1+. But, this is badly behaved because
of the additivity in the notion of congruence. Here is what one does to accomodate
the intrinsically multiplicative nature of the primes.

Fix a, b now as in the statement of Dirichlet’s theorem. By the previous section,
we now know the identity∑

p≡b mod a

p−s =
1

φ(a)

∑
χ

χ(b)−1
∑
p

χ(p)p−s

where χ ranges over the characters of (Z/aZ)∗, extended to N as functions taking
the value zero one numbers not prime to a. The beauty of this is that the sum
on the left, which before involved the ugly additive notion of congruence, has been
replaced by sums of the form

Φ(χ, s) =
∑
p

χ(p)p−s,
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and the function χ is multiplicative. This in fact looks a lot like our expression for
log ζ, but with χ terms introduced.

In fact, this leads us to introduce the L-function

L(s, χ) =
∑

χ(n)n−s.

It follows similarly using the multiplicativity of χ and unique factorization that we
have a product formula

L(s, χ) =
∏
p

(1− χ(p)p−s)−1

and in particular, Φ(χ, s) ∼ logL(s, χ). It thus becomes crucial to study the
behavior of L-functions as s → 1+. When χ is the unit character, then L(s, χ) is∏
p|a(1− p−s) which is basically the zeta function itself, so logL(s, χ) ' log 1

s−1 .

The first thing to notice is that analytic continuation is much easier for L-
functions when χ is nontrivial. We have by summation by parts:

∑
n−sχ(n) =

∑
(n−s − (n− 1)s)

∑
k≤n

χ(k)

 ,

and the last term is ≤ Cn−s−1 because the character sum is bounded—this follows
because

∑
k χ(k) = 0 when k ranges over a representatives of residue classes modulo

a. This thus converges whenever Re(s) > 0.
Since we have∑

p≡b mod a

p−s ∼ 1

φ(b)
log

1

s− 1
+

1

φ(b)

∑
χ 6=1

χ(b)−1 logL(s, χ),

we will need to know whether L(1, χ) = 0 for nontrivial χ. If this is not the case,
then the sum is unbounded as s → 1+, and in particular there must be infinitely
many primes congruent to b modulo a. In particular, Dirichlet’s theorem follows
from:

Theorem 3.3. If χ 6≡ 1, then L(1, χ) 6= 0.

1.4. Nonvanishing of the L-series. I will prove this theorem (i.e. L(1, χ) 6=
0 for χ 6≡ 1) using a nifty trick that I learned a while back in Serre’s A Course in
Arithmetic, forgot, googled, and re-found in these notes of Pete Clark.

LINK
The trick is to consider the product

ζN (s) = ζ(s)
∏
χ 6=1

L(s, χ)

which by analytic continuation, is at least a meromorphic function in Re(s) > 0
with at most a pole of order 1 at s = 1. If any one of L(1, χ) = 0, then ζN is
actually analytic in the entire half-plane.

But, let us look at what this product looks like: it is∏
p

∏
χ

(1− χ(p)p−s)−1

where χ = 1 is allowed. Suppose p has order f modulo a. Then χ(p) ranges over the
f -th roots of unity, taking each one φ(a)/f times, as χ ranges over the characters
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of a. By the identity
∏
ζk=1(1−Xζ) = Xk − 1, we find

ζN (s) =
∏
p

(1− p−fs)−φ(a)/f .

This holds for s > 1. This product, however, is bigger than∏
p

(1− p−φ(a)s)

for s > 1. This last product can be expanded as a Dirichlet series, however, when
s → 1

φ(a) it blows up to ∞ since
∏
p(1 − p−1) diverges to zero. Using facts about

Dirichlet series, it follows that ζN (s) must have a pole on the positive real axis,
which is impossible if it is analytic in the entire half-plane. Bingo.

2. The analytic proof of the second inequality (sketch)

2.1. A Big Theorem. We shall use one key fact from the theory of L-series.
Namely, it is that:

Theorem 3.4. If k is a number field, we have∑
p

Np−s ∼ log
1

s− 1
(∗)

as s → 1+. Here p ranges over the primes of k. The notation ∼ means that the
two differ by a bounded quantity as s→ 1+.

This gives a qualititative expression for what the distribution of primes must
kinda look like—with the aid of some Tauberian theorems, one can deduce that the
number of primes of norm at most N is asymptotically N/ logN for N → ∞, i.e.
an analog of the standard prime number theorem. In number fields.

We actually need a slight refinement thereof.

Theorem 3.5. More generally, if χ is a character of the group I(c)/Pc, we have∑
p6|c

χ(p)Np−s ∼ log
1

s− 1

if χ ≡ 1, and otherwise it tends either to a finite limit or −∞.

Instead of just stating this as a random, isolated fact, I’d like to give some
sort of context for people who know less about analytic number theory than I (who
probably don’t number very many among readers of this blog, but oh well). So
recall that the Riemann-zeta function was defined as ζ(s) =

∑
n n
−s. There is

a generalization of this to number fields, called the Dedekind zeta function. The
Dedekind-zeta function is not defined by summing over

∑
|N(α)| for α in the ring

of integers (minus 0). Why not? Because the ring of integers is not a unique
factorization domain in general, and therefore we don’t get a nice product formula.

2.2. Dedekind zeta and L-functions. We do, however, have unique factor-
ization of ideals. And we have a nice way to measure the size of an ideal: the norm
N (to Q). So, bearing this in mind, define the Dedekind zeta function

ζk(s) =
∑

ideals a

Na−s.
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I claim that this extends analytically to Re(s) > 0 with a simple pole at s = 1.
The reasons are too detailed for me to sketch here without really leaving the topic
that I’m trying to give an exposition of, namely class field theory, but nonetheless,
here goes. So the key fact is that the number of ideals a (integral ideals, that is)
with Na ≤ N is asymptotically proportional to N when N is large. This fact,
utterly trivial when k = Q, takes much more work for general k. The idea is to
look at each ideal class T separately (and there are finitely many of them!) and
show that the number of a with Na ≤ N and a in said class is asymptotically
proportional to N .

But such a are basically in one-to-one correspondence with principal ideals (β)
with Nβ ≤ cN by multiplying each (β) by a representative of the class T . Then
the question becomes of counting integers β in the domain of having norms ≤ N .
That domain is a homogeneously expanding smooth domain and the integers are a
lattice, so the number of lattice points contained in it is approximately proportional
to the volume of the domain. (I am ignoring a subtletly because one has to look
not just at integers, but integers up to the action of the units.) So in this way we
get an estimate for the number of such lattice points, which when plugged back in
yields the approximate linear growth in the number of ideals a.

Whence, if we express ζk(s) as a Dirichlet series
∑
an/n

s, we find that
∑
k≤n ak

is basically proportional to n. And from this it is possible to show using some
analysis that ζk minus a suitable multiple of ζ extends to the full half-plane Re(s) >
0. And thus ζk has a pole of order 1 at s = 1. By using the product formula (a
corollary of unique ideal factorization)

ζk(s) =
∏
p

(1−Np−s)−1

we find that

log ζk(s) ∼
∑
p

Np−s

and this implies the claim made in the first theorem.
Similarly, for such characters χ of I(c), we can define L(s, χ) =

∑
(a,c)=1 χ(a)Na−s;

there is a similar product expansion, and we find

logL(s, χ) ∼
∑
p6|a

χ(p)Np−s.

It now turns out that L(s, χ) is actually analytic in a neighborhood of Re(s) ≥ 1
if χ is not the unit character. This follows by further lemmas on Dirichlet series,
and summation by parts; basically the idea is that the partial sums

∑
Na≤N χ(a)

are uniformly bounded because a falls into each ideal class approximately the same
number of times when N is large. As a result, we get the second theorem (whose
variability depends on whether L(1, χ) = 0 or not; we will show below that this is
not the case when χ is a character of I(c)/PcN

L
k (c):

2.3. The proof of the second inequality. I’m going to stop vaguely bab-
bling now and get down to a detailed proof. To prove the second inequality, it
suffices to prove the idealic version, namely:

Theorem 3.6. Let c be an admissible cycle for an abelian extension L/k of degree
n. Then I(c)/PcN

L
k (c) has order at most n.
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To prove this theorem, we consider characters χ of I(c)/PcN
L
k (c) and use a

few facts about them. If r is the order of this group, then there are precisely w
characters. Summing all the associated L-functions, we have∑

χ

L(s, χ) =
∑
p,χ

χ(p)Np−s.

But by basic character theory for finite abelian groups (note that I(c)/Pc is finite),
this becomes

w
∑

p∈PcNL
k (c)

Np−s.

I claim now that this last sum is � w log 1
s−1 as s→ 1+; the notation � here is

analogous to ∼, and means “greater than up to a constant added when s → 1+.”
Indeed, to see this we will first describe what primes in PcN

L
k (c) can look like; we

will show that there are a lot of them.
Suppose we know that P is a prime of L dividing p of k and the residue class

field degree f over Q of P is 1, then the same is true over k, and that implies
p = NL

kP. In particular, we have

w
∑

p∈PcNL
k (c)

Np−s � w

n

∑
P∈L,f(L/Q)=1

NP−s.

This last sum on the right, however, is a subsum of the
∑

P NP−s ∼ log 1
s−1

owing to the properties of the Dedekind zeta function for L. However, the terms
NP−s for f > 1 are bounded because the norm is large; in particular, we have∑

f>1

NP−s ≤ [L : Q]
∑
p

p−2s = O(1)

as s→ 1+. This is an easily proved but often-used fact: the terms with f > 1 don’t
contribute significantly.

It follows that ∑
χ

L(s, χ) � w

n
log

1

s− 1
.

Since L(1, χ) is finite for χ 6= 1 and L(s, 1) ∼ log 1
s−1 as s → 1+, it follows that

w ≤ n, and also that the L(1, χ) 6= 0 for χ 6= 1.

Corollary 3.7. L(1, χ) 6= 0 whenever χ is a nontrivial character of I(c)/PcN
L
k (c).

It turns out that we can harvest from this a generalization of the Dirichlet
theorem on arithmetic progressions, but we will wait until we do class field theory
for that.

3. The idele-ideal correspondence

So, we have defined this thing called the Artin map on the ideals prime to some
set of primes. But we really care about the ideles. There has to be some way to
relate ideals and ideles. In this post, we give a translation guide between the idealic
and ideleic framework
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3.1. Some subgroups of the ideles. Fix a number field k. Let’s first look
at the open subgroups of Jk. For this, we determine a basis of open subgroups in kv
when v is a place. When v is real, k+v will do. When v is complex, k∗v (the full thing)
is the smallest it gets. When v is p-adic, we can use the subgroups Ui = 1 + pi.

Motivated by this, we define the notion of a cycle c: by this we mean a for-
mal product of an ideal a and real places v1, . . . , vl induced by real embeddings
σ1, . . . , σl : k → R. Say that an idele (xv)v is congruent to 1 modulo c if xp ≡ 1

mod pordp(a) for all primes p | a and xvi > 0 for 1 ≤ i ≤ l. We have subgroups Jc
consisting of ideles congruent to 1 modulo c. Note that k∗Jc = Jk in view of the
approximation theorem.

We define the subgroup U(c) ⊂ Jc consisting of ideles that are congruent to 1
modulo c and units everywhere. Fix a finite Galois extension M/k. If c is large
enough (e.g. contains the ramified primes and to a high enough power), then U(c)
consists of norms—this is because any unit is a local norm, and any idele in Y (c)
is very close to 1 (or positive) at the ramified primes. These in fact form a basis of
open subgroups of Jk.

3.2. Ideal class groups. Similarly, we can say that x ∈ k∗ is congruent to 1
modulo c, written x ≡ 1 mod c. We will denote this group by kc = Jc ∩ k∗. We
shall denote the principal ideals generated by elements of kc by Pc.

First, we define the generalized ideal class groups. For a cycle c, we define
I(c) as the group of ideals prime to c—or more precisely, to the associated ideal
(the archimedean places mean nothing here). Then we can define the generalized
ideal class group

I(c)/Pc.

Just as we expressed the regular ideal class group as a quotient Jk/k
∗JS∞ , we can

do the same for the generalized ideal class groups. These results are essentially
exercises. I claim that

Jc/kcU(c) = I(c)/Pc.

The proof of this is straightforward. There is an obvious map Jc to the gener-
alized ideal class group, and it is evidently surjective (by unique factorization). It
also factors through kcU(c). Conversely, if an idele (xv)v ∈ Jc maps to the idele
(c) for c ∈ kc, then (xv)vc

−1 is clearly a unit everywhere and congruent to 1 mod
c, hence in U(c).

3.3. Norm class groups. The previous ideas were fairly straightforward, but
now things start to get a little more subtle. Recall that, for global class field theory,
we’re not so much interested in the idele class group Jk/k

∗ but rather the quotient
group

Jk/k
∗NJL

for L/k a finite abelian extension. There is a way to represent this as quotient
group of the ideals, which we shall explore next. This will be very useful in class
field theory, because itis not at all obvious how to define the Artin map on the
ideles, while it is much easier to define it on these generalized ideal class groups.

So, let’s say that a cycle c is admissible for an extension L/k if it is divisible
by the ramified primes, and also if whenever x ≡ 1 mod c, then x is a local norm
at the primes dividing c. As a result, it follows that U(c) consists of norms only—
indeed, this is true because every unit at an unramified prime is a local norm. (Cf.
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the computation of the local norm index, and note that an unramified extension of
local fields is cyclic.)

Let N(c) denote the group of ideals in k which are norms of ideals in L prime
to c (i.e. to the primes dividing c). I claim that

Jk/k
∗NJL ' I(c)/PcN(c)

when c is admissible.
In the next post, we will use facts about the (idealic, inherently) Dedekind zeta

function to bound the index of the latter group. This is another reason to look at
these norm class groups.

How do we define this map? Well, first pick an idele i. Choose x ∈ k∗ such
that xi is very close to 1 at the primes dividing c, namely xi ≡ 1 mod c. Of course,
xi need not be a unit at the other primes. Then map xi to the associated ideal
(xi), which is prime to c. This defines a map Jk/k

∗NJL → I(c)/PcN(c). But need
to check that this map is well-defined. Ok, so suppose we used a different y ∈ k∗
instead of x. Then xy−1 ≡ 1 mod c, so (xi) = (xy−1)(yi) and (xy−1) ∈ Pc. So it is
well-defined as a map into the quotient. We do something similar if we replace an
idele i with something that differs from it by a norm (in view of the approximation
theorem).

We need to show, of course, that this map is both injective and surjective.
First, let’s do surjectivity. Let a be an ideal, prime to c; then we can choose an
idele with component 1 at the primes dividing c, and this idele will map to the class
of a.

Suppose there are two ideles i1, i2 that both map to the class of a. Then,
choosing x, y ∈ k∗ appropriately, we have xi1 and yi2 mapping to the same ideal,
which means that they must have the same valuation at the primes outside c. (At
the primes in c, by definition they are both units—in fact close to 1.) So

xy−1i1i2

is in U(c), which implies it is a norm, and i1, i2 map to the same place in the norm
group.

4. The algebraic proof of the second inequality

So, it turns out there’s another way to prove the second inequality, due to
Chevalley in 1940. It’s purely arithmetical, where ”arithmetic” is allowed to in-
clude cohomology and ideles. But the point is that no analysis is used, which was
apparently seen as good for presumably the same reasons that the standard proof
of the prime number theorem is occasionally shunned. I’m not going into the proof
so much for the sake of number-theory triumphalism but rather because I can do it
more completely, and because the ideas will resurface when we prove the existence
theorem.

Anyhow, the proof is somewhat involved, and I am going to split it into steps.
The goal, remember, is to prove that if L/k is a finite abelian extension of degree
n, then

(Jk : k∗NJL) ≤ n.
Here is an outline of the proof: 1. Technical abstract nonsense: Reduce to the

case of L/k cyclic of a prime degree p and k containing the p-th roots of unity
2. Explicitly construct a group E ⊂ Jk and prove that NJL ⊃ E
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3. Compute the index (Jk : k∗E).
The whole proof is too long for one blog post, so I will do step 1 (as well as

some preliminary index computations—yes, these are quite fun—today).

4.1. Some index computations. We are going to need to know what the
index (k : k∗n) looks like for a local field k; this is finite, because (by Hensel’s
lemma) anything close enough to 1 is an n-th power. Suppose the n-th roots of unity
are in k∗. To do this, we shall use the magical device called the Herbrand quotient.
We have an action of the cyclic group G = Z/nZ on k∗, where each element
acts as the identity. Then k∗ = Z× Uk in a noncanonical manner (depending on a
uniformizing parameter), so we have (the denominator in the first term is n because
k contains the n-th roots of unity)

(k∗ : k∗n)

n
= Q(k∗) = nQ(Uk).

Now Uk has a subgroup of finite index which is isomorphic to the ring of integers
Ok by the exponential map. (Cf. the computations of the local norm index.)
So we have that the index in question, (k∗ : k∗n) is computed as n2Q(Ok). But
this last Herbrand quotient is easy to compute directly. The denominator in the
Herbrand quotient is 1 because we are in characteristic zero. The numerator is
(Ok : nOk) = 1

|n| with respect to the absolute value on k (assuming it is suitably

normalized, of course). So we find

(k∗ : k∗n) =
n2

|n|
.

Next, we need to do the same thing for the units Uk. In this case we find

(U :
kU

n
k ) =

n

|n|
.

The reason there is no n2 is that when computing Q(k∗), we had a decomposition
k∗ = Z× Uk, while here there is no additional Z.

4.2. Reduction to the cyclic case. The case of a cyclic extension L/k (of
number fields) of prime degree n where the n-th roots of unity are in the ground
field is much nicer, because it means that the extension is obtained by adjoining the
n-th root of something in k. In general, it isn’t known how to generate the abelian
extensions of a number field k (this is a Hilbert problem, number 12), though it can
be done in certain cases (e.g. k = Q, where every abelian extension is contained in
a cyclotomic extension—this is the famous Kronecker-Weber theorem that will be
a corollary of class field theory).

So, let’s first formally state the theorem:

Theorem 3.8 (The second inequality). Let L/k be a finite abelian extension of
degree n with Galois group G. Then (Jk : k∗NJL) = |H0

T (G, JL)| ≤ n.

The second inequality is also true for non-Galois extensions. We will later see
what the norm index actually means for non-abelian extensions. This more general
result can also be reduced to the cyclic prime order case, but we shall not do so
(since it requires a few facts about group cohomology that I haven’t covered). For
a cyclic extension, this together with the first inequality implies that the global
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norm index is precisely the degree of the field extension—which hints closely at the
reciprocity law (for which there is still much more work, however).

4.2.1. Dévissage. We will prove this weaker result by dévissage: i.e., an un-
screwing technique.

So, here is the key lemma.

Lemma 3.9 (Dévissage). Suppose the result is true for M/L and L/k, where M/k
is abelian. Then it is true for M/k.

This is a straightforward multiplicativity computation:

(Jk : k∗NM
k JL) = (Jk : k∗NL

k JL)(k∗NL
k JL : k∗NM

k JM ).

In the product, the first term is bounded by [L : k] by assumption. I claim that
the second is bounded by [M : L]. Indeed, it is

(k∗NL
k JL : k∗NM

k (L∗JM )) ≤ (NL
k JL : NL

k N
M
L (L∗JM ))

by a general (and easy) inequality (AC : BC) ≤ (A : B) for B,C subgroups of an
abelian group A. This last term is bounded by

(JL : L∗NM
L JM ) ≤ [M : L]

since (f(A) : f(B)) ≤ (A : B) and by assumption the inequality is true for M/k.
Well, now any finite abelian group G has a filtration whose quotients are cyclic

of degree p. By the Galois correspondence between subgroups and subfields, it now
follows that if we prove the second inequality for extensions L/k of prime degree n,
then it is true in general.

4.2.2. Roots of unity. We need to make one more extension: that the n-th roots
of unity are in k. This we do next.

So consider a cyclic extension L/k of degree n. Let ζn be an n-th root of unity,
and consider L′ = L(ζn), k′ = k(ζn), and the extensions L/k, L′/k′. Because k′/k
must have order prime to n (indeed, at most n−1), it follows that [L′ : k′] = [L : k].
In particular L′/k′ is cyclic.

Now the extension L′/k′ is precisely in the form we want: cyclic of prime order
n, with the n-th roots of unity in the ground field.

So:

Lemma 3.10. If the second inequality is true for L′/k′ it is true for L/k.

First off, it is easy to see that Jk/k
∗NJL is an n-torsion group, because any

n-th power is a norm. It is also finite; this is true because the Herbrand quotient
Q(JL) is defined (and has been computed!). So the order is a power of n.

We will now prove that the order of the norm idele class group of L/k is at
most that of L′/k′ by exhibiting it as a factor group.

To abbreviate, I will change notation slightly, and write Ck for Jk/k
∗. There

are maps:

Ck/NCL → Ck′/NCL′ → Ck/NCL.

Here the first one is the inclusion, and it sends NCL to NCL′ because G(L′/k′) '
G(L/k) in the natural way (restriction to L), and the second is the norm map on
the ideles. The composition is raising to the power [k′ : k], so it is surjective. As a
result, the norm map Ck′/NCL′ → Ck/NCL is surjective; since the former group
has order at most n (since the second inequality is assumed true for it), then so
does the latter.
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The lemma is now proved. And we are now in the following situation. We need
to prove the second inequality of a cyclic extensio of prime degree, where the roots
of unity are contained in the ground field. Then, we will have proved (by the above
reasoning) the second inequality in general. We will finish this in the next post.

4.3. Construction of E. So, here’s the situation. We have a cyclic extension
L/k of degree n, a prime number, and k contains the n-th roots of unity. In
particular, we can write (by Kummer theory) L = k(D1/n) for D a subgroup of k∗

such that (k∗nD : k∗n) = n, in particular D can be taken to be generated by one
element a.

We are going to prove that the norm index of the ideles is at most n. Then, by
the reductions made earlier, we will have proved the second inequality.

4.3.1. Setting the stage. Now take a huge but finite set S of primes such that:
1. Jk = k∗JS
2. a is an S-unit
3. S contains all the primes dividing n
4. S contains the ramified primes
We will now find a bigger extension of L whose degree is a prime power.

We consider the tower k ⊂ L ⊂M = k(U
1/n
S ) for US the S-units. We have the

extension [M : k] whose degree we can easily compute; it is

(k∗nUS : k∗n) = (US : UnS ) = n|S|

because US is up to roots of unity a free abelian group of rank |S| − 1, and the
units are a cyclic group of order divisible by n (since k contains the n-th roots of
unity). In particular, [M : L] = n|S|−1. The extension M is only of an auxiliary
nature in constructing the group E.

4.3.2. First attempt. We will now describe a lower bound on the norm subgroup
of L. Then, we will modify this to get a lower bound on the norm subgroup of L.
It is easy to see that

NJL ⊃
∏
S

k∗nv
∏
v/∈S

Uv.

Indeed, L/k is unramified outside S because we are adjoining n-th roots of a S-unit
a: the equation xn − a = 0 has no multiple root when reduced modulo a place not
in S. Also, [L : k] = n so n-th powers are norms.

4.3.3. E, at last. This is too small a group for our E, though. For it, we will
need more than the Uv’s outside S. This we tackle next; we shall use the extension
M to obtain places where L/k splits completely. So, choose places w1, . . . , ws−1 /∈
S of k whose Frobenius elements σ1, . . . , σs−1 form a basis for the Galois group
G(M/L) ⊂ G(M/k). We can do this by surjectivity of the Artin map into G(M/k).
Note that G(M/k) is a Zn-vector space, and this is what I mean by a basis. These
places form a set T . This will be important in constructing the set E.

Now, I claim that the group

E =
∏
S

k∗nv ×
∏
T

k∗v ×
∏

(S∪T )c

Uv

contains the norms NJL. Indeed, this is clear for the factors k∗nv (indeed, we are
working with an extension of degree n).

I claim now that the places T split completely in L, which would mean that
the k∗v , v ∈ T are local norms from L too. Let w,w′ be places of M,L extending
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v ∈ T . Then Mw ⊃ Lw′ ⊃ kv, and this is a cyclic extension, since these are local
fields and the extension M/k is unramified. The extension [Mw : Lw′ ] has order n
because the Frobenius element is nonzero, whence Lw′ = kv or otherwise we could
not have a cyclic group G(Mw/kv) since n is prime.

Finally, it is clear that Uv, v /∈ S ∪ T is contained in the norm group.

4.4. The index of E. We will show that

(Jk : k∗E) ≤ n
which will prove the result, because we know that E contains the norm subgroup.

Now we have Jk = k∗JS∪T , so by the general formula (ADD THIS)

(Jk : k∗E) = (JS∪T : E)/(US∪T : k∗ ∩ E).

Indeed, there is a general formula, proven by a bit of diagram chasing:

(AC : BC)(A ∩ C : B ∩ C) = (A : B)

for B,C subgroups of the abelian group A.
4.4.1. Computation of the first index. This is the easiest. We just have

(JS∪T : E) =
∏
v∈S

(k∗v : k∗nv ) = n2|S|

because
∏
v∈S |n|v = 1 by the product formula. The second index, by contrast, will

be considerably more subtle; we don’t have an obvious expression for k∗ ∩ E.
4.4.2. The second index. The point is that we will develop a nice expression for

k∗ ∩ E; namely we will show that it is equal to U(S ∪ T )n. By the unit theorem,
this clearly implies that

(US∪T : k∗ ∩ E) = n2|S|−1.

This will, in particular, yield the global bound for the norm index and prove the
second inequality.

This is a bit tricky, and will use the first inequality. First, let’s suppose b ∈
k∗ ∩ E; the key is to prove that k( n

√
b) = k or that b is. actually an n-th power.

We see this supposed equality of fields is true locally at the primes in S because b
is an n-th power there. Also, k( n

√
b) is unramified outside S ∪ T , so it follows that

NJk( n√
b) ⊃

∏
S

k∗v ×
∏
T

U∗nv ×
∏

(S∪T )c

Uv.

Call the group on the right W . I claim that k∗W = Jk. This will follow from the
next

Lemma 3.11. The map

U(S)→
∏
v∈T

Uv/U
n
v

is surjective.

Indeed, once we have proved this lemma, the claim k∗W = Jk follows easily,
because any idele class, we can find a representative idele in JS∪T . This would be
in W except for the fact that it may not be an n-th power at T . But by multiplying
by some S-unit, we can arrange this.

Thus k∗W = Jk, implying b is an n-th power, and completing the claim that
k∗∩E = U(S∪T )n—but for the lemma. So it all boils down to proving this lemma.
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4.4.3. The last technical step. We must now prove this lemma. But it is—how
fitting—another index computation! Consider the kernel H of the map out of U(S).
We will obtain a clean description of it. Then we will show that the image of U(S)
has the same cardinality as the product

∏
v∈T Uv/U

n
v .

Namely, suppose b is a S-unit and a power at the primes of T ; I claim then that
b is an n-th power in L. For b1/n ∈M is then fixed by σ1, . . . , σs−1 (because b1/n is
in the appropriate local fields corresponding to T ), and these σ’s generate G(M/L).
Conversely, suppose b ∈ U(S) ∩ L∗n; then b is an n-th power at the primes of T
(because they split completely in L/k), and an S-unit, so it belongs to the kernel.
We have obtained our description of H.

In particular, the kernel H consists of U(S) ∩ L∗n, and we have

(U(S) : H) = (L∗nU(S)/L∗n) = [M : L] = n|S|−1

by Kummer theory. We have computed the index of H.
Meanwhile the cardinality of

∏
v∈T Uv/U

n
v is n|T | = n|S|−1 in view of the power

index computations for the units. So we must have surjectivity, which proves the
lemma.

The proof of the second inequality is thus complete.





4

Global class field theory

1. The global Artin map

We shall now consider a number field k and an abelian extension L. Let S
be a finite set of primes (nonarchimedean valuations) of k containing the ramified
primes, and consider the group I(S) of fractional ideals prime to the elements of S.
This is a free abelian group on the primes not in S. We shall define a map, called
the Artin map from I(S)→ G(L/k).

1.1. How does this work? Specifically, let p /∈ S be a prime in k. There is
a prime P of L lying above it. If A,B are the rings of integers in k, L, respectively,
then we have a field extension A/p→ B/P. As is well-known, there is a surjective
homomoprhism of the decomposition group GP of P onto G(B/P/A/p) whose
kernel, called the inertia group, is of degree e(P|p).

But, we know that the extension B/P/A/p is cyclic, because these are finite
fields. The Galois group is generated by a canonically determined Frobenius
element which sends a → a|A/p|. We can lift this to an element σp of GP, still
called the Frobenius element.

First of all, σp does not depend on the choice of lifting to GP—indeed, the
ramification index is one, so GP → G(B/P/A/p) is even an isomorphism. More-
over, GP is independent of P, because any two decomposition groups are conjugate
(since any two primes of L lying over the same prime of k are conjugate), and we
are working with an abelian extension. It follows similarly that σp is independent
of the extension P.

By multiplicativity, we get a homomorphism I(S) → G(L/k). This is called
the Artin map. We write (a, L/k) to denote the image of the fractional ideal a
(prime to S). Eventually, we will define this as a map on the ideles, and this is how
we will get the isomorphism of class field theory.

1.2. Basic properties. There are a few easy properties of it that we may
note.

First of all, suppose k ⊂ L ⊂ M is a tower with M/k abelian. If a is an ideal
prime to the primes ramified in M/k, then we have (a,M/k)L = (a, L/k). To see
this, we may assume a = p, a prime ideal. Then this is because both induce the
Frobenius automorphism on the extension of residue fields and lie in appropriate
decomposition groups (formally, take P of L extending p and Q extending P, and
look at the actions of these on the residue class fields of the rings of integers in
L,M quotiented by P,Q—it is the same).

Next, suppose we have an abelian extension L/k and a finite extension E/k.
Then LE/E is an abelian extension too and the Galois group is a subgroup of
G(L/k). Moreover, I claim that we have (b, LE/E)L = (NE

k b, L/k). So the Artin

55
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map behaves specially with respect to the norm. To see this, we need only check
on prime ideals P of E (whose restriction p to k is unramified in L/k). Then
(P, LE/E)L induces the map a→ aNP on the residue fields. By contrast, NE

k P =
pf for f the residue class field degree and (P, L/k) induces the map a → aNp on
the residue class fields. But Npf = NP, so we are done.

In particular, the following important fact follows: (NL
k b, L/k) = 1 when b is

an ideal of L (not divisible by the ramified primes).

1.3. The Artin map is surjective. This is the primary thing we shall prove
today, and it is far from trivial. In fact, it will use the first inequality.

So, let S be a finite set of primes containing the ones ramified in a finite abelian
extension L/k. Consider the subgroup H of G(L/k) generated by the Frobenius
elements σp, p /∈ S. Then the fixed field Z of this satisfies the following: Z/k is
Galois, with group G(L/k)/H.

I claim now that the primes p, p /∈ S all split completely in Z. Indeed, they
are unramified by assumption. In addition, the residue class field extension must
be trivial. When p /∈ S, we have by consistency (p, Z/k) = 1, because σp fixes Z.
But (p, Z/k) induces on the residue class field extension the Frobenius, which must
be the identity; thus Z/k satisfies fp = 2 for p /∈ S. Thus all these primes split
completely.

So, we now prove:

Theorem 4.1. Let M/k be an abelian extension. Then if all but finitely many
primes of k split completely in M , we have M = k.

First, since splitting completely is defined by e = f = 1, it is preserved by
subextensions. So it is enough to prove the result when M/k is cyclic, in view of
Galois theory.

I claim that if all but finitely many primes split completely, then we have
Jk = k∗NJM . To see this, first note that complete splitting implies that Mw = kv
for w | v, v outside a finite set S of bad v’s.

Now pick some idele x ∈ Jk. We can multiply it by c ∈ k∗ so that xc has
component near 1 at all v ∈ S, because of the approximation theorem. Locally,
any element of kv close enough to 1 is a norm, because the norms form an open
subgroup of finite index (which we have computed!). So if x is chosen appropriately,
xc will be a local norm at all v ∈ S, and it is so at all v /∈ S by complete splitting.
So xc ∈ NJM .

We find in particular that (Jk : k∗NJM ) = 1, which means that M = k by the
first inequality.

Corollary 4.2. The Artin map I(S)→ G(L/k) is surjective for L/k an arbitrary
abelian extension.

2. Strategy of the proof

It is now time to begin the final descent towards the Artin reciprocity law,
which states that for an abelian extension L/k, there is an isomorphism

Jk/k
∗NJL ' G(L/k).

We will actually prove the Artin reciprocity law in the idealic form, because we
have only defined the Artin map on idelas. In particular, we will show that if c is
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a suitable cycle in k, then the Artin map induces an isomorphism

I(c)/PcN(c)→ G(L/k).

The proof is a bit strange; as some have said, the theorems of class field the-
ory are true because they could not be otherwise. In fact, the approach I will
take (which follows Lang’s Algebraic Number Theory, in turn following Emil Artin
himself).

So, first of all, we know that there is a map I(c) → G(L/k) via the Artin
symbol, and we know that it vanishes on N(c). It is also necessarily surjective (a
consequence of the first inequality). We don’t know that it factors through Pc,
however.

Once we prove that Pc (for a suitable c) is in the kernel, then we see that the
Artin map actually factors through this norm class group. By the second inequality,
the norm class group has order at most that of G(L/k), which implies that the map
must be an isomorphism, since it is surjective.

In particular, we will prove that there is a conductor for the Artin symbol.
If x is sufficieintly close to 1 at a large set of primes, then the ideal (x) has trivial
Artin symbol. This is what we need to prove.

Our strategy will be as follows. We will first analyze the situation for cyclotomic
fields, which is much simpler. Then we will use some number theory to reduce the
general abelian case to the cyclotomic case (in a kind of similar manner as we
reduced the second inequality to the Kummer case). Putting all this together will
lead to the reciprocity law.

3. The case of a cyclotomic extension

Today, we will begin by analyzing what goes on in the cyclotomic case. By the
“functoriality” of the Artin map, we can start by looking at Q(ζn)/Q and analyzing
the Artin map (for which, as we shall see, there is an explicit expression)

It is known that the only primes ramified in thi sextension are the primes
dividing n. I shall not give the proof here; the interested reader can refer for
instance to Washington’s Introduction to Cyclotomic Fields. The proof is not very
difficult. In addition, I shall use the fact that the Galois group is the multiplicative
group (Z/nZ)∗, where the residue class of r induces the automorphism ζn → ζrn.

So let p 6| n. I claim that the Frobenius element σp = σ(p) is just the automor-
phism ζn → ζpn. Indeed, it is the “raise to the p-th power” automorphism on the

residue field, so σp(ζn) = ζpn. In addition, σp(ζn) is an n-th root of unity. But I
claim that the primitive n-th roots of unity are distinct modulo any prime of the
ring of integers in Q(ζn) prolonging (p); indeed,∏

k

(1− ζkn) = n 6≡ 0 mod p,

so no n-th root of unity (other than 1 itself) is congruent to 1 modulo a prime
extending (p). It follows that if m is a rational integer prime to n, then ((m),Q(ζn))
corresponds to ζn → ζmn .

In particular, if m > 0 is a rational number with no prime dividing n in the
numerator or denominator, and m ≡ 1 mod n, then ((m),Q(ζn)) = 1. So there
exists a conductor in the case of Q(ζn)/Q, and the reciprocity law is true in this
case.

More generally,
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Theorem 4.3. The reciprocity law is true for an extension L/k if L is contained
in a cyclotomic extension of k.

By the consistency property, if there exists a conductor for the Artin symbol
for a superextension of L, then that conductor works for L too. So it is enough to
show that there is a conductor for the Artin symbol in the case of L = k(ζn).

Now if x ∈ k∗ is close to 1 at all primes of k dividing n and totally positive at
the real places, then Nk

Q(x) is positive and close to 1 at the primes dividing n. So

((x), k(ζn)/k)) = ((Nk
Q(x),Q(ζn)/Q) = 1.

4. The basic reduction lemma

So, the key to proving the Artin reciprocity law in general is to reduce it to
the cyclotomic case (which has already been handled, cf. this). To carry out this
reduction, start with a number field k and a cyclic extension L. We will prove that
there is an extension k′ of k and L′ of L such that we have a lattice of fields

L′

k′

>>~~~~~~~
L

__@@@@@@@

k

??~~~~~~~~

``@@@@@@@@

(where lattice means L ∩ k′ = k, Lk′ = L′) such that L′/k′ is cyclotomic and a
given prime p of k splits completely in k′. This means that, in a sense, the Artin
law for L/k becomes reduced to that of L′/k′, at least for the prime p, in that
(p, L′/k′) = (p, L/k). From this, we shall be able to deduce the Artin law for cyclic
extensions, whence the general case will be a “mere” corollary.

4.1. A funny lemma. The thing is, though, finding the appropriate root of
unity to use is not at all trivial. In fact, it requires some tricky number-theoretic
reasoning, which we shall carry out in this post. The first step is a lemma in
elementary number theory. Basically, we will need two large cyclic subgroups of
multiplicative groups of residue classes modulo an integer, one of which is generated
by a fixed integer known in advance. We describe now how to do this.

Proposition 4.4. Let a, n ∈ N− {1}. Then there exists m ∈ N, prime to a, such
that a ∈ (Z/mZ)∗ has order divisible by n. In addition, there exists b ∈ (Z/mZ)∗

of order divisible by n such that the cyclic subgroups generated by a, b have trivial
intersection.

Finally if N ∈ N, we can assume that m is divisible only by primes > N .

The proof is not terribly difficult, but we first need a lemma that will allow us
to construct m so that a has a large order.

Lemma 4.5. Let a, d ∈ N− {1} and let q be a prime. Then there exists a prime p

such that the order of a modulo p is qd
′

for some d′ ≥ d.

The order of a is qd
′

modulo p if

p | aq
d′

− 1, p 6| aq
d′−1

− 1.
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We will find such a p with a little trick. Consider the ratio

T (d′) =
aq

d′ − 1

aqd
′−1 − 1

,

which we write as (xq − 1)/(x − 1) for x = aq
d′−1

. I claim that there is a prime
dividing T (d′) that does not divide x− 1.

Indeed, we have

T (d′) =

q−1∑
i=0

xi =
∑

ci(x− 1)i + q

for suitable integral coefficients ci. This means that the greatest common divisor
of x− 1 and xq − 1 must be a power of q.

So if we show that T (d′) is not a power of q, then we get a prime p 6= q with
p | T (d′), implying (by the above reasoning) that p 6| x − 1 and p is our prime.
But if T (d′) were a power of q for all d′ ≥ d, we’d then have x − 1 divisible by q2

when d′ ≥ d + 1. So a look at the expansion of T (d′) in powers of x − 1 implies
that for d′ very large, we have T (d′) divisible only to order 1 by q. In particular,
xq − 1 = q(x− 1). Since x→∞ as d′ →∞, this is evidently impossible.

This reasoning can be improved to yield a better result, but we don’t really
need it. Cf. Lang’s book. I’m being rather lazy here and taking the path of least
proof length.

Next, we will be looking at cyclic subgroups of multiplicative groups (Z/mZ)∗,
and the following lemma will be indispensable.

Lemma 4.6. Let a, n ∈ N. Then there exists m ∈ N, which can be chosen divisible
only by arbitrarily large primes, such that a has order divisible by n in (Z/mZ)∗.
Moreover, there exists b ∈ (Z/mZ)∗ of order divisible by n such that the cyclic
subgroups generated by a, b have trivial intersection.

We first factor n = rs11 . . . rskk where the ri are prime. By the previous lemma,

we can choose for each i, a prime mi such that the order of a in (Z/miZ)∗ is r
s′i
i ,

where s′i > si. If we take s′i large (which can be done by the previous lemma). then
mi will be a large prime. We may assume that no two of the mi are the same.

Now the order of a in (Z/
∏
miZ)∗ is divisible by n, by the Chinese remainder

theorem. However, we don’t have b yet. For this we will add in more primes.

So choose even bigger primes li such that the order of a in (Z/liZ)∗ is r
s′′i
i for

s′′i > s′i.
We let m =

∏
mili. Then by the Chinese remainder theorem, we can find b such

that b ≡ a mod
∏
mi, b ≡ 1 mod

∏
li. I claim that m, b satisfy the hypotheses

of the lemma.
First, we have (Z/mZ)∗ = (Z/

∏
miZ)∗ × (Z/

∏
liZ)∗, so it follows that a, b

both have order divisible by n.
Suppose now that we had ac ≡ bd mod m. Then ac ≡ 1 mod

∏
li since b ≡ 1

mod
∏
li. Thus

∏
r
s′′i
i | c, and in particular ac ≡ 1 mod m because the order of

a is
∏
r
s′′i
i . Thus bd ≡ 1 mod m too, and the cyclic groups generated by a, b have

trivial intersection.

4.2. Artin’s lemma. This is the lemma we shall use in the proof of the
reciprocity law:
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Lemma 4.7 (Artin). Let L/k be a cyclic extension of degree n and p a prime
of k unramified in L. Then we can find a field E, a subextension of L(ζm), with
E ∩ L = k such that in the lattice of fields

L(ζm)

LE

OO

L

<<xxxxxxxxx
E

ccFFFFFFFFF

k

;;xxxxxxxxx

bbFFFFFFFFF

we have:
1. p splits completely in E/k
2. E(ζm) = L(ζm), so that LE/E is cyclotomic
3. p is unramified in LE/k
Moreover, we can choose m such that it is divisible only by arbitrarily large

primes.

The proof of this will use the previous number-theory lemmas and the basic
tools of Galois theory.

So, first of all, we know that E is a subextension of some L(ζm). We don’t
know what m is, but pretend we do, and will start carrying out the proof. As we
do so, we will learn more and more about what m has to be like, and eventually
choose it.

4.2.1. The lattice condition. The first thing we will want is for k(ζm) and L to
satisfy L ∩ k(ζm) = k, so there is a lattice

L(ζm)

L

==zzzzzzzzz
k(ζm)

ddHHHHHHHHH

k

::uuuuuuuuuu

bbEEEEEEEEE

.

The reason is that we then have a nice description of G(L(ζm)/k) (as a product
of Galois groups G(L/k) ×G(k(ζm)/k)), and we will define E as a fixed field of a
certain subgroup.

I claim that this condition will happen once m is divisible only by sufficiently
large primes. For in this case, L∩Q(ζm) is unramified everywhere over Q (because
k has fixed, finite ramification and the cyclotomic part is ramified precisely at the
primes dividing m). It is a theorem, depending on the Minkowski bound for the
discriminant, that any number field different from Q is ramified somewhere, so it
follows that L ∩Q(ζm) = Q. Now in the lattice of fields
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L(ζm)

L

;;vvvvvvvvvv
k(ζm)

eeKKKKKKKKKK

L ∩ k(ζm)

99ssssssssss

ccHHHHHHHHHH

we have that [k(ζm) : L ∩ k(ζm)] = [L(ζm) : L] = φ(m), the last equality in view of
the lattice of fields

L(ζm)

L

==zzzzzzzzz
Q(ζm)

ddIIIIIIIII

Q

::uuuuuuuuuu

bbDDDDDDDDD

.

However, we also know (by the same reasoning) that [k(ζm) : k] = φ(m). It follows
that k = L∩k(ζm), as claimed, when m is not divisible by the primes of Q ramified
in L.

4.2.2. Unramification in LE. Since we are going to define E as a subfield of
L(ζm), this one is easy: just choose m not divisible by the rational prime p prolongs.

4.2.3. Complete splitting. We are now going to choose a subgroupH ⊂ G(L/k)×
G(k(ζm)/k), whose fixed field will be E.

Now since p splits completely in E/k, we know that we are going to require H
to contain the decomposition group of some extension of it, i.e. the group generated
by the Frobenius elements

(p, L/k)× (p, k(ζm)/k).

This, however, is still not enough. We need L ∩ E = k and L(ζm) = E(ζm).
4.2.4. L ∩ E. So L ∩ E is the fixed field of the subgroup of G = G(L/k) ×

G(k(ζm)/k) generated by H and by G(L(ζm)/L) = 1 × G(k(ζm)/k). If we want
L ∩ E = k, we will need

H(1×G(k(ζm)/k)) = G.

We can arrange this if we choose a generator σ of G(L/k) and some τ ∈ G(k(ζm)/k)
and add σ × τ to H, so that H is generated by two elements. So do this. We will
choose τ and m later.

4.2.5. LE is cyclotomic; choice of m, τ . This is the most subtle part of the
proof, and where the number theory developed earlier will come in handy. We
will prove that L(ζm) = E(ζm), so that LE/E is a subextension of a cyclotomic
extension.

The field E(ζm) = Ek(ζm) is the fixed field of the intersection of H and
G(L(ζm)/k(ζm)) = G(L/k) × 1, and we therefore want this intersection to be the
trivial subgroup. We have defined H to be generated by

(p, L/k)× (p, k(ζm)/k), σ × τ
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where τ ∈ G(k(ζm)/k) = (Z/mZ)∗ is yet to be chosen. Suppose this subgroup
intersected with G(L/k)× 1; we’d then be able to write for some i, j,

(p, k(ζm)/k)i = τ j ,

which is to say that the cyclic groups in (Z/mZ)∗ generated by Np (since this is
how p acts on ζm, ζm → ζNp

m ) and τ intersect.
OK. Now it’s starting to become clear how this intersects (groan) with our

previous number-theoretical shenanigans.
So, let a = Np. Choose m divisible only by super large primes and such that

a has order in (Z/mZ)∗ dividing n, and such that there also exists b ∈ (Z/mZ)∗

of order dividing n such that the cyclic groups generated by a, b respectively are
disjoint.

We have now chosen m. For τ, take it to correspond to b. I claim now that
H ∩G(L/k)× 1 = {1}, which will prove the last remaining claim in Artin’s lemma.

Indeed, if we had some element in the intersection, then first of all we’d be able
to write

(p, k(ζm)/k)i = τ j ,

as mentioned earlier; this is because we’d have an expression ((p) × (p))i = (σ ×
τ)j × (ρ × 1) for some ρ in the intersection of the two groups. This implies that
(p, k(ζm)/k)i = τ j = 1 by independence and i, j are consequently divisible by n.
But then, because G(L/k) has order n, it follows that ((p)× (p))i = (σ × τ)j = 1,
and ρ = 1 too. Thus the intersection of the two subgroups is the trivial subgroup
as claimed. This proves Artin’s lemma.

5. Proof of the reciprocity law

It is now time to prove the reciprocity law.

5.1. The cyclic reciprocity law.

Theorem 4.8 (Reciprocity law, cyclic case). Let L/k be a cyclic extension of
number fields of degree n. Then the reciprocity law holds for L/k: there is an
admissible cycle c such that the kernel of the map I(c) → G(L/k) is PcN(c), and
the Artin map consequently induces an isomorphism

Jk/k
∗NJL ' I(c)/PcN(c) ' G(L/k).

The proof of this theorem is a little sly and devious.
Recall that, for any admissible cycle c, we have

(I(c) : PcN(c)) = n

by the conjunction of the first and second inequalities, and the Artin map I(c) →
G(L/k) is surjective. If we prove that the kernel of the Artin map is contained in
PcN(c), then we’ll be done by the obvious count.

This is what we shall do.
Let a be a fractional ideal prime to c which is in the kernel of the Artin map.

We will prove that a ∈ PcN(c) in a slow, careful way. The first step is to factor
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a =
∏
i p
ni
i . We will apply Artin’s lemma for each prime pi, leading to a lattice

L(ζmi)

LEi

OO

L

<<xxxxxxxxx
Ei

ccGGGGGGGGG

k

;;wwwwwwwwww

ccFFFFFFFFFF

where each pi splits completely in Ei, and LEi/Ei is cyclotomic, contained in
Ei(ζmi

) for some suitable mi. We can choose the mi successively so that mi is not
divisible by any of the primes dividing mj , j < i.

Lemma 4.9. The field E, the compositum of all the Ei, satisfies E ∩ L = k.

OK, cool. So we still need to do the reduction though.
5.1.1. The ideal d. We can choose d, an ideal of E, such that (d, LE/E) = σ

for σ ∈ G(L/k) a generator. We can do this by the surjectivity of the Artin map,
and moreover so that d is prime to the primes above c. Then dk := NE

k d satisfies
(dk, L/k) = σ too. This ideal dK is going to be a generic bookkeeping device with
which we adjust a to get something in PcN(c).

5.1.2. Bookkeeping. Suppose (pi, L/k) = σqi . Then if Pi is a prime of Ei pro-
longing pi, we have (Pi, LEi/Ei) = σqi as well by complete splitting. In particular,
we have

(PiN
E
Ei
d−qi , LEi/Ei) = 1

but since LEi/Ei is cyclotomic, we have the reciprocity law, and this means we can
write

Pi = (NE
Ei
d)−qi(yi)N

LEi

Ei
(li)

for yi very close to 1 at all the primes ramified in L/k, and li not divisible by those
primes.

So, let’s take the norm down to k; then

pi = d−qik (NEi

k yi)(N
LEi

k (li)).

But now NEi

k yi is close to 1 at the primes of c, i.e. in c, if k was chosen properly
(i.e. REALLY close to 1 at those primes, which is kosher in view of the reciprocity

law for cyclotomic extensions). Moreover NLEi

k (li) is a norm from L.
The proof is now almost over. We have represented pi as a power of a fixed

ideal times something in PcN(c).

5.1.3. Putting everything together. In particular, we have pi is d−qik times some
norm times something close to 1 at relevant primes. Taking the product, we see

that a is d
−

∑
niqi

k times some norm times something close to 1 at relevant primes.

But now σ
∑
niqi = 1 because this is equal to (a, L/k), so that sum is divisible by

n, and d
−

∑
niqi

k is a norm. We have proved that a is in the PcN(c) subgroup, and
this completes the proof. Bam.
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5.2. The general reciprocity law.

Theorem 4.10 (Artin reciprocity). For a finite abelian extension L/k of number
fields, the Artin map has a conductor c and so factors into an isomorphism

Jk/k
∗NJL ' I(c)/PcN(c)→ G(L/k).

The proof is now surprisingly easy. We can represent L as a compositum
L1 . . . Lj of cyclic extensions over k, by writing 1 ⊂ G(L/k) as an intersection of
subgroups Hi such that G(L/k)/Hi is cyclic and taking the fixed fields Li of Hi.
The compositum L1 . . . Lj corresponds by Galois theory to the intersection 1 of Hi,
and G(Li/k) ' G(L/k)/Hi is cyclic.

Now, there exist cycles c1, . . . , cj such that each Pci maps to 1 in G(Li/k) by
the reciprocity law (and existence of conductor) for cyclic extensions. Taking the
product c =

∏
ci, we find a conductor c such that the Artin map on Pc acts trivially

on each Li, hence on L.
Thus c is a conductor for the Artin symbol on L/k, so the Artin map factors

through

I(c)/PcN(c)→ G(L/k)

and since, first of all, it is surjective; and second of all, the former group is of order
at most that of the latter (by the first and second inequalities), we have that the
Artin map is an isomorphism.

The proof of the reciprocity law, the prime result of class field theory, is now
complete.

WOO HOO.
Next time, we will take stock of how far we have come, discuss corollaries, and

plan for the future.

6. Norm groups of Kummer extensions

We shall now compute the norm class subgroups for certain Kummer extensions.
This will enable us to prove the existence theorem (every open subgroup of finite
index in the idele class group corresponds to an abelian extension) as well as an
important lemma in developing local class field theory.

Consider a number field k containing the n-th roots of unity; we will consider
extensions of k obtained by adjoining n-th roots of other elements. So, fix finite
sets S, T of places such that S∪T is very large in the following sense: all the primes
dividing n are contained in S ∪ T , and Jk = k∗JS∪T .

Consider the two subgroups of Jk,

D1 =
∏
S

k∗v ×
∏
T

k∗nv ×
∏

(S∪T )c

Uv

and

D2 =
∏
S

k∗nv ×
∏
T

k∗v ×
∏

(S∪T )c

Uv.

We want to adjoin n-th roots of elements of k in these. So take Bi = Di∩k∗, i = 1, 2,

and make the Kummer extensions Li = k(B
1/n
i ).

I claim now that:

Theorem 4.11. k∗D2 is the norm subgroup of L1 and k∗D1 of L2.
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(There is a reversal of indices.)
The reason for this is, however, very nice and intuitive.
When we make an extension by adjoining n-th roots of things in B1, we don’t

extend anything at T ; i.e., the primes of T split completely in L1. Indeed, the
elements of B1 are n-th powers at the powers of T , so this is evident. Similarly, the
primes of S split completely in L2.

In addition, the elements of k∗nv for any v are in the group k∗NJLi
for i = 1, 2.

This is because the Galois groups are of exponent n, and so k∗nv must lie in the
kernel of the Artin map. (We just used the reciprocity law.)

Finally, L1, L2 are unramifeid outside S ∪ T so Uv, v /∈ (S ∪ T ) belongs to
k∗NJLi

, i = 1, 2.
By this reasoning, it follows that

k∗NJL1 ⊃ k∗D2, k∗NJL2 ⊃ k∗D1.

We will now prove that there are actually equalities, and this we do by computing
indices (surprise surprise). First, we do the familiar technique:

(Jk : k∗D1) = (k∗JS∪T : k∗D1) =
(JS∪T : D1)

(U(S ∪ T ) : k∗ ∩D1)
.

The top index is the easiest to compute since we know the local power indices by
now in our blood. So, we find

(JS∪T : D1) =
n2|T |∏
T |n|v

.

The denominator appears less tractable because of the intersection, but (yay!) it
can be computed in terms of Kummer theory:

(U(S ∪ T ) : k∗ ∩D1) =
U(S ∪ T ) : U(S ∪ T )n)

k∗ ∩D1 : U(S ∪ T )n)
.

The top index can be computed via the unit theorem: it is n|S|+|T |. The denomi-
nator is

(B1 : B1 ∩ k∗n) = (k∗nB1 : k∗n) = [L1 : k].

So, if we put everything together, we find in total the index

(Jk : k∗D1) =
n2|T |n|S|+|T |

∏
T |n|v[L1 : k]

.
We can also do the same for D2 in a parallel manner:

(Jk : k∗D2) =
n2|S|n|S|+|T |

∏
S |n|v[L2 : k]

.

When we multiply these and use the product formual
∏
S∪T |n|v = 1, we find

(Jk : k∗D1)(Jk : k∗D2) = [L1 : k][L2 : k].

But we also have a bound

(Jk : k∗D1)(Jk : k∗D2) ≤ (Jk : k∗NJL2
)(Jk : k∗NJL1

) = [L1 : k][L2; k]

in view of the reciiprocity law and the fact that D1, D2 are containe din the norm
class subgroups, so it follows that equality must hold everywhere, and in particualr,
the appropriate groups in the statement of the theorem are equal.
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